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of  intense  electromagnetic  radiation  in  the  earth's  ionosphere, 
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I .  Introduct ion 


This  interim  report  describes  work  performed  under  AFOSP 
grant  #80-0022  durinq  the  period  October  1  ,  1980  to  Sept-'rber 
30,  1981.  The  subject  of  research  has  been  the  theory  of 
"Plasma  Wave  Turbulence  and  Particle  Heating  Caused  by  Electron 
Beams,  Radiation,  and  Pinches".  The  period  covered  is  the  third 
stage  of  a  comprehensive  research  proqram  concerned  with  the  non¬ 
linear  behavior  of  plasma  subjected  to  intensely  enerqetic  sources. 

One  of  the  significant  developments  in  plasma  physics  ewer 
the  past  decade  has  been  the  theoretical  and  experimental  progress 
made  in  our  under standina  of  nonlinear  plasma  wave  evolution  in 
response  to  external  sources:  A  wide  variety  of  radiation  sources 

I  a  3  4  5  6 

such  as  lasers,  microwaves,' '  and  radar,  '  and  of  electron 

7  8 

beam  sources,  such  as  solar  electron  streams  '  and  laboratory 

9 

beams  can  excite  plasma  wave  instabilities  in  taraet  plasmas. 

The  waves  saturate  into  a  turbulent  spectrum, ^  and  may  heat  the 
plasma,  accelerate  plasma  particles,  and/or  emit  their  own  radi¬ 
ation.  Such  processes  have  been  linked  to  inertial  ^  and  magnet  - 
1  2 

ic  controlled  thermonuclear  fusion  schemes,  radar  commun icat ior. :: 

1  £ 

in  the  earth's  ionosphere,  and  Type  III  solar  radio  bursts.'' 

The  phenomena  also  bear  heavily  on  certain  fundamental  question:; 
of  plasma  turbulence,  such  as  wave  collapse  in  phase  space,  elec- 

13  la 

trie-field  envelope-sol iton  evolution,  '  and  the  nature  of  the 

1 3 

so-called  "strong  turbulence". 
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I I .  Summary  o f  Accomplishment s 

In  the  following  summary,  we  include  accomol j shnents  of 
our  program  from  October  1980  to  September  1981.  The  founda¬ 
tions  for  this  work  were  laid  dur inn  earlier  sponsorship, 
under  AFOSR  HF49620-76-C-0005  from  August  1976  through  Septem¬ 
ber  1979.  Reference  should  be  made  to  the  November  1979  final 
report  for  this  project,  as  well  as  the  January  1981  interim 
report  covering  the  period  October  1979  through  September  1980 
in  order  to  get  a  full  picture  of  the  underlying  motivation  and 
total  perspective. 

Our  research  has  been  divided  into  three  main  areas: 

Beam-Plasma  Interaction 
Radiat ion-Plasma  Interact  i  on 
Laboratory  Research  on  Ton  Beams 

Wo  shall  summarize  recent  accomplishments  in  each  of  those  are  is 
separately.  The  details  can  be  found  in  the  Appendices,  which 
are  ordered  as  follows:  Appendices  A-E  represent  published  ver¬ 
sions  of  preprints  included  in  the  last  interim  report;  Appendicc 
F-J  are  publications  of  (new)  work  performed  during  the  period 
covered  by  this  report;  Appendices  H-M  are  preprints  of  submitted 
articles,  and  Appendix  N  is  a  research  report. 

A.  Beam-Plasma  Interaction 

Our  research  has  centered  upon  the  nonlinear  evolution  of 
electron-beam  excited  Langmuir  waves,  and  the  electromagnetic 
emission  from  such  waves.  In  new  extension  of  previous  numer¬ 


ical  studies  in  two  dimension,  we  have  found  that  soatial  self- 
focusing  of  Langmuir  wave  packets  is  invariably  preceded  by  a 
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static  of  linear  instability.  In  the  ease  of  the  weak  electron 

streams  which  propagate  throucih  the  solar  wind,  this  linear 

instability  is  stimulated  scattering  off  ions  into  lew  momentum 

regions  of  phase  space  (see  Appendix  F) .  In  the  case  of  the 

more  intense  relativistic  electron  beams  studied  in  the  labor- 

1  5 

atory  by  Benford,  et  al.,  the  linear  instability  is  nodula- 
tional  instability  which  causes  break-up  of  beam-resonant  wave 
packets  into  smaller  packets  whose  size  is  determined  by  the 
wavelength  of  the  fastest-growing  unstable  mode  (see  Aopendix  P 
Spatial  collapse  follows  the  stage  of  linear  instability.  For 
the  case  of  weak  electron  beams,  the  inteqrated  energy  in  small 
scale-size  structures  is  a  small  fraction  of  tiie  total  wave 
energy,  in  agreement  with  the  predictions  of  self-similar  solu¬ 
tions  (Appendix  B) .  In  work  to  be  reported  in  detail  in  the  no 
inter  im  report. ,  it  is  shown  that  nun-thermal  Landau  damping  in 
the  vicinity  of  the  beam  velocity  can  lead  to  a  steady  state 
turbulence  in  which  most  of  the  energy  resides  at  scale  sizes 
longer  than  the  beam-mode  wavelength.  It  is  likely  that  those 
long  wavelength  waves  ait  responsible  for  emission  near  the 
plasma  frequency  (by  parametric  instability  in  a  highly  homo¬ 
geneous  plasma,  and  by  conversion  off  density  fluctuations  in 
a  plasma  with  low  frequency  turbulence  present). 

We  have  also  explored  the  foundations  of  any  statistical 
theory  based  on  th*-  dynamical  (Zakharov)  equations  of  beam- 
driven  plasma  turbulence,  by  studying  intrinsically  chaotic 
behavior  of  the  solutions  to  the  dynamical  equations,  as  a 


function  of  the  beam  urowth  rate.  A  :«\st<!octoml  research 
associate.  Dr.  D.  Russell,  has  studied  the  transition  to 
turbulence  under  assumed  conditions  of  adiabatic  ions,  and 
with  truncation  to  a  few  Fourier  modes.  With  a  beam  mode, 
and  two  (degenerate)  modu lat iona 1 ly  unstable  modes,  stranqe 
attractors  and  limit  cycles  were  observed  in  phase  space 
(Appendix  !!).  A  proqram  of  incrcasina  the  number  of  modes 
is  now  underway. 

In  further  numerical  work  performed  by  another  post¬ 
doctoral  research  associate.  Dr.  B.  Hafizi,  recurrent  be- 
havior  was  observed  in  nonlinear  dynamical  systems  such  as 
those  described  by  the  cubic  Schroodinner  and  Kortweq  de¬ 
Vries  equations  (Appendix  0) .  In  Appendices  K  and  L, 
modu 1  at  iona 1  interact  ion  of  nonlinear  waves  was  modeled 
usinq  three-,  five-,  seven-,  niiv>-,  and  si  xt  y-fou  r-wnve 
trunc.it  ions  of  the  nonlinear  Schroodinqer  equation.  A 
detailed  description  was  liven  of  the  phase  space  for  the 
three-wave  system,  and  compared  to  that  for  the  fivo-rm  de 
system  analytically.  It  was  shown  computationally  that  the 
recurrence  time  for  all  the  truncations  was  almost  the  same, 
and  that  the  distribution  of  enerqy  over  the  modes  rapidly 
reached  an  asymptotic  form  as  the  number  of  modes  was  increased 

In  Appendix  M,  sinqle  ion  trajectories  in  an  ax is-symmetr i 
space-charqe  wave  on  an  electron  beam  were  studied.  The  beam 
was  assumed  to  move  parallel  to  a  stronq  uniform  nuqnetie 
field.  It  was  found  that  wive  amplitudes  too  small  to  trap 


Loam  electrons  were  also  too  small  to  engender  stocharf ic 
motion  of  an  ion  init  ially  trapped  in  the.'  wave,  and  the 
ion  remains  trapped. 

B.  RadiationyPlasma  Interaction 

Appendix  .1  is  a  reprint  of  a  new  theoretical  paper  on 
modification  of  the  ionosphere  by  nr’  radar.  For  parameters 
characterizing  the  Platteville,  Colorado,  ionospheric  hoati 
facility,  the  HF  radar  excites  Langmuir  waves  at  its  exact 
r  .'flection  point  by  the  so-called  oscillating  two-stream 
ir.stabil  ity .  J  The  subsequent  evolution  of  this  instability 
is  studied  numerically,  and  found  co  involve  spatial  self- 
focusino  and  collapse  of  Lanqmuir  wav  packets.  t'ompari  son 
are  made  with  experiment. 

our  paper  on  thermal  sel  focusing  of  111’  radar  and/or 
microwave  beams  in  the  ionosphere  has  been  published  and  is 
included  as  Appendix  C. 

C.  Laboratory  Research  on  lor.  Bqams__and  Acco lora_t  ion 

-  R . A .  Stern 

The  goal  of  the  on-aoino  nroiirin  is  to  develop  ami 
enhance  the  efficiency  with  which.  1  aroe-ampl  i  tudo  waves 
in  plasmas  can  accelerate  ions.  Two  qeneral  directions 
were  identified  at  the  outset.  First,  the  accel era) ion 
of  ions  in  segments  by  means  of  ion-acoustic  waves,  in 
unmaunetized  as  well  as  magnetized  plasma.  Here  the  ion 
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bo  am  ends  u:  •  with  its  n.nveiu  um  ■  i  i  r<  *c  t  .  d  alona  tie-  d  i  root  ion 
of  preparation  of  t  he  wave ,  which  is--m  mao  not  i  zed  i.lasn.as 
--parallel  to  the  mao  not  ie  field..  Second,  the  acceleration 
of  ions  across  strong  magnetic  fields,  by  beans  of  cross- 
field  instabilities.  This  totally  new  Process  has  funda¬ 
mental  consequences  of  importance  to  other  aspects  of  nlasna 
physics  such  as  ionospheric  particle  transport,  and  isotope 
sera  rat  ion . 

i)  Inst  rumen  t_at  ion  Development  and  Testing 

a)  To  study  tin*  acceleration  of  ions  by  ion-acoust i c 
waves  in  tinmacnet  i  zed.  plasmas,  a  sur  faco-maonet ic  structure 
confined  plasma  device  was  assembled  and  tested.  The  basic 
configuration  (F inure  1)  consists  of  a  gas  discharge  inside 


a  lar  ie  metal 

char; ber  ■ 

f  about  4  0  cm 

diameter  and 

10  cm  lengt. 

surrounded  on 

all  s  iciei 

s  by  permanent 

magnets  with 

about  1  ku 

field  strength.  In  this  chamber,  it  proved  possible  to  operate 
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a  plasma  at  a  background  pressure  ot  10  Torr ,  more  than  one.' 
order  of  magnitude  below  that  of  previous  studies.  As  a  result 
charge -exchange  degradation  of  ion  waves,  which  limited  the  am¬ 
plitude  of  ion -accelerating  waves  in  previous  experiments,  is 
avoided.  Figure  2  shows  ion-acoustic  shocks  (i.e.,  fully 
steepened  ion-acoustic  waves)  propagating  in  this  plasma. 

As  seen,  the  waves  arc  not  at  all  degraded  in  amplitude. 

In  contrast,  similar  waves  at  the  higher  pressures  degrade 
by  an  order  of  magnitude.  In  conclusion,  we  have  established 
that  the  surface-magnetic  structure  device  operates  as  expected 


The  size  t>!  t  !.  t  >*st  t  .1 1  ch.ir.tl>’  r  (o.mt  r  ib>it  >  ••  i  hv  '  ro:  . 

N .  Hershkowt iz  of  the  I’nivorsity  of  i  >w  ;  who  spent  t  h<  •  aca¬ 
demic  year  1980-1  ‘>8  1  with  our  aroup)  ,  is  curr<;nt  I  y  a  1  i  r .  •  t  ins 
factor  in  the  excitation  o:  strong  ion  he am  seqmcnts .  because 
the  distances  from  control  grids  to  walls  are  limit'  d,  and  th.e' 
stronq  magnetic  confinement  field  occupy  a  sizeable-  fraction 
of  these  distances,  calculations  show  that  the  relatively  low- 
enorqv  beams  we  can  excite  end  up  in  curved  rather  than  straight  - 
line  trajectories.  To  avoid  complications  resulting  from  these 
effects,  a  doubling  of  the  chamber  dimensions  is  under  con.nd- 
derat ion.  Wo  have  designed  and  requested  independent  supp<  rt 
for  the  construction  of  a  matinq  chamber  of  equal  volume. 

b)  To  minimize  the  scattering  of  ion  beam  segments  by 
oif-axis  ion-acoustic  waves --one  of  the  principle  limit. inn  fac- 
t  irs  in  ion  beam  aenorat.  ion — wo  have  put.  together  an  ex: "  .-  r  imr  si  - 
tal  configuration  involving  a  strong  magnetic  field.  Here  the 
unstable  spectrum  is  narrower,  and  can  be  expected  to  have  a 
correspondingly  reduced  effect  on  the  ion  beam.  This  device-, 
a  plasma  column  generated  by  microwave  breakdown  of  a  noble 
gas  inside  a  soienoidul  magnetic  field,  was  contributed  by 
Bell  Laboratories.  Tt  was  assembled  and  tested,  and  fully 
instrumented  with  motorized  axial  and  radial  Langmuir  probes, 
optical  measurements  have  been  delayed,  pending  resolution  of 
a  major  technical  problem:  the  presence  of  parasite  rad  io 
noise  from  an  as-yet  undetermined  source. 
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Preliminary  measurements  of  wave  excitation  reveal  that 
large-amplitude  waves  launched  in  this  device  are  indeed  free 
of  degradation  by  off-axis  ion-acoustic  turbulence.  An  in¬ 
teresting  new  observation  has  emerged:  it  appears  that  some 

coupling  from  the  on-axis  ion-acoustic  wave  to  cross-  field 
ion-cyclotron  modes  is  occurring.  We  are  studyino  this  inter¬ 
action  theoretically. 

i i )  Cross-Field  Ion  Accel e rat  ion  in  Magnetized  Pi a sma s 

As  indicated  in  the  proposal  for  this  contract  period,  a 
principal  new  development  of  our  work  is  the  observation  that 
ion  beam  segments  can  be  driven  across  stronq  maqnetic  fields 
by  electrostatic  ion-cyclotron  waves  (E1CW) .  We  intended  to 
quantify  the  process  by  measuring  the  relationship  between 
beam  speed,  maanetic  field  and  beam  radius.  We  have  success¬ 
fully  carried  out  these  studies,  using  the  O-machine  faciltiy 
at  the  University  of  California,  Irvine,  and  have  obtained  a 
firm  model  for  the  underlying  physical  process.  To  summarize, 
the  radial  electric  field  component  of  EICW  imparts  radia] 
momentum  to  ions,  which  end  up  in  1  arge -d iameter  I, armor  orbits 
convolved  around  the  source  region.  The  envelope  of  the  ion 
circulation  adds  up  to  an  aximuthal  ion  beam.  Ion  bunching 
occurs  at  the  apoqee  of  the  orbits,  as  in  magnetron  motion, 
leading  to  the  formation  of  beam  segments. 

A  full  report,  included  here  as  Appendix  J  has  been  rublis 
as  a  Physical  Review  Letter. 

Based  on  this  understanding,  further  technolog i ca 1  devclnn 
ments  are  indicated.  First,  the  process  itself  basically  alter 
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our  picture  of  transport  processes  in  unstable  plasmas,  including 
the  ionosphere.  Specifically,  the  long-range  ion  transport  de¬ 
monstrated  here  indicates  that  multi-staoe  ion  motion  can  occur, 
with  scale  lenqths  totally  unrelated  to  density  or  temoerature 
gradients,  as  in  ordinary  diffusion.  Secondly,  isotope  separation 
processes  now  under  development  may  be  able  to  utilize  our  results 
to  enhance  spatial  separation  of  particles  with  differinn  mass 
(for  reference,  see  Appendix  J) . 

III.  Publications  and  Presentations  during  this  grant  period 

A.  Published  versions  of  preprints  included  in  last  interim 
report  (October,  1979  -  September,  1980 ) 

"Breakup  and  Reconstitution  of  Langmuir  Wnvcpackets " , 

I.  Tajima,  M.V.  Goldman,  J.  Leboouf,  J.  Dawson,  Phys.  Fluids  24, 

182-1  S3  (January,  1981)  . 

"Harmonic  Emission  from  Adiabatical ly  Collapsing  Langmuir 
Solitons",  B.  Hafizi  and  M.V.  Goldman,  Phys.  Fluids  24,  145-170 
(January ,  1981). 

"Self-focusing  of  Radio  Waves  in  an  IJnderdenso  Ionosphere", 

F.  Perkins  and  M.V.  Goldman,  J.  Gcophys .  Res.  86,  600-608  (Fobruai  y ,  I'm: )  . 
"Langmuir  Collapse  in  a  Weak  Magnetic  Field",  M.V.  Goldman, 

J. C.  Weatherall,  and  D.  Nicholson,  Phys.  Fluids  24,  668-672  (April,  1('H1). 

"Parametric  Instabilities  in  Weakly  Magnetized  Plasmas", 

J.C.  Weatherall,  M.V.  Goldman,  and  D.  Nicholson,  Astrophys.  J. 

246,  306-313  (May,  1981). 
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B.  Publ icat ions  of  (now)  work  performed  during  period 

covered  by  this  report _ (October ,  1980  -  September ,  1981) 

"Azimuthal  Coherent  Ion  Rinq--Beam  Generation  in  Unstable 
Magnetized  Plasmas",  R .  A .  Stern,  D.L.  Hill,  and  N.  Rynn,  Phys. 

Rev.  Lett.  47_,  792  (1981  . 

"Nonlinear  Evolution  Equations,  Recurrence,  and  Stochastic  it y " , 
B.  Hafizi,  Phys.  Fluids  24,  1791-1798  (1981). 

"Solitons  and  Ionospheric  Heating",  J.c.  Woatherull,  .7. 

Sheerin,  D.  Nicholson,  G.  Payne,  M.V.  Goldman,  J.  Goophys.  !<ns. 

A  87  ,  823-842  (1  981  )  . 

"Chaotic  (Strange)  and  Periodic  Behavior  in  Instability 
Saturation  by  the  Oscillating  Two-Stream  Instability",  n.A. 

Russell  and  K.  Ott,  Phys.  Fluids  24,  1976-1"88  (1981). 

"Scattering  and  Collapse  of  Langmuir  Waves  Driver,  by  a 
Weak  Electron  Beam",  B.  Hafizi,  J.C.  Wcatherall,  M.V.  Goldman, 
and  D.  Nicholson,  Phys.  Fluids  25,  392-401  (1982). 

C.  Papers  submitted  for  publication  during  period  of 
this  report 

"Modulational  Interaction  of  Non-linear  Waves  and  Recurrence", 
B.  Hafizi,  submitted  to  Physics  of  Fluids, June,  1981. 

"Modulational  Interaction  of  Langmuir  Waves  in  One 
Dimension",  B.  Hafizi,  submitted  to  Physics  of  Fluids,  March, 

1981 . 

"Ion  Trajectories  in  a  Space  Charge  Wave  on  a  Relativistic 
Electron  Beam",  D . A .  Russell  and  E.  Ott,  submitted  to  Physics  of 


Fluids,  1981  . 


"Progress  and  Problems  in  the  Theory  of  Type  III  Solar 
Radio  Emission",  Martin  V.  Goldman,  submitted  to  Solar  Physics, 


1981. 


D .  Invited  Tal ks  presented  between  October,  1980  a n d 
September ,  1981 

"Soliton  Collapse  and  Electromagnetic  Emission",  M.V. 

Goldman,  invited  one-hour  lecture  given,  at  the  invitation 
of  the  Soviet  Academy  of  Sciences,  in  Telavi,  Georcia  U.S.S.R., 
at  a  Workshop  of  Plasma  Physics  and  Controlled  Thermonuclear 
Physics,  October,  1981. 

"Langmuir  Turbulence",  M.V.  Goldman,  invited  paper  at 
Workshop  on  Stochasticity  and  Turbulence,  Los  Alamos  Center 
for  Nonlinear  Studies,  June,  1981. 

"A  Review  of  Solar  Radio  Wave  Emission",  M.V.  Goldman, 
invited  talk:  Radiophysics  Laboratory,  CSIRO,  Epoina,  Australia, 
March,  1981. 

I 

t  "Strange  Attractors",  M.V.  Goldman,  invited  talk:  University 

f 

'  of  Australia,  March,  1981. 

"Solitary  Waves  and  Solar  Radio  Wave  Emission",  M.V.  Goldman, 
invited  colloquium,  University  of  New  South  Wales,  Sylnoy,  Austrnii 
March ,  1981. 

"Coherence  and  Chaos  in  Nonlinear  Systems",  n.A.  Russell, 


Workshop  on  Stochasticity,  Center  for  Nonlinear  Studies,  Los 
Alamos,  June,  1981. 
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Invited  Seminar,  Los  Alamos  Scientific  Laboratory,  R.  Stern, 
April,  1981  . 

H.  Contributed  Talks  at  Scientific  Meetings 

"Thermal  Sol f- focusinq  of  Radio  Waves  in  an  Underdtm.se 
Ionosphere",  M.V.  Goldman,  I-’.W.  Perkins,  APS  Plasma  Physics 
Meeting,  San  Diego,  November,  1980  [Bull.  Am.  Phys.  Soc.  1’ 5 , 

914  (1980)]. 

"Harmonic  Emission  by  Adiabatically  Collupsinci  Lanamuir 
Solitons",  B.  Hafizi  and  M.V.  Goldman,  APS  Plasma  Physics 
Division  Meeting,  San  Diego,  November,  1980  [Bull.  Am.  Phys. 

Soc.  25,  914  (1980) ] . 

"Lanqmuir  Collaose  in  a  Weak  Magnetic  Field",  J.C.  Weatherall, 
M.V.  Goldman,  and  D.R.  Nicholson,  APS  Plasma  Physics  Division 
Meetinq,  San  Dicqo,  November,  1980  [Bull.  Am.  Phys.  Soc.  25, 

984  (1980)  ]  . 

"Ten-Channel  Optical  Polychrcmator  for  Doppler  Ton  Temperature 
Measurements  on  the  Dodccapole  Surmac",  K.L.  Lam,  R.W.  Schumacher, 
and  R.A.  Stern,  APS  Plasma  Physics  Division.  Meetinq,  San  P.icqo, 
November,  1980  [Bull.  Am.  Phys.  Soc.  2',  959  (1  980)]. 

"Azimuthal  Ion  Ring  Beam  Generation  in  Unstable  Magnetized 
Plasmas",  R.A.  Stern,  D.  Hill,  and  N.  Rvnn ,  APS  Plasma  Physics 
Division  Meetinq,  San  Dieqo,  November,  1980  [Bull.  Am.  Phys. 

Soc.  25,  985  (1980) ] . 
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"Solitons  and  Ionospheric  Modification",  D.R.  Nicholson, 
P.J.  Hansen,  G.L.  Payne,  J.C.  W'eathcrall,  M.V.  Goldman,  and 
J.P.  Sheerin,  LJRSI  XXth  General  Assembly,  Washington,  D.C., 
August  10-19,  1981,  Symposium  on  Active  experiments,  Ionospheric 
Modification  Session. 

I .  Ph.D.  Thesis  Comp] cted 

"Nonlinear  Langmuir  Waves  in  a  Weak  Magnetic  Field" , 

J.C.  Weatherall,  December,  1980. 

J .  Conferences  Organized 

Martin  V.  Goldman  was  organizer  of  an  International  Wo r  k  s he 
on  Plasma  Physics,  at  the  Aston  Center  for  Physics,  June,  1980. 
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Breakup  and  reconstitution  of  Langmuir  wave  packets  cu  :o4o 

T.  Tajrnna.  Martin  V.  Goldman,*’  J.  N  Leboeuf,  and  J.  M.  Dawson 

Ph  rifo  Depdnnu’nt.  I  nui  nift  of  Ctili/ii'niti.  I  its  S Cjlifornta  9(X)?4 
iRccmoi Jjnuary  t*>KO.  a,crplrd  17  September  14601 

Krvut\isc  hchasiitf  htu  been  observed  in  a  iwo  dimension*!  electrnauhc  par  I  tele  timulition  of  1  coherent 
intense  Langmuir  wave  packet  The  ievurM.*n  may  he  associated  wuh  the  fact  that  the  plasma  frequency  haaa 
spatial  variation  in  the  density  depression  created  hy  the  potsderoenntive  force 


The  behavior  of  intense  Langmuir  aaves  inv.-lvea 
many  possible  processes,  soiitoc.a.1  wave  packet  col¬ 
lapse,'  cascading.'  stimulated  scattering’ ,  nonlinear 
l.andau  dam  pi  mi.  explosive  instabilities.'  and  m  .dula- 
t tonal  instabilities,  are  oi.lv  a  few.  I'mi.pctiti  at  be¬ 
tween  some  of  ttiese  effects  is  only  (list  beginning  to  lie 
studied.  Effects  seen  in  a  two-dimensional  electrostatic 
particb  simulation  including  ion  and  electron  dynamics 
are  reported  here:  An  initial  wave  packet  undergoes 
virtually  complete  reconstitution  following  :ts  initial 
Ireak-up. 

I'se  is  made  of  a  standard  fimtr-siked  particle  code. 
The  initial  condition  consists  of  a  1  .angimu r  wave  packet 
which  has  a  Gaussian  intensity  profile  in  wavenumber 
space  with  average  wavenumber  k,  A„x  and  half-width 
A  A,  -=  A k,  A„.  The  Langmuir  waves  are  turned  on  in  an 
initially  uniform  unmagnetized  plasma  over  the  time  in¬ 
terval  /  -  0  to  /  -  lw  „  The  waves  have  .ippro.xj mutely 
constant  energy  after  the  initial  transients  subside. 
Typical  parameters  in  our  study  are;  number  of  elec¬ 
trons  (ions)  y.t.v.)  32761),  number  of  grids  in  the  \(\) 
ilirection  !.x  126  ( L  32)  in  tins  doubly  periodic  sys- 

leni;  electron  lorn  Cebve  length  1  (»  ,)  1A,  A 

12-  126A  in  tlie  .  direction);  A A_  Ab(  2r  32A,  the 
mass  ratio  1/  «i  -  5,  and  particle  size  n,  o  A,  where 
A  is  the  grid  spacing  in  both  the  v  and  i  dtrectuns.  In 
such  a  system,  the  electron  collision  frequency  is  5 
v  10"*  u. ,  and  the  electron  Landau  damping  decrement 
for  tlie  A  mode  is  3  ■  10"  w,.  The  plasma  is  therefore 
fairly  dissipationless  over  the  period  o’  lOw,"'. 

Figure  1  shows  three  snapshots  of  eq hi -energy  con¬ 
tours  of  the  electrostatic  wave  energy  density  for  a 
case  with  the  initial  wave  amplitude  for  (lie  '  A  mode 
of  L,  - 1  A,  aiw'^A  *0.6  and  the  average  wave  energy  W 

E‘>  2-nT.  0.5  over  the  period  of  i  -  S.lOOlw'1. 

Here,  the  angular  brackets  denote  spatial  averaging. 

The  peak  of  the  wave  packet  is  located  at  t  =64 A  at  /  =  0. 
It  travels  tn  the  positive  v  direction  with  the  group  ve¬ 
locity  vt  ?0.6Aw,  until  /  lOutj*.  Linear  theory  predicts 
r{  a0.47Aw„.  E'lgure  1(b)  illustrates  a  slightly  later 
stage  t  -  20w;’  The  coherent  wave  packet  lias  broken  in¬ 
to  many  seemingly  random  subpackets  ill  over  the 
space.  The  break-up  occurs  not  only  in  the  \  direction, 
but  also  in  the  i  direction.  The  behavior  of  the  wave 
intensity  in  wave  vector  space  (not  shown  here)  indi¬ 
cates  that  the  peak  of  the  wave  energy  has  shifted  from 
A  *  A,  to  roughly  A  --  ‘  v„  at  t  20w"’.  The  assemblage  of 
subpackets  continues  to  change  its  structure  until  / 
-50wv’,  when  a  somewhat  more  organized  structure  be¬ 


gins  to  emerge.  Figure  1  c)  at  t  -  70 sh  v,  s  tht.t  tb 
process  of  reconstitution  of  the  subpacket  has  been 
completed  and  the  wave  packet  profile  is  close  to  tin 
one  at  '  0,  although  at  a  somewhat  slufted  pesiliot  . 

Also,  in  A  space  we  see  that  the  energy  lias  .sallatc  I 
back  to  around  k  k„  in  the  k  space.  When  we  madi  ' 

25C,  the  packet  first  propagated  forward,  tlun  b;u>.- 
ward,  and  became  many  subpackets,  it  eventually 
back  to  the  original  shape  at  the  same  place  m  ah  of  ; 
same  time.  The  size  of  the  plasma  does  m  t  appe  ar  t  . 
be  a  factor  in  the  results.  The  density  dept  m  sii  r,  .•  - 
sociateii  with  the  packet  bmame  shallower  ami  v.  :■ 
time  elapsed.  Although  Fermi  t  !  at.'  found  .rilin'  ,  - 
recursion  in  a  computer  simulation  of  the  nhr-ati  : 
a  nonlinear  string  sunn  two  decades  age,  there  an  ;• 
works  in  fluid  or  plasma  physics  dealing  with  the  re.  ir- 
sive  process  until  the  recent  work  of  Vue:,  ,  t  .  wb  . 
solved  a  model  nonlinear  Sehrodinger  emiat.i  n  ir.  m 
dimension,  numerically. 

Tn  determine  the  physic  il  process  lcxpunsible  for  ■;  . 
wave  packet  recursion,  we  ha  \  e  made  run*  with  several 
lUfferent  wave  packet  energy  densities.  Figure  2  st,  ,w  x 
the  recursion  time  vs  the  average  wave  packet  energy 
density.  All  the  cases  shown  in  Fig.  2  produced  rei  ,i  - 
sion.  All  parameters  except  for  the  packet  energy  da  n- 
sity  aie  fixed  at  the  same  values  as  for  the  case  If-  0,ri. 
With  w  ranging  from  0.25  to  0.75,  the  recursion  time 
r,  was  found  to  be  approximately  inversely  proportional 
to  the  wave  energy  density  W  as  shown  in  Fig.  2.  There 
were  only  minor  differences  in  the  Wav  packet  evolu 
lion  during  the  various  recursions. 

The  observed  behavior  of  as  a  function  of  H'  is 
consistent  with  the  theoretical  observations  made  by 
Kaw  <  /  /i/.“  who  studied  the  effect  of  fixed,  spatially 
licriodic  ion  density  fluctuations  on  l,angmuir  wave  i  vo¬ 
lutions.  The  break-up  and  recursion  of  an  original 
Langmuir  plane  wave  is  due  to  the  density  dependence 
of  tlie  plasma  frequency,  winch  causes  tlie  oscillation* 
in  different  spatial  regions  of  the  plasma  to  go  in  and 
out  of  phase  with  each  other.  In  Fourier  spare  the 
wave  vectors  k,  of  the  ion  density  fluctuation  mix  in 
with  k„,  producing  sidebands  at  k„±k(.  The  original 
mode  at  k0  becomes  smaller  In  amplitude  at  first,  hut 
then  returns  at  the  time  when  the  Bessel  function.  /  , 
has  its  next  extremum.  This  gives  an  approximate  re¬ 
cursion  time  of 
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where  fin**,  is  the  maximum  of  the  density  ripple. 

In  our  problem,  the  density  perturbation  is  self-con- 
sistently  generated  by  the  ponderomotive  force  of  the 
Langmuir  wave  packet.  If  the  ions  are  roughly  adiaba¬ 
tic,  then  balancing  the  plasma  pressure  against  the 
ponderomotive  force  gives  the  relation  between  the  den¬ 
sity  perturbation  and  the  Langmuir  field:  6x,ma/n0 
-  -  wf\.  This  predicts  a  scaling 

r,  =  3X/W  ,  (2) 

which  shows  good  agreement  with  the  results  of  simu¬ 
lation,  as  given  in  Fig.  2.  [Also,  the  numerically  ob¬ 
tained  4rtniJ,  measurements  were  in  good  agreement  with 
Eq.  (1).|  The  argument  in  Ref.  8  predicts  a  temporally 
periodic  migration  to  both  higher  and  lower  wavenum¬ 
bers  in  the  Fourier-space  evolution  of  the  packet.  We 
do  not  observe  the  generation  of  higher  Fourier  modes. 
Their  absence  is  probably  due  to  landau  damping,  so  we 
see  only  oscillation  in  the  direction  of  lower  wavenum¬ 
bers  and  back. 

Since  the  submission  of  this  manuscript  we  have  found 
some  recent  theoretical  results  which  appear  relevant 
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FIG.  1.  Time  sequence  of  con  tours  of  electric-field  energy 
density  C'/*r  In  x-y  space.  (a)  et  I  -  IOuiJ',  <b)  st  1  -20u£',  end 
(c)  st  t-70wj‘.  Reel  lines  represent  high-energy  contours  end 
dulled  ones  low  contours. 
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K!G.  2.  Inverse  of  the  wsve  packet  recursion  ttr  e  yp 
ms  Used  wsve- energy  density  IF,  obtained  by  .,tn.  ini 


to  our  numerical  studies.  Thyragaraja*  h.:.-  ..‘.j  i.  t 
recurrence  can  be  expected  in  one-dimension:  i  v 
phenomena  descrlbable  by  a  cubic  Schrodiiv’i  . 
and  has  pointed  out10  that,  in  two  dimension.,,  su.-'ii  , 
terns  will  either  collapse  or  recur.  The  wivt  p.u 
we  have  studied  should  be  roughly  adiabatic,  .■■•r.'. 
fore  be  descrlbable  by  a  simple  cubic  Schroding, ■ 
lion1  to  the  extent  that  damping  is  negligible. 
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Harmonic  emission  from  adiabaticaiiy  collapsing  Langmuir 
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Numerical  studies  of  radiation  at  2top  from  a  Langmuir  envelope  collapsing  adiabaticaiiy  in  three  dimensions 
show  that  the  emissivity  is  higher  than  expected  A  volume  emissivity  obtained  from  an  approximate  density 
of  collapsing  packets  leads  to  favorable  comparisons  with  measurements  of  type-111  solar  radio  bursts 


I.  INTRODUCTION 

It  is  now  believed  that  a  type-III  solar  radio  burst  is 
associated  with  an  electron  beam  launched  into  the 
solar  wind  during  a  solar  flare,  leading  to  electro¬ 
magnetic  emission  at  the  fundamental  and  harmonics 
of  the  local  plasma  frequency.  Gurnett  and  Anderson1 
have  measured  the  volume  emissivity  of  harmonic 
emission  at  ‘  a.u. 

Recently.  Goldman  et  air  proposed  a  model  for  the 
emission  based  on  the  following  model:  An  energetic 
beam  of  electrons  launched  into  the  solar  wind  excites 
Langmuir  waves.  Computations  ’  indicate  that  a 
Langmuir  wave  packet  grows  up  to  a  point  where  the 
spatially-averaged  energy  density  W  (normalized  to  the 
thermal  energy)  in  the  packet  exceeds  the  threshold. 

»;h  .  for  direct  collapse.  '• The  collapse  time  is 
infinite  at  threshold  and  decreases  rapidly  as  W 
increases  above  W,h.r'  It  is  found  that,  typically,  a  packet 
continues  to  grow  in  strength  up  to  about  twice  the 
threshold  energy  density  before  there  is  noticeable 
evidence  of  spatial  collapse  (and  broadening  in  wave 
vector  space).  Once  the  packet  becomes  broad  enough 
in  k  space,  it  should  be  kinematically  possible  to 
couple  two  Langmuir  waves  into  a  photon  at  twice  the 
local  plasma  frequency. 

The  physics  of  Langmuir  collapse  is  described  by 
the  Zakharov  equations.'  The  general  solution  of  these 
equations  is  unknown,  however,  it  is  known  that  they 
possess  certain  invariants.  It  is  also  known  '■  ’’ " 
that  in  some  cases  the  solutions  approach  a  self-similar 
form  over  a  region  of  space.  There  are  two  distinct 
stages  of  early  collapse,  the  subsonic  or  adiabatic  stage 
(described  by  a  cubic  Schrddinger  equatior,}.  and  the 
supersonic  stage.  In  the  subsonic  stage,  the  ions 
respond  to  the  ponderomoti ve  force  adiabaticaiiy,  while, 
in  the  supersonic  stage,  ion  inertia  plays  an  important 
role. 

In  Ref.  2,  using  the  plasmon  number  invariant,  an 
upper  bound,  and  using  a  supersonic  self-similar 
solution,  a  much  lower  estimate  of  the  emissivity  of  a 
bunch  of  collapsing  packets  was  obtained.  It  was  argued 
that  most  of  the  harmonic  emission  would  occur  in  the 
supersonic  stage. 

In  the  present  work,  we  examine  the  adiabatic  stage 
numerically.  We  find  that  an  adiabaticaiiy  collapsing 
wave  packet  can  lead  to  emission  in  the  subsonic  stage 
which  is  significantly  higher  than  was  thought  possible. 


Owing  to  subtle  stationary  phase  effects,  this  can  occur 
for  packets  whose  width  AA  is  still  smaller  than  i , . 
With  reasonable  choices  for  the  number  density  of 
collapsing  wave  (jackets,  we  find  levels  of  emission 
consistent  with  the  experimental  estimate1  for  the 
volume  emissivity. 

II.  EMISSIVITY  OF  A  LANGMUIR  WAVE  PACKET 


,/P 

tin 


cyA  1  - 

=  —  lim—  dt  ExB 
4a  r„  /  )  T 


where  c  is  the  speed  of  light.  E(B)  is  the  electric 
(magnetic)  field,  and  r  is  the  distance  between  the  point 
of  observation  (where  EXB  is  evaluated)  and  the  origin 
In  terms  of  the  current,  .1,  .  ,  at  twice  the  ilucal) 

“U  P 

plasma  frequency  a>f  .  the  emissivity  is. 

4^“™  f  J  fr-’A'iJ'  '.  <11 


where  ?  is  the  unit  vector  directed  toward  the  point  of 
observation,  w  is  the  frequency  variable  in  the  temporal 
Fourier  transform  of  the  current .  A  |w  -wj'r)!'  c. 
and  t)  is  the  angle  between  J  (Ar.  w)  and  r.  i.e. . 

sint'  =  |Jv  (Af.n'lxf;. 

We  now  make  use  of  Zakharov's  fundamental  simpli¬ 
fication'  by  expressing  the  current  as  a  slowly  varying 
envelope  j.  and  a  rapidly  oscillating  phase: 

“•*  p 

J,,.  (A'P.ui,,)  =  (j,  .  exp(-,w„ / )  -  c.c. . 

~~e  r 

where  u\,  is  the  photon  frequency.  The  emissivity  can 
then  be  expressed  as" 


r/P  sin 

//SI  I*'" 


,11 


J:  »  (A  f.  I) 

P 


(2) 


where  Eq.  (1)  has  been  simplified  by  taking  an  "average" 
angle  9„,  wavenumber  A.,,  and  frequency  \  out  of  the 
integral,  where 

A'r,  =  U-  y,(r)P  v  r  .  (3) 

This  procedure  should  be  valid  as  long  as  the  direction 
of  J„  (Ar,  j.')  does  not  vary  significantly  over  values  of 

‘  p  * 

the  integrand  in  Eq.  (1)  for  which  J  ■  is  large. 

P 

III.  DYNAMICS  OF  A  LANGMUIR  WAVE  PACKET 

We  describe  the  nonlinear  wave  packet  by  a  Schrodinger 
equation  with  cubic  nonlinearity 
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where  v  '  =  8  '8r' ;  T  =  >#7’#  +> jT,;  Tt(Tt)  is  the  electron 
(ion)  temperature,  with  >,(},)  being  the  associated 
adiabaticity  index;  »/,,  <■  are  the  mass  and  charge  of 
the  electron,  respectively;  E  is  the  envelope  of  the 
electric  field  E; 


E(r ' ,t)  =|E(r ',  f)exp(-zay)  +  c.c. 

Under  the  following  substitutions: 

E~tt2nnJ)U2E,  l-^J,  rW3xDr',  (4) 

where  n,  is  the  background  number  density  and  \D  =  (TP/ 
4ir«,e2)1 7 2  is  the  Debye  length,  the  dimensionless  form 
of  Scbrodinger's  equation  is  obtained; 

(t'8,-t-|v'2+  |E|2)E  =  0  (5) 


addition,  conditions  were  found  for  the  adiabatic  approx¬ 
imation.  These  can  be  expressed  as 

In  the  Appendix,  we  shall  consider  the  validity  of  these 
inequalities  for  the  parameters  of  the  present  calcul¬ 
ation. 


In  terms  of  d>,  the  current  density  j2u  can  be  written 
as  [see  Eq.  (33)  of  Ref.  2|;  1 


h*  <Aor,  t ) 

P 


-3/8^1^ 

77  f' 


0 


x(^~  r  •  k0k„jexp(-it(,  •  K„i) 

*  JrfVifj^xJexpt-KKof-  2ko)  -  r| . 


We  note  that  the  use  of  the  Schrodinger  equation  is  valid 
only  in  the  subsonic  stage ,  where  the  ions  are  adiabatic.'1•5 
In  the  Appendix,  this  is  justified  for  the  time  scale  over 
which  we  calculate  the  emissivity. 

The  electrostatic  field  envelope  E  can  be  written  as 

E(r,  /)  =  -  l)  exp(iko*  r/'fr0)  | .  (6) 


The  angular  part  of  the  integral  can  easily  be  evaluated, 
leading  to 


\h^p(K0r,t) 


2  (  V  24  67~ V 
\r(19  -8/  3pr  / 

xl  f  r<*>2  sin(S  r)  dr 


(9) 


Here,  lq,  =  wAv  is  the  wave  vector  of  the  most  un¬ 
stable  beam  mode.  At  /=0,  if(r,  /  =  0)  is  a  real  func¬ 
tion  which  is  localized  around  r  =  0  and  has  spatial 
widths  parallel  and  perpendicular  to  k0.  These  initial 
widths  are  set  by  the  k-space  contours  of  the  beam 
instability. 2  Roughly,  |  |  *  A*,,  |  if  |  and  |  VA<fi  j  a  Air,  |  ] 

where  AfrM  and  AfrA  are  the  parallel  and  perpendicular 
widths  associated2  with  the  beam  instability;  initially, 

Our  central  approximation  will  be  to  take  j  to  be 
spherically  symmetric  at  the  initial  and  later  times, 
so  there  will  only  be  a  symmetric  width  measure  which 
changes  with  time.  Throughout  the  calculation,  the  in¬ 
equality  |w  i  «  fro  j  i !  will  be  satisfied,  so  that  the  wave 
packet  will  remain  relatively  narrow  in  fr  space.  This 
enables  us  to  write  Eq.  (6)  approximately  as 

E(r ',  /)  *k0!l>(r',  f)exp(ik,>’r ').  (6 ') 

This  field  still  has  the  phase  factor  exp(ik-  r ')  and  is 
thus  not  spherically  symmetric.  However,  the  mom¬ 
entum  k„  can  be  transformed  away  by  the  following 
gauge-frame  transformation7; 


where 

S  =  | K0f  -  2ko  |  =  V  3  (f,h/c)(19  -8/3  p)1'2, 

P  =  Vr.  (10) 


The  quantity  S  is  the  momentum  mismatch  between  the 
harmonic  photon  and  two  plasmons;  also,  rth  is  the 
electron  thermal  speed.  Use  has  been  made  of  the  fact 
that  for  emission  at  twice  the  local  plasma  frequency, 
Eq.  (3)  gives  K0  =  VT (w^/c);  moreover,  | k^,  j  =2 UyV). 
[Note  that  in  Eq.  (10)  the  dimensionless  forms  of  K0 
and  fro  appear  in  accord  with  Eq.  (4).  ] 


Substituting  Eq.  (9)  for  the  modulus  square  of  the  2x-p 
current  into  Eq.  (2),  we  have  the  following  expression 
for  the  emissivity  of  a  single  wave  packet 


dP 


-  •  /6(6r);K„Wn  / r„  V  1 

r  S,n  \(19-8/  3  p)c2  [c  )  r,h  r.™  T 

[Til 

*  J 

J-rn 


S^dr  r0‘  sin(S  r) 


(ID 


IV.  NUMERICS  AND  SCALING 


Hr',t)  =  <t>(r,  f)exp(-ifrof/2), 
r  =  r '  -  kof . 


(7) 


Using  Eqs.  (5)— (7),  we  find  that  the  spherically  sym¬ 
metric  scalar  <t>(r,t)  satisfies 


(i8,  +  !v’+  |0|?)0  =  o. 


(8) 


We  have  studied  this  equation  in  Ref.  7.  It  was  shown 
there  that  the  condition  for  the  electrostatic  approxi¬ 
mation  is 


Vf  !  M.  fr(,t/  i  , 

which  is  well  satisfied  for  most  times  of  interest.  This 
differs  substantially  from  the  so-called  head-on  approx¬ 
imation  often  made*  to  calculate  harmonic  emission.  In 


Equation  (8)  is  solved  in  the  Hilbert  space  of  0  by  an 
implicit  finite  difference  method  in  spherical  geometry. 
The  following  invariants  can  easily  be  derived  from 
this  equation6-9; 

/,=  J  |d>|Vrfr,  /2  =  J(|8r<f>|2-  |*j4)dr,  (12) 

where  /,  is  proportional  to  the  boson  number  and  A.  is 
proportional  to  the  Hamiltonian.  The  accuracy  and 
stability  of  the  numerical  scheme  is  checked  by  the 
(semi)  invariance  of  the  discrete  forms  of  the  func¬ 
tionals  A,  and  I,  on  the  Hilbert  space. 

The  computations  are  started  by  choosing  a  Gaussian 
for  the  initial  potential 
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it>(r,t-0)  =  $„exp(-2r~'l~)-  03) 

For  the  particular  mesh  size  chosen,  we  take  /  =5.66. 
From  Eq.  (9b)  of  Ref.  2,  the  parallel  half-width 
of  the  packet  is  found  to  be 

^1)  =  !  » 

[Eq.  (9b),  Ref.  2|,  where  rb  is  the  beam  speed  and 
At’#  is  the  spread  in  this  speed.  From  the  values  quoted 
in  Ref.  2  we  find 


Afr,,  _  AA\,  _  ,  An, 
ko  1/^d  '  <’b 


All 

bo 


£A*10'3. 


Note  that  the  Schrodinger  equation  (5)  is  invariant  under  a 
stretching  of  r'  by  a  factor  A,  provided  the  time  I  is 
stretched  by  A1,  and  E  is  reduced  by  A.  With  A  =  300, 
our  choice  of  l  =5.66  can  be  made  to  correspond  to  the 
above  value  of  Afc„ .  We  therefore  arrive  at  the  fol¬ 
lowing  approximate  scaling  from  type- III  values  (sub- 
sen  ot  "III")  to  computational  values  (subscript  "r"): 


(0),,,  =(3OO)-'(0)C, 

(/)m  =(3 00)2(/)c> 

(rh„  =  300(r)c  .  (14) 


We  choose  (0O)C  to  be  1. 18,  corresponding  to  an  average 
energy  density  (W)c,  at  twice  the  threshold  value.  '-7 
Using  the  scaling  of  Eq.  (14),  this  leads  to  a  value  for 
(W),i,  s  10'4,  which  is  in  agreement  with  the  value  used 
in  Ref.  2.  Further,  from  Eqs.  (4),  (10),  and  (14)  we 
find  that 

(S )c  =  300(5 ),„  =  300/  3  ( r,h  /r)(19  -  8/  3m)1  1  ‘  .  (15) 

With  (f  ih/r)  4 . 5  10' 1  in  Eq.  (15),  5  is  sufficiently 

large  for  all  <t>,  so  that  the  spatial  integral  in  Eq.  (11) 
is  seen  to  be  practically  zero  for  an  initial  <f>  of  the  form 
of  Eq.  (13).  Thus,  the  scaling  implied  by  a&(I  [Eq.  (9b) 
of  Ref.  2]  leads  to  a  negligible  emissivity  initially.  The 
interesting  feature  that  emerges  from  our  computations 
is  that  the  modulus  and  phase  of  <t>  change  sufficiently 
in  the  subsonic  regime  to  enable  substantial  emission 
to  occur. 

V.  RESULTS  AND  DISCUSSION 

Figures  1  (a)  and  (b)  show  the  time  development  of  the 
emissivity  of  a  single  packet,  i.e.,  the  expression  given 
in  Eq.  (11)  before  performing  a  time  average.  The 
emission  grows  in  an  approximately  exponential  manner 
for  most  of  the  time  development  of  the  packet,  reaching 
a  maximum  and  decreasing  thereafter  until  the  collapse 
point.  In  this  calculation  y(,  has  been  taken  as  45°  [see 
the  remark  following  Eq.  (2)|  and  p  =  k„  •  r  has  been 
taken  as  v  3  2  (f„  making  an  angle  of  30°  with  »"). 


We  note  that  the  emissivity  climbs  from  an  initially 
negligible  value  to  a  peak  many  orders  of  magnitude 
larger,  and  then  begins  to  decay.  The  peak  occurs  at 
0.994fc,  where  t c  is  the  adiabatic  collapse  time.  In 
order  to  understand  this  behavior,  we  note  that  ill’  <IQ 
in  Eq.  (11)  is  proportional  to  the  absolute  square  of  the 
following  integral  over  v  : 


itr  rr,V  sin.Sr  . 


(16) 


2  , 


I 


FIG.  1.  Temporal  development  of  emissivity  from  a  collapsing 
wave  packet.  Note  the  logarithmic  scale  in  (a)  for  the  cnrlv 
stage,  anil  the  linear  scale  in  (li),  close  to  the  collapse  time. 
The  scale  on  the  time  ax  is  in  .oj1  and  the  computational  scal¬ 
ing  | see  Eqs.  (l-l)  in  text;  Collapse  time  is  [  > . 

Let  us  now  write  .lexp(/<*)  ,  where  A(r)  is  a  real 
modulus,  and  o(r)  a  real  phase,  and  both  are  spher¬ 
ically  symmetric.  The  integrand  will  be  largest  around 
the  peak  of  rA  .  provided  the  phase  factors  exp[/(2<> 

*■  Sr) |  do  not  produce  severe  phase  mixing. 

For  our  initial  0  of  Gaussian  form,  <>  is  zero  and  the 
quantity  » A  cr  rexp(-2i  1  )  peaks  at  >A  2.  and  has  a 
width  of  A  x  2 .  However,  sin.Sj  oscillates  with  a 
half-wavelength  n  5-  0.5.  Hence,  there  is  strong 
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phase  mixing  of  the  eniissivity.  This  corresponds 
physically  to  the  failure  to  conserve  momentum  in  the 
coalescence  of  two  plasmons  to  produce  a  photon. 

At  later  times,  the  packet  has  collapsed  considerably, 
so  the  rA~  can  peak  at  smaller  r  values  with  a  smaller 
half-width,  which  is  therefore  less  susceptible  to  phase 
mixing.  In  Fig.  2(a),  we  have  plotted  A’  as  a  function 
of  r  at  /  =  0  and  at  /  =  1.312.  The  half-width  of  AJ  has 
decreased  by  a  factor  of  6.  In  addition,  the  quantity 
rA?  now  peaks  at  rA  -0.25  with  a  half- width  ArA  s  0.  25 . 
This  peak  and  half- width  coincide  with  the  peak  and 
half-width  of  the  first  maximum  of  sinrS,  which  would 
seem  to  indicate  reduced  phase  mixing.  However, 
effects  associated  with  the  phase  a  of  the  field  are 
also  beginning  to  come  into  play  at  this  time.  A  region 
of  stationary  phase  in  the  integrand  oi  Eq.  (16)  cor¬ 
responds  to  a  range  of  points  where  |S  ±  (a  a/dr)  | 
becomes  significantly  smaller  than  S.  Such  a  region 
of  stationary  phase  is  beginning  to  occur  at  /  =  1 . 312 
and  is  seen  to  overlap  the  peak  of  rA? .  This  also  con¬ 
tributes  to  the  reduction  of  phase  mixing.  The  normal  - 


FICi.  2.  Langmuir  packet  evolution,  (a)  Square  modulus  of 
Langmuir  field,  |<t>|3  as  a  function  of  r  at  /  =0  and  at  t  =1.32. 
Note  the  Gaussian  at  1  =0  appears  flat  because  of  limited  range 
of  r  plotted,  (b)  Gradient  of  intrinsic  phase  of  Langmuir  enve¬ 
lope  in  units  of  momentum  mismatch  S,  as  a  function  of  r, 
for  t  =1.312. 


iged  gradient  of  <»,  (aur/ar)/S,  is  plotted  as  a  function 
of  r  in  Fig.  2(b)  for  the  time  f  =  1.312,  and  is  seen  to 
reach  a  maximum  absolute  value  of  about 

The  phase  a  is  also  responsible  for  the  eventual 
reduction  of  emissivity  at  later  times.  In  Fig.  3,  we 
have  plotted  (da/8r)/S  as  a  function  of  r  at  the  later 
time  1  =  1.324,  corresponding  to  a  reduced  emissivity 
( see  Fig.  1(b) (.  The  emissivity  is  reduced  at  this  time 
because  of  the  positive  and  negative  oscillations  in  the 
gradient  of  a  which  once  more  lead  to  phase  mixing. 

The  reduction  can  also  be  viewed  as  a  cancellation  of 
the  integrals  over  exp[i(2o  +  Sr)  ]  and  exp[+  i(2a  -  Sr)  |, 
which  have  slightly  different  narrow  regions  of  sta¬ 
tionary  phase. 

A  word  is  in  order  concerning  the  physical  signif¬ 
icance  of  the  phase  a.  The  momentum  density  carried 
by  the  Langmuir  field  is'  p  =  (X/2i)(E*tvEi  -  E(VE*). 

In  otr  case,  this  reduces  to 

p  =  [k0  +  Vo(r))|E|?. 

Hence,  Vo  is  a  local  plasmon  momentum,  which  arises 
from  the  nonlinear  dynamics  of  collapse,  and  adds  to 
k„  =  wAv6,'r6 .  (We  should  bear  in  mind,  however,  that 
average  plasmon  momentum  is  conserved7  and  equal 
to  k«  in  the  adiabatic  stage  of  collapse  so  (Va)  =  [d'r 
x!£|‘Va//(f,rjE|2  =  0.)  The  momentum  conservation 
in  the  coalescence  of  two  plasmons  to  produce  a  photon 
thus  becomes  2ko-  K<,  -  2vnr  o^O,  which  is  essentially  the 
stationary  phase  condition  in  the  integral  in  Eq.  (16). 
Since  the  square  modulus  A'  narrows  spatially,  the 
failure  of  this  phase  matching  condition  is  less  serious. 
The  gradient  of  A  is  |  VA/A  | ,  which  we  may  identify 
as  a  spread  of  wavenumbers  -\k.  Its  maximum  value 


FIG.  3.  Gradient  of  intrinsic  phase  of  Langmuir  envelope  In 
units  of  momentum  mismatch  S,  as  a  function  of  r  for  /  -1.324. 


148 


Phys  Fluids.  Vol  24,  No  1,  January  1981 


ts.  Hafiiti  and  M.  V.  Goldman 


148 


of  At'  <  (Ar,*)'1  becomes  broader  as  real-space  collapse 
progresses  (as  ArA  tends  to  zero).  At  1-0,  we  find 
At-  s  107,  whereas  at  time  /  ■=  1.316,  M\  *„  -  607  ■ 
Thus,  stationary  phase  becomes  less  important  as 
collapse  proceeds.  The  exception  is  the  late  stages 
in  which  the  phase  oscillated  rapidly,  causing  the 
resumption  of  phase  mixing. 


CO,  l'.SO0-16"0-003  erttssec-sr-‘  . 

and  obtain  for  the  time-average  volume  emissivity  the 
following  result 


It  is  important  to  note  the  role  of  coherent  phase  in 
this  calculation.  Past  estimates"  of  the  volume  emis¬ 
sivity  have  been  based  on  Fourier  space  expansions  of 
the  second-order  current  in  terms  of  Langmuir  fields. 

In  the  resulting  current-current  correlation  function, 
the  decorrelation  of  four  fields  is  performed  by  as- 
assuming  the  random  phase  approximation.  Our  cal¬ 
culations  are  in  real  space,  rather  than  Fourier  space. 
The  existence  of  an  assembly  of  wave  packets  in  real 
space  is  due  to  random  k-space  phases,  which  cause 
constructive  and  destructive  interference.  However, 
once  a  real-space  packet  begins  to  collapse,  there  is  a 
phase  coherence  which  is  preserved  even  for  the  in¬ 
creasingly  widely  separated  t-space  components  in  the 
spectrum  of  each  collapsing  packet.  In  this  respect, 
the  coherence  of  each  collapsing  packet  is  taken  into 
account  in  our  calculations,  although  the  contribution 
from  different  packets  are  incoherent  with  respect  to 
each  other.  Statistical  assumptions  underlie  only  our 
treatment  of  the  density  of  collapsing  packets,  which 
yields  the  volume  emissivity. 

Another  differnce  between  the  present  calculation  and 
past  work"  on  the  emissivity  concerns  the  relative  size 
of- the  average  plasmon  momentum  K„.  In  the  "head-on" 
approximation,  *  the  plasmon  momentum  spectrum  is 
assumed  to  extend  over  a  region  of  k  space  much 
greater  than  A„,  and  containing  "head-on,  "or  oppositely 
directed,  plasmons  whose  momenta  are  much  greater 
than  A, .  This  is  not  true  for  our  initial  spectrum,  but 
in  the  late  stages  of  adiabatic  collapse  where  we  find 
the  greatest  emission,  the  spread  of  momentum  com¬ 
ponents  Vo  in  the  packet  is  on  the  same  order  as  A„, 
so  our  approximations  are  of  marginal  validity  (see  the 
Appendix) . 

In  order  to  compute  the  volume  emissivity,  we  need 
to  know  the  density  of  collapsing  packets  nc  in  the  beam. 
We  just  quote  the  estimate  made  in  Ref.  2, 

nc=y,TcFno  < 

[Eq.  (59),  in  Ref.  2 1,  where  >,  is  the  beam  growth  rate, 
rc  is  the  collapse  time,  is  the  density  of  wave 
packets,  given  by 

ua  2  AAI((  CkkJ'  /S 

[Eq.  (56),  Ref.  2|  in  terms  of  the  parallel  A k„  and  per¬ 
pendicular  Afr,  width  of  a  single  packet,  and  A  is  a 
dimensionless  unknown  parameter  in  our  model  that 
essentially  measures  the  fraction  of  energy  transferred 
from  the  beam  to  cnttapsi >«,■  packets. 

fn  order  to  work  out  the  time  averaging  implied  in  Eq. 
(11),  we  follow  Ref.  2  and  compute  the  fractional  time 
that  the  emissivity  is  within  a  half- width  of  its  peak 
value.  From  Fig.  1,  'his  fraction  is  roughly  0.025 
1.325  Thus,  we  write. 


r  >  A<-  (M\Y  '0. 003, 


-»(«!.)  1‘  (7*.)  '1M85'300" 

%  (!)  (;j.) 

where  1 . 3265  >300  ‘ is  the  numerically  determined* 
collapse  time,  and 


following  Eq.  (62)  of  Ref.  2:  //„  is  the  background  den¬ 
sity,  40  cm  ',  >f„  is  the  beam  density,  10"  •/„,  rb  and 
Ar,  are  the  beam  speed  and  spread  in  speed,  with 
Ar,  rt  '  i  ,  At-j  '  !  ,  Eq.  (9a)  of  Ref.  2,  and  At-,  k. 

-  Ua,A  1 Eq.  (9b)  of  Ref.  2.  The  quantity  A  is 
a  factor  (described  in  Ref.  2)  which  relates  to  the 
depletion  of  beam  modes  according  to  two  different 
evolution  scenarios.  The  final  answer  for  the  volume 
emissivity  is  therefore 


J  ^  '  1  >  10  "E  ergs  cm’  sec'1  sr'  .  (17) 

fi 

This  is  compared  with  the  measured  value  of  2M0‘ 

[see  also  Eq.  (1)  of  Ref.  2|.  We  see  that  in  order  to 
reconcile  the  two  values,  A  lias  to  be  around  10  . 

Considering  the  arguments  presented  in  Ref.  2  con¬ 
cerning  the  magnitude  of  A  ,  we  see  that  a  value  of  10‘ 
is  not  unreasonable. 


VI.  CONCLUSION 

Our  calculations  for  a  group  of  collapsing  Langmuir 
wave  packets  account  quite  reasonably  for  the  observed 
emissivity  associated  with  type-ill  solar  radio  bursts. 
These  results  are  encouraging  enough  to  merit  further 
elaboration;  in  particular,  there  is  a  clear  need  for  a 
better  estimate  of  the  density  of  "  collapsons.  " 
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APPENDIX:  VALIDITY  OF  ADIABATIC  AND 
ELECTROSTATIC  APPROXIMATIONS 

Our  calculations  have  been  based  on  the  cubic  Schro- 
dinger  Eq.  (5).  The  validity  of  this  equation  requires 
that  the  wave  field  be  predominately  electrostatic,  and 
tile  low-frequency  (ion)  motions  be  adiabatic.  The 
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conditions  for  both  approximations  are  set  forth  in  the 
Appendix  of  Ref.  7. 

For  the  waves  to  be  electrostatic,  we  must  satisfy 
>„«  1, 

where  s  1  A 1  i>  1  ;'<t>  I  is  a  measure  of  the  gradient  of 
i>.  Our  wave  packets  satisfy  this  criterion  up  until 
the  very  latest  times  of  I  =  1.324,  where  At?/fc0  *  60%  . 

The  adiabatic  ion  approximation  requires  that 

,  1 E I  ’  <  m/M  —  5. 4  MO'4 . 

The  condition  on  ka  means  that  the  mean  wave  packet 
group  velocity  is  slow  enough  for  the  ions  to  follow  the 
ambipolar  field  adiabatically.  Since  £0  =  10'2  in  our 
calculations,  it  is  always  satisfied.  The  second  con¬ 
dition  essentially  requires  that  the  collapse  speed 
remain  subsonic.  Taking  into  account  the  scaling  of 
i})  in  Eq.  (14;,  we  may  rewrite  this  condition  as 

i«cr«5o. 

This  condition  breaks  down  at  r  =  0  near  the  time  of 
peak  emissivity  at  /  =  1. 312.  However,  only  the  peak 
of  1  <£>c  | 2  is  significant  for  the  emissivity  in  Eq.  (16). 


At  this  peak,  we  find  from  Fig.  2  that  ]d>c''  is  of  order 
50,  so  the  adiabatic  approximation  is  marginal.  At 
later  times,  it  would  appear  to  be  violated.  However, 
we  have  found  the  emissivity  to  go  down  at  these  times 
[see  Fig.  1  (b)  J,  so  our  calculation  probably  does  not 
overestimate  the  emissivity. 
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Self-Focusing  of  Radio  Waves  in  an  Underdense  Ionosphere 

F.  W  l‘l  RK1NS 
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M.  V.  Goldman 
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The  iheorv  ol  sclf-tocusing  instabilities  in  the  ionosphere  is  developed  emphasizing  ihe  ethical  param¬ 
eters  required  to  obtain  sultieienilv  last  temporal  and  spatial  growth  rates  so  that  the  instability  may  be 
observed  It  is  shown  that  scll  loe using  will  not  occur  unless  2c’/T-'r’/  <  I.  wheie  1  is  the  radio  wave  fre¬ 
quency  a  tspicai  ionospheric  plasma  trequency.  and  1  the  spatial  growth  length  (In  the  /'region,  /  = 
:y  Km  is  used,  while  in  the  /.'  legion  1  i  I  km  |  In  the  /  region,  the  threshold  power  flux  P ,  is  P.  ,  :  II  A 
gW  m)  ('  17  Mllrl' t /’,  IkXRt  '  b  )J  x  tit/  cm  */n,)’(  where  n,  and  1,  are  typical  electron  densities 
and  temperatures,  and  (  ,  -  I  depends  on  spatial  and  temporal  growth  rates  In  the  /.  region,  the  result  is 
P  ,  :  tl  mW  ill'll  IS  Mllrl'  1  |o"  ent  1  n, )( .  where  <  ,  =  I  again  depends  on  growth  rates  Dimen¬ 
sional  analysis  indicates  nonlinear  saturation  will  set  111  when  vanationsof  order  unity  occur  in  the  radio 
wase  intensity  The  cor  respond  1  r,  a  relative  electron  density  fluctuate  ns  arc  given  by  bn  n  -  r.t  1  ,,  /  Ap¬ 

plications  to  planned  ionospheric  heating  experiments  and  ionospheric  modification  by  the  microwave 


beam  trom  a  satellite  power  station  are  discussed 


I  IsIRODll  Iln.N 

Scll-focusiiig  ol  radio  waves  in  ihe  7  region  of  the  iono¬ 
sphere  has  occurred  in  many  oserdensc  ionosphere  modifica¬ 
tion  experiments  1  Thome  tint/  Perkins.  1474.  Hunt  an  anti 
Rehnke.  I47b|  and  its  principles  are  well  understood  in  terms 
ol  theor.  |f<iikrn  and  (turevnh.  1476.  (  rai’in  tind  le/er.  1474. 
l tureen  h.  |47x,  Perkins  and  I 'ultra.  I474|.  T  hese  theories  all  in¬ 
dicate  tiiat  sell-toe  using  should  occur  in  underdense  iono¬ 
spheric  conditions  as  well,  and  recent  observations  \Sovo:hi- 
hn  and  Satel’iev.  |47h|  are  qualitatively  in  accord  wilh  this 
prediction  Ihe  improved  ionospheric  healing  facilities  miw 
nearing  completion  ai  Arectho  and  T  romsyi  will  pernin  scien- 
1 1  lie  investigation  ol  underdense  sell-focusing  both  in  Ihe  / 
and  P  legions  Furthermore,  there  is  current  interest  m  what 
cllect  the  2  4  (ill/  microwave  beam  front  a  propoved  Satellite 
Power  Station  (SPSl  |  Armen,  1 4  7  1  (Haser.  1477.  I  link e  el  at . 
147, s]  would  have  on  the  ionosphere  It  will  be  shown  that 
sell-focusing  of  the  SI’S  microwave  beam  m.iv  well  occur,  hut 
not  un dc-t  all  ionospheric  conditions 

It  is  important  to  state  clearly  what  the  woid  tinderdcii.se 
means  We  take  it  to  mean  that  the  radiowave  frequency  /  cx- 
ceeds  the  maximum  ionospheric  plasma  frequency  so 

th.it  resonant  interactions,  such  as  paramedic  decay  in¬ 
stabilities  | Peter  and  Kun.  |47  t  l)as  and  Peter.  1480.  Perkins  el 
al .  l'/74.  DuH,n\  am l  Unhtman.  1472.  Vas'kov  and  (iurcvieh. 
which  require  the  frequency  matching  condition 
’  ...  be  satisfied  somewhere  in  the  ionosphere,  cannot  oc- 
v  11  r  With  Ins  dcbniiion  a  radiowave  .  it h  lrcq..encv  v.,'  !-i 
several  nines  the  maximum  ionospheric  plasma  frequency  can 
Ive  rdlecled  obliquely  Irom  the  ionosphere  and  still  be  corisid- 
t- r c cl  as  underdense.  as  indeed  was  the  case  for  the  diagnostic 
wave  m  ihe  \ atorhihn  ami  Sateliev  |l47b|  experiment  We 
will  v,  nsider  only  cases  with  '  >  ,  ,  so  lhal  just  ihe  vclf-fo 

-living  insi.ibtlilv  o(>eraiev  and  parametric  decay  processes  are 
1101  allowed 

I  he  book  bv  ( rurevit  h  1 1  v? yy j  provide'  an  exeellenl  vuni 
in.irv  ol  the  physics  gov  tuning  ihe  /  region  sell  I ,  X  using  insla- 

t  .  *py  light  1  is  1  pv  Ihe  Vrneriv  all  I  tvopli'.  ova1  1  in.-'1 


hiliiv.  In  paificular.  ihe  instability  exhibit-  exporienii.il 
growth  both  in  time  and  in  space,  along  ihe  direction  ol  the 
radiowave  beam  I  he  goal  ol  ihiv  work  is  to  use  this  undo 
standing  to  calculate  ihe  threshold  radiowave  powet  (lux  P 
icquired  10  induce  the  self-focusing  instability  in  yjvcv  ot 
practical  interest  The  key  considerations  beyond  the  ba  -u 
physical  principles  derive  Irom  the  finite  extent  ol  ihe  iono¬ 
sphere  (which  means  t hat  the  spatial  amplification  must  be 
sufficiently  rapidl  and  the  finite  width  ol  the  radiowave  beam 
In  particular,  the  temporal  growth  time  must  be  .1  small  tr.u 
non  ol  the  time  11  takes  the  ambient  f  *  B  drift  to  convey  1  the 
ionospheric  plasma  through  the  beam  These  two  conditions 
set  the  practical  threshold  power  IHu  In  contrast,  according 
to  equation  (671)  of  (lurevith  (l‘»7K|.  there  is  no  thieshold 
(lower  flux  lor  ihe  sell- focusing  instability' 

There  are  some  interesting  new  physics  points  as  well  I  irsi 
wc  shall  show  that  there  is  an  upper  limit  to  Ihe  radiowave 
frequency  above  which  self-focusing  will  not  occur  for  a  me¬ 
dium  of  finite  extent  Secondly,  in  Ihe  I  region,  the  ion -neu¬ 
tral  collision  frequency  i-,„  exceeds  the  ion  gyrofrequeikv  ’! 
<•„,  >>  il,  which  means  the  ion  motion  across  ihe  magnetic 
field  line  is  allowed  As  a  consequence,  ion  motion  tan  be  Mil 
licientlv  rapid  so  that  recombination  does  not  suppress  the 
sell  -focusing  instability  as  predicted  by  Gurevich 

The  question  of  whether  the  SI’S  microwave  beam  will  m 
troduce  structure  into  the  ionosphere  via  the  sell -locusing  in 
stability-  is  best  addressed  by  a  combination  of  theory  and  c\ 
penmen!  As  is  the  ease  with  Ohmic  healing  | Perkins  am, 
Ruble.  I47b|.  experiments  done  at  a  frequence  ol  Is  Mil/  to 
mg  (he  improved  Arecibo  heating  lacililv  will  boih  simulate 
the  geometry  of  the  SI’S  bcaiii-ionosphere  and  be  clc.ulv  m 
the  underdense  regime  Results  ol  these  experiments  i.m  he 
utilized  to  validate  and  refine  Ihe  theory  developed  below .  he 
lore  il  is  exliapolaled  to  the  SI’S  p.ii.imeleis  Hul  iln-  exir.tpo 
l.iliv>n  involves  very  large  laclorv  I r.t *  in  liequencv  4  >  I f v 
in  threshold  power  llux  and  should  be  taken  a-  mdivaiive 
taiher  than  quantitative 

Section  2  of  this  paper  -civ  lorih  lln  model  Sc-lioc  :  d> 
rives  ihe  expressions  for  the  critical  powei  tl u v  in  ihe  /  and  / 


I’  qx-r  nun  r-'i-r  '»■  V  I  1  7  ’ 
il-l«  >22  '  •  I  "so  \  |  |2;y m 
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PERKINS  AND  GOIDMAN:  IONOSPHERIC  Sfcl  E-FOCI.'SING 


a) 


Fig  I  Geometry  of  the  self-focusing  instability  ( a )  The  radio¬ 
wave  beam  is  propagating  in  the  z  direction  The  actual  orientation  of 
z  in  space  depends  on  the  application  (see  text).  The  magnetic  field 
lies  in  the  b  direction  which  is  taken  to  be  in  the  x  -  z  plane  The  fi¬ 
nite  dimensions  of  the  radiowave  beam  in  the  z  —  z  plane  are  in¬ 
dicated  (/>)  Geometry  of  the  self-focusing  striations  as  viewed  along 
the  radiowave  beam  The  slnalions  are  elongated  along  the  magnetic 
field  and  grow  slowly  in  the  direction  of  the  radiowave  beam,  but  they 
have  a  rapid  spatial  variation  the  z  x  b  direction  (i.e.,  (he  v  direction) 

regions  Section  4  applies  these  formulas  to  planned  iono¬ 
spheric  healing  experiments  and  to  the  SPS  microwave  beam 
The  paper  concludes  with  a  discussion  and  summary  Certain 
aspects  of  the  eigenvalue  problem  associated  with  the  finite 
beam  width  are  discussed  in  the  appendix. 

2.  Model  and  Equations 

The  basis  for  our  model  is  the  recognition  that  the  trans¬ 
verse  dimensions  of  ionospheric  modification  radiowave 
beams  are  substantially  smaller  than  the  characteristic  lengths 
associated  with  the  ionospheric  plasma.  We  shall  therefore 
adopt  the  model  of  a  plasma  with  spatially  uniform  properties 
but  containing  a  radiowave  beam  of  finite  transverse  dimen¬ 
sions.  2a.  propagating  in  the  i  direction.  The  plasma  contains 
a  uniform  magnetic  held  B  in  the  b  direction  which  we  take  to 
he  in  the  x  -  i  plane.  The  principal  spatial  variation  of  the 
sinations  associated  with  the  self-focusing  instability  can  then 
be  shown  to  be  in  the  z  x  b  direction  (i.e.,  the  i  direction). 
Figure  1  portrays  the  geometry 

The  actual  orientation  of  the  z  direction  in  space  depends 


on  the  application:  For  most  tonosphenc  modification  experi¬ 
ments  z  is  vertically  upward;  for  SPS  beams,  z  is  inclined 
downward,  for  powerful  HF  transmissions,  z  is  almost  hori¬ 
zontal  [Novozhilov  and  Savel'yev,  1978). 

The  previous  work  [Perkins  and  Valeo,  1974,  Gurevich. 
1978|  has  shown  that  self-focusing  striations  do  not  propagate 
relative  to  the  plasma  But  the  ambient  E  «  B  drifts  will  con- 
vect  the  plasma  through  the  radiowave  beam  which  is  station¬ 
ary.  Typical  convection  velocities  i„  range  from  20-60  m  s'1 
[Blanc  and  Amayenc,  1979),  yielding  interaction  times  T  giver, 
by 


/  a 

[30ms-r 

5  km  I 

In  order  for  instability  to  fully  develop,  we  require  that  the 
growth  rate  y  satisfy 

yT  >  10  (2) 

In  practical  units.  (1)  and  (2)  combine  to  give 


111 

5  km 

3°s| 

a 

30  m/sj 

Our  model  takes  into  account  the  finite  size  of  the  micro¬ 
wave  beam  by  requiring  that  the  growth  rale  be  sufficient!) 
fast.  Apart  from  this,  it  is  a  good  approximation  to  assume 
that  the  initial  microwave  beam  intensity  is  independent  of 
the  y  coordinate,  so  that  in  a  linear  stability  analysis  one  can 
employ  plane  wave  structures  in  the  y  direction.  Quan¬ 
titatively.  this  approximation  requires  that  the  beam  intensity 
change  by  a  negligible  amount  over  the  scale  size  of  a  stna- 
tion.  One  can  easily  check  a  posteriori  that  this  approximation 
is  well  satisfied. 

In  the  P  region,  a  plane  wave  approximation  is  not  appro 
pnate  in  the  x  direction  because  electron  thermal  conduction 
and  plasma  ambipolar  diffusion  along  the  magnetic  field  play 
an  important  role  in  determining  the  threshold  power  flux 
Following  the  previous  work,  we  shall  assume  that  the  per¬ 
turbations  grow  exponentially  along  the  center  of  the  beam  as 
e'1.  Hence,  the  self-focusing  instability  is  a  spatial  amplifier, 
requiring  seed  perturbations  to  get  it  started.  The  growth 
length  /  must  be  sufficiently  short  so  that  the  total  spaual  am¬ 
plification  e*  is  large  {A  as  7).  For  the  F  region,  we  shall  adopt 
a  nominal  value  of  1  =  25  km  while  for  the  E  region  I  =  1  km 
It  is  important  to  keep  in  mind  that  l  represents  the  ex¬ 
ponentiation  distance  along  the  radiowave  beam  Beams 
propagating  obliquely  through  the  ionosphere  clearly  have  a 
longer  path  length  available  for  amplification  than  do  verti 
cally  incident  beams. 

The  calculations  below  constitute  linear  stability  analysis 
which  yields  a  generalized  dispersion  relation,  i  e..  a  function 
which  relates  the  temporal  growth  and  the  spatial  amplifica¬ 
tion  lengths  to  the  power  flux  in  (he  beam  and  (he  wave¬ 
number  in  the  v  direction.  This  dispersion  relation  will  form 
the  basis  of  our  application  discussions. 

Our  model  incorporates  the  following  physics:  (I)  Radio- 
wave  propagation  is  adequately  described  by  an  isotropic, 
parabolic  approximation  to  the  wave  equation  (Fork,  1966) 
An  isotropic  index  of  refraction  is  a  valid  assumption  because 
the  radiowave  frequency  is  large  compared  to  the  electron  g> 
rofrequency  w  »  tt,.  (2)  The  calculations  are  done  in  a  frame 
in  which  the  ambient  electron  drifts  vanish.  (3)  Ion  motion  is 
controlled  by  ambipolar  diffusion  through  the  neutral  gas  In 
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ihe  E  region,  ihe  ions  have  an  ambiem  drill  relative  to  the 
electrons  tn  the  range  2d  100  m  s  '  | Harper  el  al..  197fi|  (4) 
Electron  motion  and  thermal  conductivity  is  along  the  mag¬ 
netic  field  and  controlled  by  diffusion  through  ions  and  neu¬ 
trals  The  E  *  B  velocity  does  not  generate  density  fluctua¬ 
tions  because  it  represents  incompressible  motion  For 
simplicity,  the  ambient  electron  temperature  is  assumed  equal 
to  the  ambient  ion  temperature  (5)  Recombination  lak.es  place 
in  the  E  region.  (It  will  be  shown  to  be  of  moderate  impor¬ 
tance.)  (6)  No  ion  temperature  perturbations  occur  because  of 
their  good  thermal  contact  with  neutrals.  (7)  Ohmic  heating 
by  the  beam  provides  a  heat  source  in  the  electron  equation 
Electrons  lose  energy  by  exchange  with  ions  (in  the  E  region) 
or  with  neutral  molecules  (in  the  E  region)  We  have  ne¬ 
glected  electron  cooling  by  excitation  of  O('P)  levels  in  the  E 
region,  as  it  is  generally  less  than  electron-ion  cooling  at  and 
above  the  peak  of  the  E  region  | Perkins  and  Roble.  I97X.  Fig¬ 
ure  7]  Furthermore,  the  comment  following  (52)  makes  it 
clear  that  our  E  region  results  are  not  sensitive  to  the  electron 
cooling  process 

Let  us  first  turn  to  the  equation  governing  radiowave  propa¬ 
gation  in  a  medium  with  weak  density  fluctuations  Since  we 
can  safely  assume  that  the  ionosphere  is  an  isotropic  medium, 
the  equation  governing  linearized  wave  propagation  is 


V--  + ^Li^.»|e  =  0 


which  is  solved  by 

E(x.  n  «  IE.,  +  E.(.x,  :)e"  cos  (k.v  -  wt)]  e"*"' 

+  (E,  +  Ei*(.x.  z)e"  cos  (Ay  --  w/)|e  •"  J  (5) 

The  justification  for  steady  stale  in  (4)  is  the  condition  y/co,,/ 
r  A„ «  I.  where  /  is  the  scale  length.  \E,/fi,E,\.  The  plasma  fre¬ 
quency  uy(x)  is  given  by 

uy(  \ )  =  u>,.'(  I  +  fin/ri,,)  (6) 

in  terms  of  the  relative  density  fluctuations 

fin/n„  =  A<  r.  :)e"  cos  (Ary  -  wr)  (7) 

Our  notation  is  straightforward  A  is  the  wavenumber  of  the 
plasma  density  striation  in  the  y  direction,  w  and  y  denote  the 
frequency  and  growth  rate  of  these  strtations,  and  A„  =  (uv 
-  W,1)'  "C  1  the  frequency  and  waver  Tiber  of  the  intense  ra- 
diowave  in  the  absence  of  striations  .  ne  Poynting  flux  P„  of 
this  wave  is 

2  it  <o„ 


The  overall  lensing  cried  associated  with  Si.  h.,s  been  ,g 
nored  Since  the  first  order  field.  Fi,  propagates  almost  pa-., lie) 
to  K,  tie  A  A,,),  we  have  taken  their  polarizations  to  l>e 
patallcl  and  use.l  scalar  fields  and  7:,,  in  (h)  A  further  sim¬ 
plification  results  by  noting  that  the  plasma  density  siriati  ris 
will  vary  much  more  rapidly  in  the  y  direction  than  the  ,  d; 
reel  ion.  so  that  the  i  derivatives  can  be  ignored  in  (hj.  I  )us 
simplilication  is  based  on  the  recognition  that  variations  m  the 
c  direction  imply  variations  along  the  magnetic  field  (see  Fig 
ure  !)  The  high  electron  thermal  conductivity  combined  with 
rapid  i  variations  supresses  instabilities  Hence  equations  (A) 
become 


2«A„  E,  -  k:E,  «=  ESE„ 

r):  r 


-  2iA„  -  /  ,♦  -  k’E,*  -  -f.  A E. 

<i  c  r" 

The  self-focusing  instability  is  driven  by  spatially  depen 
den:  ohmic  heating  (7  which  enters  through  the  steady  state 
electron  heat  equation 

o  =  d.  K  [  T,  +  Q  -  r,n<  T,  I  |(li 


(>  «=  ■  ,  |7.„  +  E.,(E ,  +  £,*)fw  cos  (A,  -  wr)  +  ••• 

~v2w 


and  i  is  a  coordinate  parallel  to  the  magnetic  field  (see  Figure 
la).  Here.  »•*  denotes  the  electron  energy  relaxation  fre¬ 
quency.  r  the  electron  momentum  collision  frequency  ,  and  A 
the  electron  thermal  conductivity  One  can  easily  check  a  pos¬ 
teriori  that  the  temporal  growth  rale  for  self-focusing  in¬ 
stabilities  is  small  compared  to  the  faster  of  two  rates  ( I )  the 
rate  of  electron  heat  diffusion  across  the  radio  beam  {E  re¬ 
gion)  or  (2)  the  electron  thermal  relaxation  frequency  r„  (E 
region).  Hence  the  steady  state  heat  equation  is  appropriate 
The  electron  heal  equation  is  best  discussed  separatelv  lor 
the  E  and  E  regions.  Let  us  first  consider  the  E  region  where 
electron-urn  collisions  dominate  the  physics  The  appropriate 
collision  frequencies  and  thermal  conductivity  are  \tiragmsku 
19651 


3.I67> 


4(27:)'  1  ne 4  In  A 


where  the  last  factor  is  effectively  unity  because  the  plasma  is 
underdense  w;  up}.  Let  us  substitute  (5)  into  (4).  retain 
only  terms  linear  in  fin  and  E„  and  make  the  assumption 

,  # 

*” »;  9? 

which  leads  to  the  linearized  parabolic  wave  equations 

2iA,,  ~  £,  +  I  — .  -  A;|  E i  -  A F„  *  0 

<9<r  I  <■ 


A£„  -  0 


where  m  and  M  denote  the  electron  and  ion  (taken  to  be  O’ ) 
n>  ss.  respectively  Both  a  zero-order  and  a  first-order  solution 
to  (10)  and  (II)  are  rr-’u.red.  Let  us  write  this  as 

r,  -  fir;1"  -» fir;"  +  r„ 

where  7',.  is  the  ambient  temperature.  •'7V'"  is  the  heating  cor¬ 
rection  produced  by  £„'  and  ST,'"  is  due  to  £,,£,  We  assume 
that  departures  from  the  ambient  electron  temperature  7V  are 
small 
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The  electron  heat  conductivity  equation  can  then  be  written 
as 


where 


and 


C,  = 


0-(T./To)"- 

3  i6r„:n., 


(14) 


c.  = 

*  ~ST,/i,tV„(m/ M) 


(15) 


Let  us  expand  0  as 


0  =  I  +  00"’  +  00" 


(16) 


where  00’ 1  satishes  the  linearized  equilibrium  equation  with 
constant  density 


0  =  ^  C,  £-00"’  +  C.EJ  -  <\  2-  00° 

7  04*  7 


(17) 


The  equation  governing  the  linearized  response  to  the  self-fo¬ 
cusing  ohmic  heating  term  is 

+  —~--  (18) 
f.„  7 

where  we  have  heglected  the  small  cross  terms  00"’  00".  etc 
Let  the  temperature  perturbation  associated  with  the  self-fo- 
cusmg  instability  be  denoted  by 


07V 


’  00"  m  T(  x,  z)e''  cos  (A  c  -  ur) 


(1*7) 


Then,  in  terms  of  the  power  flux  Pm  the  equation  governing  r 
reads 


<F 

0<’T 

where 


1. .  JM.  1  p- 

IjA  +  ‘ 

-1 + 

_E ;• 

|  2  P,  |  L.’P, 

7. 

,  ,  c, 

-  rr 

1 .067’,, 

[mi 

] 

m 

■0  (20) 


(21) 


c(\  3c/,Mii'w~ 
2+ C,  4w  e’M 


(22 


and  A  is  defined  in  (7)  In  practical  units,  the  formulas  lor  P, 
and  L,  are 


P , 


KP.-k| 

»■ 

i  5  M  Hz 

( 13  km) 

Ll  \:| 

10-  cm  *\ 

1000° Kj  1 

n 

(21) 

(24) 


The  last  term  on  the  left-hand  side  ot  (20)  brings  out  the  com¬ 
petition  between  the  stabilizing  effects  of  density  fluctuations 
(caused  by  the  density  dependence  of  the  collision  frequency) 
and  the  destabilizing  contribution  from  self-focusing 

In  the  E  region,  electron-neutral  collisions  play  the  princi¬ 
pal  roll.  Furthermore,  the  ohmic  heating  may  be  sufficiently 
intense  so  that  the  electron  temperature  in  the  radiowavc 
beam  considerably  exceeds  the  ambient  electron  temperature 
[Perkins  and  Ruble.  1978],  The  principal  electron  temperature 
dependence  of  electron-neutral  collision  processes  is  ade¬ 
quately  represented  by  considering  only  electron- NT  colli¬ 
sions.  Thus,  in  ( 10)  and  ( 1 1 ).  we  can  use  [Banks  and  Kockans. 
1973) 


i'  =  V  =  2.3  x  10 


1000“K 


v  mi'  n„ 


The  electron-neutral  energy  relaxation  frequency  v„  is  gener¬ 
ally  much  smaller  than  the  momentum  collision  frequency  i-„ 
but  has  important  variations  with  temperature  For  energy 
loss  by  excitation  of  rotational  levels,  one  can  take  [Banks  and 
Kockans.  1973) 


•V  =  I  I  X  10 


l(KK)°K 
'  T' 


n„ 


(26) 


while  for  excitation  of  vibrational  levels  of  N,  the  appropriate 
formula  is 


iv  =  8.6  x  IQ'  " 


1 1000°K 

|  r,  " 


1IM  X  ; 

", 


(2 ') 


According  to  (26)  and  (27).  the  transition  between  rotational 
and  vibrational  cooling  occurs  near  T,  =  1500°K  A  lower 
transition  temperature  would  result  had  vibrational  ex 
citations  of  O.  been  included,  but  this  will  not  be  important  to 
our  arguments. 

The  next  question  to  answer  is:  Will  thermal  conduction  or 
local  cooling  control  the  electron  temperature  perturbations  in 
the  E  region?  Let  us  introduce  a  characteristic  length  /., 
which  makes  the  rate  of  cooling  by  thermal  conduction  (esti 
mated  by  (A'/n„)(/-,  ?))  equal  to  the  local  cooling  rate  The 
formula  for  reads 


=  ( I  km) 


3.9  x  10" 

n. 


(28) 


where  we  used  the  rotational  cooling  rate  (26)  The  Cira 
(1972)  atmosphere  gives  n,  =  0  x  10"  at  120  km  Hence 
throughout  the  E  region,  electron  thermal  conduction  will  not 
play  a  major  role,  provided  the  self-focusmg  sinalions  have  a 
parallel  wavenumber  satisfying  A  /.,  <  I  On  the  other  hand, 
the  characteristic  scale  sizes  for  radiowave  beams  and  typical 
variations  in  E  region  parameters  are  at  least  several  kilome¬ 
ters  It  follows  that  in  the  E  region  a  plane  wave  model  with 
A  I.,  s  I  can  be  used  in  the  direction  along  the  magnetic  field 
To  reiterate,  our  arguments  show  the  importance  of  thermal 
conductivity  is  different  in  the  E  and  E  regions  Because  /.,  is 
comparable  to  or  larger  in  the  E  region  than  the  size  of  the  ra- 
diowave  beam,  in  the  E  region  we  must  treat  a  nonlocal  ther¬ 
mal  diffusion  problem  In  the  E  region,  the  radiowave  in¬ 
tensity  does  not  vary  over  the  characteristic  scale  /, 
permitting  a  plane  wave  approximation 


*04 


Pj.jijij.vs  xsjj  (jiHJJMsN  JOMISJIIJ  an  Si  u -J  <«.  I  SIM, 


As  was  [he  case  in  ihe  £  region,  the  solution  to  the  electron 
temperature  equation  in  the  £  region  is  composed  of  an  equi¬ 
librium  part  which  can  be  taken  as  spatially  uniform  and  a 
perturbed  part  The  equilibrium  pail  is  the  solution  of 


wV  £/ 
27iw„Jn„ 


-ir..-  o 


where  the  right-hand  side  is  just  a  function  of  /„,.  The  per¬ 
turbed  pan  satisfies  the  equation 


0  -  : 


ui,:yu£„~ 
uJo*2rr/Io7 VuJ'jn, 


£,  f  £,•) 

£„  I 


/»  -  I  + 


[T  dr* 

[*’*  ar  L 


i  -  TA 

fT  di-,\ 

T,} 

'•*  df) 

Here  r  =  6T,/T„,  and  the  subs*-  ipt  0  on  collision  frequencies 
and  temperatures  denotes  evaluation  at  the  equilibrium  elec¬ 
tron  temperature  7„.  In  (30)  we  have  retained  the  thermal 
conduction  term  For  a  thermally  stable  equilibrium  solution 
to  exist,  one  must  have  /f  >  U 

In  the  case  of  HF  ionospheric  modification  experiments,  the 
second  term  in  /<  will  be  small  near  threshold  and  will  be 
close  to  7,  Under  conditions  where  the  equilibrium  electron 
temperature  is  well  above  the  ambient  temperature  £„,  »  7U 
\  Perkins  and  Ruble.  I97X|.  (3  lb)  shows  that  /(  =  (77 •»*)(<}**/ 
ST)  =  4  because  of  the  rapid  increase  of  vibrational  cooling 
with  electron  temperature 

3.  Sfcl  ("Foci  SINt,  iNSTABII  ITIhS 

The  equations  governing  plasma  motion  also  differ  in  the  £ 
and  £  regions,  because  in  the  £  region  the  ion-neutral  colli¬ 
sion  frequency  r,„  is  much  less  than  ion  gyrofrequency  12,  and 
plasma  motion  can  proceed  only  along  magnetic  field  lines.  In 
the  £  region,  a,„  »  Si,  and  ion  motion  across  the  field  is  impor¬ 
tant 

Let  us  turn  first  to  the  £  region,  where  the  formula  for  !■,„  is 
|  Banks  and  Kockarts.  1973) 

r,*7xl0""j.,  (32> 

At  an  altitude  of  300  km,  the  Cira  ( 1972)  atmosphere  yields  v„ 
:  I  Ht 

Upon  elimination  of  the  ambipolar  electric  field,  the  mo¬ 
mentum  and  continuity  equations  governing  plasma  motion 
yield 

_  dA  _  dr  , 

0  ”  -2T0  —  -  Tu  ~  —  (33a) 

Of  °f 

dd  C 

*+af'~0  (336) 

where  A  and  r  are  the  relative  electron  density  and  temper¬ 
ature  fluctuations  defined  in  (7)  and  (19)  respectively.  Equa¬ 
tions  (9),  (20),  and  (33)  form  a  closed  set  which  govern  the  lin¬ 
ear  stability  of  self-focusing  striations. 

These  equations  are  most  easily  solved  in  the  (£.  rj)  coordi¬ 
nate  system  of  Figure  I  It  is  clear  that  the  dependent  vari¬ 
ables  should  depend  on  the  distance  along  the  magnetic  held 
from  beam  center,  £  -  where  *  -igsin  <f>„/cos  <p„).  and 


should  show  spatial  exponential  growth  along  the  direction  of 
the  l>c am  In  other  words  the  functional  dependence  will 

At;',  i a  =  Mi  -  Cj  exp  (t)/I  cos  <?..,)  I  34ui 

Mi.  1 1)  =  sli  +  — ■ --n ~~\  exp  I  —  --  -1  < A 4 £ i 

|  w>s«„  I  y  cos  c<„J 

where  I  is  the  real  spatial  growth  length  along  the  direction  oi 
the  beam,  and  *>,,  is  the  magnetic  dip  angle  (see  Figure  luj 
All  other  dependent  variables  will  have  the  same  functional 
form.  A  standard  coordinate  rotation  yields 

o  a  s 

=  cos4>„ - sin  ii>,,  -  i?5i 

OZ  (fr)  Hi 

with  the  consequence  that 

II,  .  ,  r)  I  n  Sin  it,,  I 

-  -  £,)  -  -  U  + - =0  I  3t>! 

Oz  uz  cos  c >„  I 

Using  the  functional  form  (34b)  for  £',.  £',♦  and  A  and  (35/  we 
can  solve  equations  (9)  to  obtain 

£;  +  £ :  A  w.,-7  |  2a  \ 

~ir  071 


a~k:l/2k„  (3>i 

The  dependence  of  (37)  on  u  is  characteristic  of  modulalional 
instabilities  \Bard*ell  and  Goldman.  '976],  Two  intercsiir.g 
observations  can  be  made  at  this  point.  First,  the  term  eval¬ 
uated  in  (37)  is  the  destabilizing  term  in  (20).  The  most  un¬ 
stable  modes  will  occur  when  (37)  has  its  maximally  negative 
value  Since  /  is  fixed  by  the  requirement  of  a  particular  rate 
of  spatial  grow  th,  the  most  unstable  mode  will  occur  w  hen  the 
function  2o/(«'’  +  1)  has  its  maximum  value.  This  occurs 
when 

a  =  k'l/2k„  *■  1  (39) 

In  practical  units,  the  perpendicular  wavelength  of  this 
mode  is 


-IcV  •  / 

T  =,12km,2lTn^ 


15  MHz  \ 


where  f  is  the  radiowave  frequency 
The  second  observation  concerns  the  competition  between 
the  destabilizing  (37)  and  stabilizing  terms  (2A)  in  (20)  Thus 
for  a  self-focusing  instability  to  occur,  in  the  £  region,  the  in¬ 
equality 


-  =  700 

t  l(T  cm 


15  MHz) 


must  be  satisfied.  Clearly,  there  is  no  question  that  this  in¬ 
equality  will  be  strongly  satisfied  for  HF  ionospheric  modifi¬ 
cation  experiments.  But  the  SPS  application  is  a  close  call  We 
can  recast  inequality  (41)  into  the  form 


1 2.4  GHz  I 


which  shows  the  ionosphere  is  ordinarily  just  dense  enough  to 
permit  self-focusing  at  the  SPS  frequency  Inequality  (4!)  has 
physical  significance:  K  says  that  a  10<n  density  modulation 
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should  produce  a  phase  shift  ol  at  least  2r  between  two  ray 
paths  in  a  distance  /  It  is  evident  that  unless  ihe  ionosphere  is 
sufficiently  dense  to  produce  significant  phase  shifts,  self- fo¬ 
cusing  could  not  take  place 

Let  us  return  to  the  calculation  of  the  threshold  value  for  7 
region  self-focusing  It  will  turn  out  that  the  threshold  flux  is 
substantially  less  than  P,  Thus,  combining  (20),  (37)  and  (41). 
we  obtain  (he  equation 


r 

L, 


pm-u  J  2<> 

L,P. 


I 


where 


P:  =  n„T,A 


6  miUu'c 

mZJi 


(43) 


(44) 


and  we  have  explicitly  indicated  that  the  power  flux  in  the  ra- 
dtowave  beam  varies  as  a  function  off  -  Combining  (33a) 
and  (33b),  one  obtains  the  plasma  ambipolar  diffusion  equa¬ 
tion 


<)A  , 

—  =  2D  A  +  D  -,  r 
dl  d$*  df* 


(45) 


where 


P=TJM,„  (46) 

Substitution  of  forms  (7)  and  ( 14)  into  (45)  shows  that  ui  =  0 
and 


(47) 


The  coupled  set  (43),  (47)  can  be  simplified  when  the  varia¬ 
tion  of  P„  ((  -  {,,)  occurs  on  a  much  faster  spatial  scale  than 
L,  Indeed,  this  is  our  basic  approximation  Hence  in  regions 
where  P„  is  appreciable,  we  can  ignore  the  term  involving  /.,*’ 
on  the  left-hand  side  of  (43)  This  permits  an  elimination  of 
d*’T/d{2  and  the  eigenvalue  equation  becomes 


D  df*’  LAP:  u;+l 


and  the  boundary  conditions  are 

A  -  X,  exp  1  -  (  -  £,j 


(48) 


(49) 


as  If  -  {ol  — »  °°  For  definiteness,  we  shall  assume  that  the  ra¬ 
diowave  beam  has  a  Gaussian  dependence  in  the  x  direction 


PM  -  fo)  - 


(50) 


where  <j>0  is  the  magnetic  dip  angle  (see  Figure  la)  We  make 
the  change  of  variable 


«-({-{,,)/ L, 


where 


A  -  A  =  \e  -  “■■‘A 
du* 


u„  =  (a/L,  cos  $„) 

\  ,  DP“  I 

y LAP.  I  ci*  +■  1 


(5'i 


(54* 


(55) 


The  next  step  is  to  find  the  eigenvalue  A  in  terms  of  the  pa¬ 
rameter  i i,,.  in  general  an  analytic  solution  of  (53)  is  not  pos¬ 
sible.  However,  we  can  obtain  solutions  when  u.,  »  I  and 
when  u„  <k  I  For  the  case  u,,  »  I ,  we  expand  the  exponential 
and  obtain  the  harmonic  oscillator  equation  of  quantum  me¬ 
chanics 


d* 


,  A+  (A  -  I) 


Air 


A  =  0 


du*  u,,‘ 

whose  fundamental  solution  is  accurately  given  by 


(56) 


u*'  I  1  \‘  * 

(  ^  ^ 

2u,,  1  u„  1 

!|+- 

1^ 

When  u„  is  large,  A  becomes  small  before  u/u.,.  reaches  unity, 
justifying  our  expansion 

When  u„  *K  1.  the  exponential  term  varies  rapidly  compared 
to  A  and  we  can  integrate  (53)  assuming  A  is  constant  (but  dA. 
du  varies)  to  obtain  the  eigenvalue  equation 


I  dA 
A  du 


—  -A  / 


e  du  =  —  -  -  u,, 


(54) 


An  adequate  interpolation  formula  which  combines  (58)  and 
(59)  is 


A  =  I  + 


(6(1) 


Most  self-focusing  experiments  have  u„  5  I  In  the  appendix  it 
is  shown  by  a  variational  principle  that  the  interpolation  for¬ 
mula  (60)  is  likely  to  be  accurate  in  the  vicinity  of  u„  ~  I 
Our  key  result,  the  generalized  dispersion  relation,  is 


P., 


where 


I  +  -T7- 

•n  u„| 

~2«  7 


i  +  «* 


(51) 


P, ,  -  ~  -  -  3  T5(n„7'„<-)| 


In  practical  units,  the  formula  for  P, ,  is 


-^’-1 

yf." 

’A#\ 

|vj 

fu:j 

m  j 

(61  I 


(63) 
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n 
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(52) 

(The  neglect  of  the  L,  *  term  on  the  left  side  of  (43)  is  justi¬ 
fied  by  the  inequality  f.,1  «  /,,*.)  This  change  of  variables 
leads  to  the  nondimensional  eigenvalue  equation 


with  the  definition 

(, 


y 

25  km 

10  1  s  1 

7 

FhT/ 

(  ,  (6.7) 
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Wc  note  lhal  (he  critical  power  flux  is  quilt  sensitive  10  tem- 
peraiure  and  density,  principally  because  of  the  density  and 
temperature  dependence  ol'  the  electron-ion  collision  fre¬ 
quency  p,,  The  requirement  for  a  rapid  growth  rate  limits  the 
self-focusing  perturbation  to  the  center  of  the  radiowave 
beam,  because  otherwise  plasma  ambipolar  diffusion  would 
not  be  fast  enough.  This  is  in  contrast  to  the  results  of  Gurev¬ 
ich  |  |978|  and  Vas'ka*  and  Gurevich  11977,/.  />),  who  ignore  the 
fact  that  ambipolar  diffusion  proceeds  at  a  finite  rate  and  that 
only  a  limned  interaction  time  is  available  because  of  ambient 
E»B  drifts  (see  (I)). 

The  plasma  dynamics  of  the  £  region  requires  separate  con¬ 
sideration  of  tons  and  electrons.  The  ion  motion  is  governed 
by  the  £  region  ion-neutral  collision  frequency  [flunks  and 
Kockarts,  I973| 


where 


,  =  7.5  x  10  '"n. 


+  v„.  vv  a  t  v .  i,  =  -fa 

<66/ 

< 

II 

1 

f  ,.T„  \ 

(67) 

i  *  e0/TM 

I'  »  2ana 

(68) 

.  A  +  V  •  »,  *  -PA 

di 

(69) 

-  T.e 

v,  -  — -  Vi  x  6 

(70) 

-t.. 

i ,  — - V  (A  -  ^  +  t) 

my,. 

(71) 

where  v„  denotes  the  electron-neutral  collision  frequency  (25) 
evaluated  at  temperature  T+, 

The  appropriate  tdrm  for  the  dependent  variables  is 


•5  «  Hi'-  4-  hi  Re  X,  e*‘‘ 
ia  «(».  4.  ’ll  Re  iuP"’ 

rot  £<(,  £.  TJ)  Re  r, , 


(72) 


where 


g(r.  4,  ijl  -  e”  cos  [A  tf  -  £.,)]  exp  (r)//  cos  <>n|  (73) 


and  A,,  is  real  Hence  A  has  exactly  the  same  form  (7),  (34)  as 
the  F  region  calculations.  It  follows  that  we  can  use  (37)  in 
(30)  to  obtain 


0  =  l.,1  — ,  T  -  or  -  - - L - 

d{  4irui„  i  vm<n„T 


(76) 


Next,  wc  make  use  of  (75)  and  of  the  fact  that  the  most  rapid 
spatial  variation  comes  from  the  exp  [i(k>  -  wr)]  dependence 
to  evaluate  (66)  (7 1 ): 


h-T  k2T 

y  +  I'  +  r(k  •  v„  -  «)  +  ~  X=-^v„ 


1  y  +  r  -  iu>  4- 


k  >T* 


I  PA  A  k  'T«' , 
l  -  A  -  - - Vs, 

P ,  OIP„ 


The  solution  of  (77),  (78)  is 


(65) 


,  .  k'mv„ 

«)  =  kv„  ■  y  .  1  +  -T 


Using  the  t  ira  (1972)  atmosphere,  we  tind  v,.  e  14  x  10'  at 
1 10  km  Since  vm  i>  S2„  the  ion  motion  is  unmagnetized  am¬ 
bipolar  diffusion  and  governed  by 

’a 

dr 


k.'Mv,, 


Ta, 


k'mi’1, 

1  +  *7  AA 


(77) 

(78) 

(79) 

(80) 


Let  us  discuss  the  result  of  (80)  First,  for  nominal  £  region 
densities  /i„  -  10'  cm  '.  the  recombination  rate  I'  *  In -  6 
x  |()  ' s  1  is  comparable  to  the  growth  rates  we  envision.  Sec¬ 
ond.  for  values  of  a  =  kil/2kil  near  unity,  the  ion  diffusion  rate 

Y/>.  is 


£•'<£„,  +  r„)  2k„(T„+T„)  in  .  |lkm 

- <a,s 


where  <>  is  the  electrostatic  potential,  and  o  «  3  x  Id  7  cm’ s  * 
is  a  typical  £  region  recomtnnation  coefficient,  t.quauon  (66) 
takes  account  of  the  relative  electron-ion  drift  v„.  The  corre¬ 
sponding  electron  equations  are 


j  1500  s'1 

||7„t7u 

/ 

1  *" 

j  1000°K 

15  MHz 

(81) 


which  is  also  comparable  to  growth  rates.  Wc  can,  however, 
satisfy  the  double  inequality 


because 


mis. 

Lt2  "  Mvm 


Mr,.  ir 


(82) 


(83) 


The  first  part  of  the  inequality  (82)  justifies  our  assertion  that 
thermal  conduction  is  small  relative  to  local  cooling  in  the  £ 
region.  As  a  result,  we  can  choose  k„:  so  that  terms  involving 
k,  !  in  (76).  (79)  and  (80)  are  ignorablc.  This  choice  minimizes 
the  threshold  flux  and  leads  to  the  generalized  dispersion  rela¬ 
tion 
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where 
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In  practical  units,  the  formula  for  P,  ,  is 
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Equation  (74)  can  be  recast  into 
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The  temperature  and  density  dependence  are  not  »o  strong 
in  the  E  region  because  neutral  rather  than  charged  particle 
collisions  are  involved.  The  strong  dependence  on  radiowave 
frequency  remains.  Formula  (4U)  shows  that  the  per¬ 
pendicular  wavelength  of  the  striattons  will  be  close  to  300  m 
for  E  region  self-focusing.  The  nest  generation  of  ionospheric 
modification  experiments  will  easily  exceed  this  threshold 
value  for  self-focusing,  especially  if  the  frequency  is  near  /  =  5 
MHz. 


4.  Applications  and  Discussion 

Our  central  results  are  the  threshold  power  fluxes  for  the 
onset  of  self-focusing  instabilities:  (63)  for  the  F  region  and 
(86)  for  the  £  region.  For  comparison,  the  European  iono¬ 
spheric  heating  facility  nearing  completion  at  Tromsgl.  will 
have  an  effective  radiated  power  of  360  MW,  yielding  an  £  re¬ 
gion  flux  at  2  mW/m2  and  an  £  region  flux  of  300  jiW/m2. 
These  fluxes  will  exceed  the  respective  threshold  fluxes,  even 
when  /  -  15  MHz.  The  question  then  arises,  what  are  the  con¬ 
sequences  of  self-focusing  instabilities  and  how  do  we  detect 
them? 

Dimensional  analysis  of  linear  theory  provides  estimates  for 
the  nonlinear  consequences.  We  can  interpret  (3?)  as  giving 
the  fluctuations  SP  in  the  power  flux 


SP 

-2^ 

?IL 

2.,  \ 

Po  ~ 

n 

43c uf2 

<«2  +  1 J 

while  (41)  shows  that  the  coefficient  of  Sn/n  is  very  large. 
Consequently,  nonlineanties  will  develop  first  in  the  wave 
propagation  equation  and  the  self-focusing  instability  will 
cause  intensity  fluctuations  of  order  unity  to  develop.  Equa¬ 
tion  (88)  provides  an  estimate  of  the  magnitude  of  the  con¬ 
comitant  density  fluctuations  when  8P/P„  =  I.  The  expected 
wavelength  of  the  density  fluctuations  is  given  by  (40)  and 
Figure  l  portrays  their  geometry.  Vas'kov  and  ( iurevich 
1 197761  discuss-a  mathematical  model  for  the  nonlinear  satu¬ 
ration. 

It  is  important  to  recognize  that  the  self-focusing  instability 
generates  density  fluctuations  with  just  the  correct  magnitude 
and  orientation  to  produce  intensity  scintillations  in  the  driv¬ 
ing  beam.  Hence,  in  order  for  these  fluctuations  to  produce 
significant  intensity  scintillations  in  a  diagnostic  wave,  that 
wave  should  be  propagating  parallel  (or  antiparallel)  to  the 
dnving  wave  and  should  have  a  frequency  which  differs  from 
the  driving  frequency  by  no  more  than  a  factor  of  3.  In  partic¬ 
ular,  the  diagnostic  wave  should  not  have  a  component  of  its 
wave  vector  in  the  2x6  direction,  which  would  result  in  its 
propagating  across  the  density  maxima  and  minima,  thereby 
averaging  out  their  effect.  The  geometry  of  Novozhilov  and 
Savel'yev  [I978|  was  ideal  from  this  point  of  view  with  the  di¬ 
agnostic  wave  propagating  antiparallel  to  the  driving  wave 
and  closely  matched  ir.  frequency.  Radio-stars  are  another 
possible  source  of  diagnostic  waves  In  this  case,  the  driving 
wave  would  be  launched  in  the  direction  of  the  radio-star,  and 
scintillations  of  the  radio-star  signal  should  be  observed  up  to 
frequencies  several  times  the  driving  frequency  As  (88)  and 
(41)  show,  the  density  fluctuations  associated  with  HI  -driven 
self-focusing  instabilities  have  a  magnitude  Sn/n  ~  10  '  and 
are  probably  not  directly  observable  The  characteristic  ex¬ 
ponentiation  times  of  roughly  10  s  imply  delay  times  of 
roughly  a  minute  after  transmitter  turn-on  before  scintilla¬ 
tions  become  observable.  The  Novozhilov  and  Savel'yev  |1978] 


experiment  agrees  with  this  prediction  Although  high-peak 
power  radars  can  exceed  the  threshold  power  flux,  the  long 
growth  tunes  show  that  the  self-focusing  instability  is  driven 
by  the  average,  not  peak,  power  of  a  radar  system. 

There  is  a  distinct  possibility  that  the  2  4  GHz  microwave 
beam  Irom  a  proposed  Satellite  Power  Station  could  produce 
self-focusing  Recasting  (63)  into  a  form  appropriate  to  the 
SPS.  we  Find 


r  ,  = 


10"  ‘  _T.._ 

n\  i000oK 


2.4  GHz 


where  C,  is  given  by  (64)  and  is  roughly  unity  Although 
planned  power  fluxes  for  the  SPS  are  in  the  range  250  W  m  . 
natural  variations  in  ionospheric  density  and  temperature  can 
raise  the  threshold  flux  to  this  value  Furthermore,  the  ohmic 
heating  of  the  ionosphere  by  the  SPS  microwave  beam  usell 
| Perkins  and  Rohle.  1978)  can  raise  the  electron  temperature 
above  2000°K,  which  works  toward  stabilizing  the  instabilits 
Hence  one  cannot  make  an  unequivocal  prediction  regarding 
whether  the  SPS  beam  will  generate  self-focusing  Our 
estimate  is  that  at  times  the  ionosphere  could  be  sulhcienilc 
cold  and  dense  so  that  self-focusing  would  occur  According 
to  (40),  the  wavelength  of  striations  created  by  SPS  sell-locus- 
ing  will  be  X,  a  100  m  By  (88)  and  (42).  the  density  fluctua¬ 
tions  would  be  quite  large:  6n/n  -  1(1  1  A  scaled  HI  lest  of 
self-focusing  at  /  =  15  MHz  could  validate  predictions  lor  ihe 
threshold  flux,  but  would  have  a  much  smaller  effect  on  tele 
communications  than  SPS  self-focusing  because  of  the  much 
weaker  density  fluctuations  at  HF  combined  with  the  larger 
scale  size.  Ten  percent  density  fluctuations  with  scale  size'  of 
100  m  can  seriously  effect  ionosphericaltv  propagated  short 
wave  broadcast  signals.  If  the  striations  were  steepened  h\ 
K»B  drifts  as  in  the  case  with  artificial  plasma  clouds  |.SVu/i- 
napieco  ei  ai,  1976),  then  higher  frequency  telecommunica¬ 
tions  systems  could  be  affected  as  well  A  quantitative  incest, 
gallon  of  this  question  awaits  future  work,  li  is  also  evident 
that  if  the  SPS  generates  self-focusing,  then  intensity  fluctua¬ 
tions  of  order  unity  could  be  expected  on  the  rectcnna 

In  closing,  we  can  remark  that  thermal  self-focusing  is  un¬ 
der  investigation  in  the  laboratory  (J.  Drummond  and  W  H 
Thompson,  private  communication,  1980)  and  in  luser-tusion 
applications  | l.angdon,  1979).  The  details  differ  from  the  iono¬ 
spheric  theory. 

Appindix,  Variational  Prim,  ten  appruximwmn 
to  Ek.i  nvai.ui  Probi  i  w 

In  the  eigenvalue  problem  of  (53).  namely. 

idj  -  l)A  =  -Ac  ”• ' A  (Ali 

the  lowest  eigenvalue  A  may  be  found  approximated  by  the 
following  variational  principle  [Morse  and  Feshhat  k  19<  ■  p 
1 108): 

A  =  J  du|A„'  +  A2|  j  J  dulse  “  "  iA2i 

The  eigenvalues  arc  not  terribly  sensitive  to  the  piecise 
shape  of  the  trial  function  We  use  the  trial  tunction. 

A  =  f""  '  ( A  3 1 

to  find 


A  -  (I  +  l/ou.,')1  -(I  +  n  ’2)  l  A  4 j 
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Differentiating  with  respect  to  a  gives  the  minimum  eigen¬ 
value,  \mm.  at 


o  =  l(l  +  I6u,/)'  J  -  l)/4u„!  tA5) 

From  (A4)  and  (A5),  we  find  the  asymptotic  behavior 


lim  A„„„ 


Urn  A 


min 


(A6) 


These  agree  quite  well  with  the  exact  asymptotic  solutions 
(58)  and  (59).  (Note,  the  exact  coefficient  2/rr'  2  =  1.13  is 
slightly  smaller  than  2l/!.)  Moreover,  when  u„  =  1,  (A4)  and 
(A5)  yield  A„„„  =  2.10,  whereas  the  interpolation  formula  (60) 
gives  A  =*  2. 13. 
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With  magnetic  fields  that  are  not  too  weak.  I  augmutr  collapse  limes  can  he  prolonged  and  the  packet 
geometry  significantly  distorted 


I.  INTRODUCTION 

Within  the  last  few  years  there  have  been  great  theo¬ 
retical  strides  in  the  understanding  of  “self-focusing 
mechanisms  for  the  nonlinear  saturation  of  certain 
Langmuir  wave  instabilities.”1'5  In  particular,  it  has 
been  shown4  for  a  class  of  weak  “bump-on-tail”  insta¬ 
bilities  that  direct  spatial  collapse  can  occur  due  to  the 
self-ponderomotive  force  of  intense  Langmuir  wave 
packets.  This  may  have  important  implications  for 
type-111  solar  radio  bursts.1'*'  for  the  radar- modified 
ionosphere  /  and  lor  laboratory  and  space  beam-plasma 
systems. 

In  physical  problems  a  weak  background  magnetic 
held  is  often  present  pointing  parallel  to  the  direction  of 
propagation  of  the  driven  Langmuir  wave  packet.  Linear 
stability  analyses  have  recently  teen  performed8'’  for 
monochromatic  Langmuir  waves  in  the  presence  of  a 
weak  magnetic  field. 

There  has  been  little  work  on  the  effects  of  a  magnetic- 
field  on  collapse.  One  theory7  claims  to  have  found 
stable  pancake- shaped  Langmuir  solitons  pumped  by 
radio  waves  in  the  ionosphere.  Other  studies10'"  have 
shown  Langmuir  collapse  in  magnetic  fields,  but  only 
for  special  symmetries  and  in  parameter  regimes  ap¬ 
parently  unrelated  to  experiment.  Our  work  differs 
from  these  in  terms  of  parameter  regime,  geometry, 
phenomena  observed,  and  physical  explanation. 

First,  we  shall  demonstrate,  numerically,  that  weak 
magnetic  fields  can  significantly  prolong  the  time  for 
collapse  of  a  broadband  Langmuir  wave  packet,  and  al¬ 
ter  its  geometry  into  a  more  dipolar  form,  but  cannot 
render  it  one  dimensional.  Second,  we  prove  analytic¬ 
ally  a  magnetic  virial  theorem  which  gives  sufficient 
conditions  for  collapse,  and  helps  explain  its  retarda¬ 
tion.  Third,  we  demonstrate  that  measured  mean  solar 
magnetic  fields  might  affect  the  Langmuir  collapse  as¬ 
sociated  with  type-fll  bursts  at  0.5  a.u.,  although  only 
for  relatively  low  wave  energies. 

II.  LANGMUIR  WAVE  COLLAPSE  IN  A 
MAGNETIC  FIELD 

The  Langmuir  field  envelope  S  obeys  a  generalized 
nonlinear  Schrodtnger  equation 

it),  S  -Ic2VXVX6  --‘fi2  P-  S  -  fmS  =  0,  (1) 

where  the  units  of  time  are  urj1.  length  is  measured  in 
units  of  v  3  times  the  Debye  length,  \  S  12  has  the  units 


of  64tr n6,  where  8  is  the  common  electron  ami  ion  tem¬ 
perature,  and 

C2  =  r2/3r2  1 ,  S2-  ui 2  1  . 

The  magnetic  dispersive  term,  (-S22  21  (  P-S  ),  arises 
from  an  expansion  in  the  magnetic  field.  The  operator 
P i >  =  6€ y  — 1> | projects  out  vector  components  perpen¬ 
dicular  to  the  magnetic  field  direction  b.  In  the  linear 
limit,  Eq.  (1)  gives  the  quasi- longitudinal  dispersion 
relation  for  an  oblique  Languid,  -wave  envelope 

u)  =  i<’2  +  jfi2  sin2!1  1 2a) 

where  8  is  the  angle  between  k  and  b.  The  condition  lor 
neglect  of  the  transverse  part  of  the  field  is 

12  sintKv  C2f-2 ,  (2b) 

which  we  shall  assume  is  well  satisfied.  11  we  restrict 
the  electric  field  to  two  dimensions,  the  condition  which 
must  be  satisfied  is  weaker:  S2:'sin:t/  ■  t'2fr\ 

The  density  deviation  Vi  is  in  units  of  2/i,0.  where  is 
the  average  background  density.  1!  obeys  a  hydrody¬ 
namic  equation  driven  by  the  pnnderomotive  force 

(c;23,2  tt‘3,  -  V2).',/  .  r3;s!2.  (3) 

where  C  ,  is  the  ion-acoustic  speed  in  units  of  (3d  »«..)’  " 
and  v  is  an  operator  representing  the  effect  ol  Landau 
damping  of  ion-acoustic  waves  m  an  equal  temperature 
plasma.  We  have  also  briefly  studied8  magnetic  field 
contributions  to  Eq.  (3),  but  find  no  effect  on  the  non¬ 
linear  evolution  of  a  broadband  packet  (only  a  small  vol¬ 
ume  in  k  space  is  effected). 

Our  numerical  work  assumes  5  -v<y,  and  generates 

solutions  to  Eq.  (3),  together  with  the  divergence  of  Eq. 
(1).  namely, 

f'3,V2*  +  i'VV-^fi2V.p  •  Vtf-  V  ■  (fir/Ve1/)  •-  0.  (  ') 

In  k  space  we  take  an  initial  packet  of  randomly  phas¬ 
ed  modes  with  a  shape  characteristic  of  a  prior,  slow 
bu  inji- on -tail  instability.5  In  real  space  this  appears  as 
an  initial  pattern  of  wave  packets  oriented  along  the  di¬ 
rection  of  the  beam  [see  Fig.  1(a)).  The  initial  wave 
amplitudes  are  centered  about  a  /.-space  wavenumber  ol 
I’d  0.01 1  kD.  The  parallel  and  |ierpendicular  widths  are 
Ik  .  0.25  A’|),  At-,,-0.17  kt).  The  choice  ol  these  param¬ 
eters  is  motivated  by  the  application  to  type- III  solar 
radio  burst  phenomena  at  1  2  a.u.  The  initial  energy 
density  is  \H7  .  1 6y j /•.)“>  1.3  xlO'1.  This  value  assures 

that  in’)  far  exceeds  the  threshold '  for  adiabatic  col- 
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FIG.  I.  K  olution  of  Langmuir  waves.  In  (a),  lb),  (c),  and  Id),  we  plot  contours  of  equal  La  gmuir  field  modulus  in  real  space 
The  spacing  in  the  (14  x  64  grid  is  four  times  finer  in  r  than  in  y.  C'ontoursl,  2,  and  :i  corre  ,pond  to  W  -  1 .  s  x  1  n" 4,  7.:txl()“4, 
and  1.6x10  \  (a)  is  at  f  =  0:  (b)  is  at  u'p^t  I*.  7(1  x  1  o'*  with  B  m  <el  and  id)  represent  the  evolution  from  (al  (at  times  2,0 

•'  10  and  -1.1x10s)  for  the  case  0.1;  (e)  and  (0  show  field  contours  in  k  space  for  the  nonmagnetic  case  (e)  and  the  mag¬ 

netic  case  (0  at  times  corresponding  to  (b)  and  (d),  respectively. 


lapse,  although  it  is  not  necessarily  the  only  choice  for 
the  type-m  problem  (see  Sec.  V).  The  real  space  pac¬ 
kets  collapse  as  shown  in  Fig.  1(b). 

Next,  with  the  same  initial  conditions,  we  introduce  a 
small  magnetic  field  in  the  k0  direction,  such  that  f) 
-0.1.  The  collapse  is  slowed  down  by  a  factor  of  5,  as 
shown  in  Figs.  1(c)  and  1(d).  The  packets  now  tend  to¬ 
ward  a  pancake  shape,  but  are  not  one  dimensional. 

We  shall  argue  that  the  effect  of  the  small  magnetic 
field  when  SI  ^0.1  is  to  retard  direct  adiabatic  collapse. 
In  the  magnetized  case,  induced  scattering  of  Langmuir 
waves  off  (dynamic)  ions8,12  seems  to  occur  before  sub¬ 
stantial  steepening  of  the  wave  packets,  whereas  in  the 
nonmagnetic  case  it  occurs  later.  For  our  parameters, 
die  scattered  waves  are  in  the  forward  direction,8  with 
wavenumbers  on  the  order  of  £</3.  The  evidence  for 
this  is  shown  in  the  fc-space  picture  in  Fig.  1(f)  for  the 
fl  =  0.1  case,  compared  with  Fig.  1(e)  in  the  nonmagnet¬ 
ic  case,  fl=0.  The  geometry  and  time  scale  for  the 
configuration  shown  in  Fig.  1(f)  are  similar  to  what  we 
obtain  for  a  monockromatic  initial  packet,  with  B  set 
equal  to  zero  (not  shown  here).  For  a  monochromatic 
initial  packet,  direct  collapse  cannot  occur,  because 
there  is  no  ponderomotive  force,  and  the  linear  induced 
scatter  instability  dominates  at  early  times.  This  en¬ 
ables  a  fairly  positive  identification  of  Fig.  1(f)  as  re¬ 
sulting  from  induced  scatter  off  ions.  A  more  one-di¬ 
mensional  configuration  in  k- space  results,  followed  by 
collapse. 

In  Fig.  2  we  plot,  as  a  function  of  O,  the  time  for  the 
peak  energy  density  in  a  collapsing  packet  to  increase 
by  a  factor  of  ten.  Significant  slowing  requires  ft  ^  0.1. 

III.  VIRIAL  THEOREM  FOR  MAGNETIC  COLLAPSE 

We  now  offer  a  theoretical  explanation  for  why  the  di¬ 
rect  collapse  is  slowed  down  by  a  magnetic  field.  The 
results  shown  in  Fig.  1  all  occur  in  the  regime  of  adia¬ 
batic  ions,  where  Eq.  (3)  reduces  to 


fw--|s!2.  (5) 

We  now  derive  a  vinal  theorem  for  Eqs.  (4)  and  (5) 
(with  S--Vc»>).  This  derivation  represents  an  improve¬ 
ment  over  the  derivation  of  Ret.  4,  even  in  the  limit  B 
-0,  because  the  electromagnetic  terms  are  treated 
more  directly.  That  is,  the  Vxvx  g  term  in  the  full 
vector  field  Eq.  (1)  is  explicitly  eliminated  when  the  di¬ 
vergence  is  taken  to  obtain  Eq.  (4)  for  the  scalar  poten¬ 
tial  ii>.  The  Lagrangian  density  for  Eq.  (4)  with  6 n  given 
by  Eq.  (5)  is 

£=|/((f,»t72(f>-  cVT2**)-!  |v2<f,  |2 

-|n2(V((,-p-vtf,»)+i|v*|4.  (6) 

5*10® 


4*1 05 


3*  I05 

S 

3 

2*10® 


1*10® 


0  0.05  0.075  0.1 
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FIG.  2.  Time  for  central  energy  density  in  collapsing  wave 
packet  to  reach  ten  times  initial  value  for  different  values  of 
SI,  as  determined  numerically  from  the  initial  conditions  given 
In  Fig.  1(a). 
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The  dependence  on  V20  requires  a  generalization  of  La¬ 
grange’s  equation.13  Hence,  the  equation  of  motion  [Eq. 
(4)),  is  obtained  from 

+  v  •£v>*-Ua7ax0lrfC,  u(a>»  ax;)]i  =  0  . 

where  a  subscript  of  £  indicates  differentiation  with  re¬ 
spect  to  that  variable. 

From  the  Lagrangian  density  we  derive15,14  a  momen¬ 
tum  equation 


3,p  + V-  r  ^0  .  (7) 

where  the  momentum  density  is  p  =  (6*  ’VSL-  &L 
•V5j)/2f,  with  SL  =  -V<}>,  The  stress  tensor13'11  for  a 
Lagrangian  with  higher  order  derivatives  is 


3(3 2<f>*  dx2) 


where  c.c.  stands  for  the  complex  conjugate.  A  sub¬ 
script  i  on  <b  or  <f>*  indicates  a  derivative  with  respect 
to  x,  ,  and  there  is  no  sum  over  i. 


The  total  momentum,  Ps  /rfrp  is  conserved  for  fields 
which  fall  to  zero  fast  enough  at  infinity  in  the  (unbound¬ 
ed)  plasma.  Another  conserved  quantity  is 


/  dr[|v-6j2-  |5  £  !’]  +  . 


(8a) 


where 

Hb-~  p|2.  (8b) 

The  final  equation  needed  to  generate  a  virial  theorem 
is  obtaineu  from  the  longitudinal  part  of  Eq.  (1)  rather 
than  from  Eq.  (4).  For  an  initially  longitudinal  wave 
packet,  the  transverse  part  of  the  field  ST  will  remain 
small  as  long  as  inequality  (2b)  is  satisfied,  and  as  long 
asAfcccfc,.  Then,  |  5r|  =a(|5t|0.  fr'C4’)  «  {SL\.  We 
take  the  scalar  product  of  Eq.  (1)  with  Si  and  subtract 
the  complex  conjugate  to  obtain  the  approximate  result 

3,|^|2  +  V-p  =  0.  (») 

From  Eqs.  (7)  and  (9)  we  derive  a  virial  theorem4  for 
the  mean  packet  width,  <6r2)*  f  dr  fir2  |5t  [2/N,  where  .V 
5  J'lT  I  | 2  is  the  conserved  quantity  which  follows  from 
(9).  The  virial  theorem  involves  the  trace  of  the  stress 
tensor.4  The  result  is 

3]  (Fir2)  -  2[A  -  2(WB/lV)]  +  (2-D)(|6i|2),  (10a) 

A  =  2H/N  -  (P/N)2 .  (10b) 

Here,  D  is  the  dimensionality  of  coordinate  space  (D 
-2  for  the  numerical  simulations). 

What  can  this  theory  tell  us  about  the  magnetic  field 
strength  necessary  to  affect  collapse?  Let  us  consider 
a  two-dimensional  Gaussian  wave  packet 

S  --  HEV  *0)Vexp(«*»r  -i  (Afr2*2)  - 1  <A*.2v2)| .  (11) 

We  find  that 


When  there  is  no  magnetic  field,  the  condition  for  col¬ 
lapse  is  I)  ■ 2  and  A  ,r  0.  For  the  two-dimensional  wave 


packet,  the  collapse  threshold  condition  can  then  be 
written 

W  24  ■  (A A- 3  +  Atq)  frD .  (13) 

In  two  dimensions,  the  rate  of  collapse  is  a  constant 
because  A  is  invariant. 

With  a  nonzero  magnetic  field,  the  threshold  condition 
for  collapse  to  begin  is  still  (13),  but  the  rate  of  col¬ 
lapse  [A  -  2 Hb  A’,  in  (10a)J  can  change  sign  because  al¬ 
though  A  is  invariant,  HB  can  decrease  with  time! 
Therefore,  collapse  is  not  assured  even  if  initially  A 
-2 Hb/S  is  negative.  We  find  it:  the  numerical  simula¬ 
tions  that  Hb  can  decrease  with  time.  As  HB  gets  small¬ 
er  and  A  remains  constant,  the  collapse  rate  will  go 
from  a  large  negative  number  (fast  collapse)  to  a 
smaller  negative  number  (slower  collapse).  The  col¬ 
lapse  rate,  A  -  2HB/N ,  can  even  change  sign,  thus  lead¬ 
ing  to  inhibition  of  collapse  due  to  magnetic  dispersion, 
provided 


Close  to  the  collapse  threshold,  the  right  side  ot  (14) 
can  be  near  zero.  This  implies  that  an  infinitesimal 
magnetic  field  can  alter  a  marginally  stable  collapse. 

While  (14)  is  necessary,  it  is  not  a  sufficient  condi¬ 
tion  for  an  effect  of  the  B  field  on  collapse.  This  is  be¬ 
cause  we  have  assumed  that  HB  decreases  with  time, 
although  this  is  not  always  true.  The  condition  for 
to  decrease  cannot  be  derived  from  theory,  but  is  dis¬ 
covered  empirically  from  numerical  simulation  to  re¬ 
quire  that  the  magnetic  dispersion  be  larger  than  the 
nonlinear  refraction  contribution  to  the  invariant  A  [see 
Eq.  (1 2)J 

(Afr2- 3^)ft2"H'/24.  (15) 

When  the  inequality  (13)  is  satisfied,  so  that  collapse 
can  begin,  then  the  ordering  implied  bv  (15)  yields  the 
following  easily  interpreted  criterion  for  an  effect  of 
the  magnetic  field  on  collapse 

«2"  iki’kl.  (16) 

This  just  means  that  the  magnetic  dispersion  in  the 
wave  packet  exceeds  the  thermal  dispersion.  This  con¬ 
dition  is  independent  of  the  packet  width  AAq. 

For  type-111  parameters  at  0.5  a.u.,  k\r-  0.01  and 
«  =  0.01 ,  so  that  the  terms  in  (16)  are  roughly  equal. 

IV.  DISCUSSION 

In  the  previous  section  we  maintained  that  a  magnetic 
field  can  cause  a  wave  packet  to  evolve  toward  smaller 
perpendicular  wavenumbers  and  cause  HB  to  decrease. 
When  Hs  gets  smaller,  the  collapse  rate  can  change 
sign,  which  means  collapse  may  be  prevented.  When 
this  occurs,  our  numerical  solutions  show  that  other 
nonadiabatic  wave  interactions,  such  as  parametric  in¬ 
stability,  lake  place,  and  the  virial  the  room  no  longer 
applies.  These  interactions  seem  to  lead  ultimately  to 
a  geometry  in  which  collapse  can  occur  (lor  example, 
by  cascade  down  to  a  “condensate"). 

These  points  are  well  demonstrated  in  the  initial  vai- 
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ue  simulations.  In  the  case  of  no  magnetic  field,  the 
evaluation  of  A  gives 

A=- 0.6X1CT5.  (17) 

This  rate  of  collapse  remains  constant  as  long  as  the 
collapse  is  abiabatic.  In  the  other  case,  when  the  mag¬ 
netic  field  is  such  that  S2  =  0,l,  the  magnetic  term  is 

2HB,  N  -  8  x  10"5 .  (18a) 

The  rate  of  collapse  is  proportional  to 


dispersion  of  an  unstable  wave  exceeds  the  thermal  dis¬ 
persion 

S2sin8,_-/b.  (19) 

These  effects  are  geometric.'1'10’ 15 

The  new  behavior  we  have  just  described  also  depends 
upon  the  energy  W,  according  to  Eq.  (15).  The  fact  that 
magnetic  effects  scale  with  W  is  important  to  the  type- 
III  problem,  .is  we  discuss  in  the  next  section. 


.4  -  2Ha,  N  =  -0.6  x  10's .  (18b) 

This  has  the  same  numerical  value  as  (17)  because  the 
HB  term  contained  in  A  is  explicitly  subtracted  out. 
Therefore,  collapse  can  begin,  even  when  the  magnetic 
pressure  is  relatively  large.  Numerical  simulation 
shows  that  subsequently  2Hb/N  gets  smaller.  We  show 
the  behavior  of  2 HB/N  during  adiabatic  collapse  for  dif¬ 
ferent  values  of  the  magnetic  field  in  Table  I.  For 
some  cases  (in  particular,  when  12  =  0.1)  there  is  a  sig¬ 
nificant  decrease  in  2HB  A',  enough  to  make  A  -  2HB.'N 
positive.  This  effect  is  observed  empirically  to  occur 
when  the  magnetic  energy  is  greater  than  the  nonlinear 
interaction  energy,  as  given  in  Eq.  (15)  for  a  Gaussian 
wave  packet. 

We  can  construct  the  following  scenario  for  magnetic 
collapse  of  Langmuir  waves.  When  the  condition  (15) 
is  satisfied,  the  collapse  transverse  to  the  B  field  is 
inhibited.  The  transverse  dimensions  of  the  packets 
remain  the  same.  However,  the  longitudinal  dimension 
becomes  smaller  because  nonlinear  self-focusing  still 
occurs  along  the  direction  of  B„.  The  collapse  rate  is 
slower  than  the  case  12  =  0.  Eventually,  parametric  in¬ 
stability  (induced  scatter  off  ions)  occurs  to  produce  a 
new  ('-space  configuration.  Such  instabilities  will  be 
very  intense  because  the  background  level  of  the  un¬ 
stable  modes  is  enhanced  during  the  longitudinal  con¬ 
traction  of  the  wave  packets.  Since  the  (-space  scatter 
is  principally  in  the  B„  direction,  the  real  space  wave 
packets  become  increasingly  elongated  in  the  trans¬ 
verse  direction.  The  new  configuration  produces  pan¬ 
cake-shaped  wave  packets  which  can  collapse  in  both 
directions.  Although  our  simulations  cannot  continue 
beyond  this  point,  the  results  of  Krasnosel’skikh  and 
Sotnikov10  show  that  as  collapse  proceeds  to  dimensions 
such  that  &k„/kD^  ft,  the  wave  packet  tends  to  become 
symmetric. 

The  magnetic  effects  on  parametric  instability  do  not 
depend  on  pump  energy,  but  occur  when  the  magnetic 


TABLE  I.  2HB/N  vs  time  for  different  values  of  12. 


n  =  o.oi 

n  =  0.05 

12  =  0.075 

12  =  0.10 

0.14  x  10s 

0.84x1  O'5 

2.7  x  10”5 

6.1  x  1  O'  5 

8.5x  10*-' 

n.27 

0.85 

2.7 

5.9 

8.1 

0.41 

0.89 

2.6 

5,7 

8.0 

0.55 

0.99 

2.6 

5.5 

7.5 

0.69 

1.4 

2.7 

4.8 

7.2 

0.83 

2.8 

4.2 

7.1 

0.96 

5.8 

7.0 

1.1 

6.7 

2.1 

5.6 

V.  EFFECT  OF  MAGNETIC  FIELD  IN  TYPE  III 
BURST  LANGMUIR  TURBULENCE 

The  connection  between  the  initial  value  problem  we 
have  solved  here  and  the  beam-driven  type-ill  problem 
has  been  stated  in  our  previous  work.6  The  role  of  the 
beam  is  to  “prepare”  the  Langmuir  wave  packets  into  a 
state  (given  by  our  initial  value  data)  which  then  passes 
over  into  a  collapse,  and  decouples  from  the  beam. 
Recent  dynamic  models111  in  which  the  broadband  pump 
is  allowed  to  grow  exponentially  due  to  the  interaction 
with  a  type-M  electron  stream  at  the  rate  >  uiPi,  =  10“’. 
show  that  the  pump  saturates  at  a  level  where  (IV)  =  10'-’. 
Also,  an  experimental  upjier  bound  on  the  mean  solar 
magnetic  field  at  0.5  a.u.  is  found  to  be  £2  =0.01. 11  To 
make  contact  with  the  discussion  given  here  and  the 
type-111  problem,  we  repeat  the  initial  value  simulations 
for  12  =  0.01  and  two  values  of  \tv).  1.0  x 10' 'and  1.0  s\0~r\ 
The  resulting  collapsing  wave  packets  are  shown  in 
Figs.  3(a)  and  3(b).  When  (IV)  =1.0  slO'*  |Fig.  3(a)], 
there  is  no  distortion  of  the  collapsing  wave  packet. 
Magnetic  effects  are  observable  for  this  (IV)  only  when  £2 
=:  0.03.  In  the  case  when  (IV)  =  1.0  xlO'%  which  is  per¬ 
haps  more  relevant  to  the  type-111  problem  [Fig.  3(b)], 
the  collapsing  wave  packets  are  elongated  because  of  the 
magnetic  field. 

The  result  is  consistent  with  the  empirical  scaling  of 


a.  t  b  i 


FIG.  3.  Contours  of  equal  Langmuir  field  modulus  when  n 
-  0.01  for  two  values  of  initial  energy,  (a)  (IF'  l.flxlo'*  (as 
In  Fig.  1)  at  time  -  0.78M06  and  (b)  (IF)  l.Oxld'1  at 
time  u!hI  -  5.  7  x  1 0s.  The  magnetic  field  has  more  effect  on 
ease  (b).  Contours,  1,  2,  ;t,  and  4  correspond  to  W  0.  a 
xio-*,  1.0x10-*,  5.0x10-*,  and  10.  Ox  10-*. 
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Eq.  (15).  When  the  electrostatic  energy  is  less  by  a 
factor  of  1  10,  the  magnetic  effects  can  be  expected  to 
occur  when  ff’  is  also  smaller  by  1  10. 

Hence,  we  find  that  magnetic  effects  may  have  some 
significance  in  type-UI  plasma  wave  evolution.  How¬ 
ever,  these  effects  are  only  marginally  evident  when  0 
-0.01  and  =10'r’. 

VI.  CONCLUSION 

In  numerical  simulations  of  collapse  we  have  identi¬ 
fied  two  effects  due  to  the  magnetic  field;  a  change  in 
the  shape  of  the  collapsing  wave  packet  and  a  slowing  in 
the  collapse  rate.  These  effects  seem  to  be  related. 

The  virial  theorem  show's  that  the  rate  of  collapse  is 
slowed  because  of  a  decrease  in  magnetic  energy  HB. 
which  is  brought  about  by  a  decrease  in  perpendicular 
wavenumbers.  This  occurs  because  nonlinear  wave 
transitions  favor  modes  with  smaller  perpendicular 
wavenumbers  when  the  magnetic  energy  is  larger  than 
the  interaction  energy."’ 

In  the  examples  given  here,  the  magnetic  field  does 
not  prevent  collapse.  Even  in  cases  where  the  initial 
wave  [jacket  does  not  itself  collapse,  wave  interactions 
seem  to  eventually  create  a  pancake  shaped  wave  packet 
which  does. 

When  this  theory  is  applied  to  growing  beam  prob¬ 
lems,  the  slow  down  results  in  an  overshoot  of  the  beam 
saturation  levels  and  introduces  more  electrostatic  en¬ 
ergy  into  the  system."  In  the  type-UI  problem,  this  ef¬ 
fect  might  enhance  the  wave  energy,  and  produce  in¬ 
creased  electromagnetic  emission  for  realistic  values 
of  the  magnetic  field.  The  altered  pacKet  shapes  would 
also  be  expected  to  affect  the  pattern  of  electromagnetic 
emission  and  its  polarization  characteristics. 
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ABSTRACT 

Parametric  instabilities  in  a  weakly  magnetized  plasma  are  discussed.  The  results  are  applied  to 
waves  excited  bv  electron  streams  which  travel  outward  from  the  Sun  along  solar-wind  magnetic  field 
lines,  as  in  a  type  III  solar  radio  burst. 

Subject  headings  hydromagnetics  instabilities  plasmas  Sun:  radio  radiation 

I.  INI  RD1HC  HON 

Intense  waves  in  plasmas  are  known  to  cause  parametric  instabilities,  resulting  in  the  transfer  of  energy  from  the 
intense  wave  to  other  waves:  for  a  review  see  Nishikawa  ft  a/.  (1176).  An  important  astrophysical  phenomenon 
involving  such  intense  waves  is  the  type  III  solar  radio  burst,  involving  a  stream  of  electrons  which  travels  outward 
from  the  Sun  along  solar  wind  magnetic  field  lines:  for  reviews,  see  Nicholson  or  ul.  <1978),  Smith  and  Nicholson 
t  I'M)),  and  Goldstein.  Smith,  and  Papadopoulos  (I'M!)  There  has  been  a  great  deal  of  work  involving  the  application 
of  parametric  instability  theory  to  type  III  solar  radio  bursts;  see  Papadi  poulos.  Goldstein,  and  Smith  <  1  s>74 ).  Bardwell 
and  Goldman  <  1  *776).  Smith.  Goldstein,  and  Papadopoulos  (197b.  1971)).  Nicholson  ft  ul.  (1978).  Goldman  and 
Nicholson  (1978).  Nicholson  and  Goldman  (1978).  and  references  therein 

There  is  a  substantial  body  of  literature  concerning  parametric  instabilities  in  a  magnetized  plasma:  see.  e  g..  Raw 
(1976).  Porkolab  and  Goldman  (197b).  Kaufman  and  Stenflo  (1975).  Sanuki  and  Schmidt  (1977).  and  Dysthe  and 
Pecseli  (1978)  Nevertheless,  previous  applications  of  parametric  instability  theory  to  tvpe  III  bursts  have  not  treated 
magnetic  field  effects  systematically.  (See.  however,  a  qualitative  discussion  in  Nicholson  ct  ul.  1978  Also  see  Freund 
and  Papadopoulos  1980  for  a  treatment  of  some,  but  not  all.  magnetic  field  effects.)  This  paper  represents  a  step  in  the 
direction  of  a  proper  inclusion  of  the  effects  of  magnetic  field  on  wave  evolution  during  type  III  bursts  It  is  a  direct 
generalization  of  the  earlier  work  of  Bardwell  and  Goldman  (197b). 

It.  PARAMHRIC  INS1  ABII  1 1  IKS 

An  electron  stream  traveling  through  a  background  plasma  gives  rise  to  Langmuir  waves  (high  frequency  electron 
plasma  waves  with  frequency  near  the  local  electron  plasma  frequence)  through  the  well  known  beam-plasma 
instability  As  a  first  approximation,  the  spectrum  of  stream-excited  Langmuir  waves  can  be  represented  by  a  single 
large-amplitude  monochromatic  wave  As  discussed  in  detail  by  Bardwell  and  Goldman  ( 197b),  this  is  in  many  respects 
not  a  very  good  approximation,  but  it  allows  analytic  progress,  the  results  of  which  mav  have  important  implications 
for  the  true  situation. 

Our  theoretical  model  thus  consists  of  an  intense  single  monochromatic  Langmuir  wave  (the  “pump"  wave)  traveling 
along  a  uniform  background  magnetic  field  H  in  an  infinite,  homogeneous  plasma.  The  electric  field  of  this  intense 
wave  is  given  bv 


E(r.t)  t"veos(A,,v  w,,r).  (1) 

where  f-  is  a  real  constant,  and  v  is  the  magnetic  field  direction.  Even  though  E  is  an  intense  wave,  we  assume  that  it  is 
still  weak  enough  that  it  propagates  as  a  linear  wave  and  satisfies  the  linear  Langmuir  dispersion  relation 

u>„  (c  3 A ,,  i,  .  1 7) 

where  w,  is  the  electron  plasma  frequence.  4t :n„c  m  ;  the  average  electron  densitv  is  n„\  the  electronic  charge 

,  30b 
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has  magnitude  e:  the  electron  mass  is  m;  the  thermal  speed  t  {  T  m,  )'  and  the  electron  temperature  T  has  units 
of  energy  so  that  Boltzmann's  constant  does  not  appear  explicitly 

In  accordance  with  standard  parametric  instability  theory,  we  suppose  that  high  frequency  and  low  frequency 
fluctuations  in  the  plasma  are  coupled  together  by  the  pump  wave  and  grow  exponentially.  In  general,  the  coupling 
involves  the  pump  wave,  a  low  frequency  wave  characterized  by  a  complex  frequency  u*  and  wavenumber  At.  and  two 
high  frequency  waves  characterized  by  the  frequencies  and  wavenumbers  ( «„  r  to.  A,,  -  A  )  and  ( u„  - «*,  A,,  A  ).  For 

simplicity,  we  assume  throughout  this  paper  that  all  waves  are  longitudinal,  having  electric  fields  parallel  to  their 

wavenumbers.  The  possibility  of  electromagnetic  decay  waves  is  briefly  discussed  in  §  IV.  The  low  frequency  wave  is 
therefore  characterized  by  an  electric  field  E,  of  the  form 

£’)  ( r ,  / )  ~  It'-,  Aexpf  - ■  iwt  +  iAt ) -  It-,  *Aexp(  uc*t  -  /A*r ).  (3) 

while  the  high  frequency  electric  fields  are 

E  A  r.  r)-  It' .  A*  .  exp[  - ;(  u,,  ~-u>  )r  -+■  /(  A,.  +  A  )y]  +  It'-’ A*  .  e.xp[/'(  <a„  ~w*)t~  il  A,,  --A  )v] .  (4) 

and 

E  (r./l-  't-  A  exp[ -t(  u>„  -w*)r  t-t(  A,,  — A  )*r]  +  t-  *A  exp[/(  «  , -w  )r- /(  A„  -  A  )r] .  (5) 

where  A  are  unit  vectors  in  the  A , ,  A  directions.  The  relation  among  the  four  different  wave  vectors  is  shown  in 

Figure  I  While  Figure  I  is  draw  n  in  the  A  ( -A ,  plane,  all  figures  in  this  paper  can  be  rotated  around  the  A  ,  axis  to 
obtain  a  fully  three-dimensional  picture. 

The  high  frequency  and  low  frequency  modes  couple  together  to  produce  new  normal  modes  described  by  the 
dispersion  relation: 


X.lui.A)  x ,  ( to .  A- ) 


u  ' 

r(  <o„  u.  A, i  +  A  1 


f(  <a, , 


; .  A , 


(M 


where  the  angular  factors  are 


M  •  =A„-A'  .  . 


the  electron  Debye  length  A,  =  r,./io,.,  and  the  dimensionless  energy  density 


n 


4  irn^T 


(H) 


Kaw  ( 1976)  uses  an  equation  similar  to  (6)  to  study  instabilities  of  electrostatic  waves  in  a  magnetized  plasma,  but  w  ith 
a  dipole  pump.  [The  reader  may  recall  that  in  studying  linear  longitudinal  waves,  one  writes  Poisson's  equation 
V  E  4-w p  as  /A(l  x  XriE  0,  where  the  electron  susceptibility  x,  is  proportiona1  to  that  portion  of  the  charge 
density  p  due  to  electron  motion  and  where  the  ion  (in  this  paper,  proton)  susceptibility  x,  is  proportional  to  that 


I  it. 
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portion  of  the  charge  density  p  due  to  ion  motion  The  combination  r-  I  *  X.  ~X.  'N  called  the  linear  dielectric 
function,  and  the  di.ipcr.sion  relation  for  the  wave  involved  ii  contained  in  the  expression  i  ~  0.  ]i  is  this  dielectric 
function  e  which  appears  twice  on  the  right  side  of  (61.)  In  the  next  two  sections  we  evaluate  the  dispersion  relation  (6) 
in  the  unmagnetized  case. 


III.  I  S.MAC1M  I  I/ll)  (  a  si 

We  first  solve  the  dispersion  relation  (6)  neglecting  the  background  magnetic  field,  with  parameters  roughly 
corresponding  to  a  typical  type  Ill  solar  radio  hurst  at  a  position  one-third  of  a  solar  radius  above  the  Sun's  surface. 
These  are  (Bardwell  and  Goldman  1476):  n„  -  10'  cm  T=T  -  140  eV.  A , , A ,  =0.05.  and  tt’,  =  10  4  In  the 
unmagnelized  limit,  we  take  the  dielectric  function  needed  on  the  right  side  of  (6)  from  fluid  theory  (Krall  and 
Trivelpiece  1472) 

f(  ia,,  no.  A.,  _r  A  )  -  —  2  10  3A  ‘  A  ‘  =  6A*A,,A  ".  (9) 

Cl)i 


where  throughout  this  paper  u  <&  u;, .  «„  and  co.,  2r<a, . 

For  the  low  frequency  susceptibilities  needed  on  the  left-hand  side  of  (6).  we  use  the  results  of  kinetic  theory,  as  has 
previously  been  done  by  Bardwell  ( 1976)  This  is  somewhat  more  accurate  than  the  fluid  model  employed  bv  Bardwell 
and  Goldman  ( 1976)  especially  in  the  present  case  of  equal  electron  and  ion  temperatures.  The  results  of  the  fluid  and 
kinetic  approaches  are  in  quite  good  qualitative  agreement,  and  differ  quantitatively  only  by  factors  of  less  than  2  The 
kinetic  susceptibilities  for  species  s  are  (Montgomery  1971 ) 


Xd  <*•>.  A  I  — 


A  A 


[1  =.v.7(.v,)]. 


(10) 


where 


U) 


(11) 


with  t,  the  thermal  speed  of  species  s  and  Z  the  plasma  dispersion  function  (Fried  and  Conti  1961)  which  arises 
because  the  background  electron  and  ion  distribution  functions  have  been  taken  to  be  Maxwellian. 

The  dielectric  function  (9)  and  the  susceptibilities!  10)  are  inserted  in  the  dispersion  relation  (6)  which  is  then  solved 
numerically  to  yield  the  complex  frequency  co(A).  The  imaginary  part  of  this  frequency  is  then  plotted  as  a  function 
not  of  A.  but  rather  as  a  function  of  the  Langmuir  wave  vector.  A1  =  A A.  Figure  2  shows  the  resulting  contours  of 
constant  growth  rate.  This  two-dimensional  contour  plot  can  be  rotated  about  the  A ,( 5,, )  axis  to  yield  a  fully 
three-dimensional  contour  plot.  Figure  2  is  in  agreement  with  the  corresponding  figure  in  Bardwell  and  Goldman 
(1976).  As  discussed  in  detail  by  Bardwell  and  Goldman  ( 1976).  there  are  three  distinct  regimes  of  instability;  these  are 


Flo  2  Solution  to  the  dispersion  relation  (6)  in  the  unmagnetized  case;  the  contours  represent  the  linaginarv  part  of  the  frequency  (the 
growth  rate)  as  a  function  of  two-dimensional  Langmuir  wavenumber  A1  =*,,  A  This  figure  can  he  rotated  about  the  A  ,  1  axis  to  obtain  a 
fully  three-dimensional  picture  The  contour  labeled  I  represents  a  growth  rate  u>,  uy  10  ' ,  w  hile  the  contour  labeled  10  represents  a 
growth  rate  w,/w,  ~  10  '  The  parameters  arc  those  of  §  III 
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labeled  PDI  iparametrie  deea\  instability ).  SMI  (stimulated  modulational  nistahilits ).  and  OTS  (oscillating  two-stream 
instability  The  purely  growing  modes  we  identifv  as  the  OTS  are  confined  to  the  small  region  of  A- space  with  A  _i_  A . , 
and  k  •;  A . .  .  This  should  not  be  confused  wish  the  OTS  described  in  Papadopoulos.  Goldstein.  and  Smith  ( 1974)  and 
Smith,  (ioldstein.  and  Papadopoulos  ( 1474|.  which  occurs  in  the  large  amplitude  limit  such  that  Hi,  »  I0<  k,,\t  )•  (see 
discussion  in  §  \'  of  this  paper).  The  maximum  grow th  rate  w  in  each  of  the  three  regimes  is  close  to  u  u,  1 .?  •'  10 
in  the  present  case  The  properties  of  these  three  regimes  in  the  unmagnetized  case  hase  been  reviewed  by  Bardwel!  and 
(ioldntan  (197p)  in  the  n  st  section  we  consider  the  modification  of  these  three  regimes  in  the  weakly  magnetized 
situation. 


tv  \\  t  AKI  v  MM.M  n/t  1.  (  \ si 

In  this  section  we  consider  the  modification  of  the  previous  results  in  the  presence  of  a  weak  magnetic  field.  In  this 
paper  "weak"  means  that  the  electron  gyrofrequency  ilt  —  eft,.  mi  (i  is  the  speed  of  light)  is  much  less  than  the 
electron  plasma  frequency  w,  For  example,  with  the  solar  corona  parameters  of  the  previous  section  and  a  reasonable 
magnetic  field  strength  of  7.5  gauss,  we  have  II,  u,  ”0.1.  Note  that  while  the  magnetic  field  is  weak  in  the  sense  we 
have  described,  the  magnetic  field  energy  density  for  the  present  parameters  exceeds  the  kinetic  energy  density  of  the 
background  electrons  (i.e  .  this  is  a  low  -/!  plasma) 

The  magnetic  field  affects  both  the  high  frequency  and  the  low  frequency  wave  motions  For  the  high  frequency 
longitudinal  waves,  the  electrons  feel  a  vXB  force  in  addition  to  an  electric  field  force,  and  the  dielectric  function 
becomes  (Ginzburg  |9p4) 


rf  io,,  z.oi.k„  —k)~  -  2  w  H:\,  ’  ^6**1(X,.;  -r(|»  •  :  -  I)2',  .  (12) 

u,  w,  ' 

which  must  be  used  on  the  right-hand  side  of  the  dispersion  relation  (6). 

There  are  also  magnetic  field  effects  on  the  low  frequency  wave  motions.  For  heuristic  purposes,  suppose  we  ignore 
the  strong  ion  Landau  damping  of  ion  acoustic  waves  in  an  equal  temperature  plasma  and  use  the  dispersion  relation 
u>  -Ac,  to  estimate  a  typical  ion-acoustic  frequency  With  the  sound  speed  < ,  (  ft  m  )'  :  and  a  typical  low  frequency 

wavenumber  A  A,  —0.02.  we  have  «/«,  ~4x  10  *.  The  ion  gyrofrequency  S2,  —  5  x  l()  , .  and  the  ion  (proton) 

plasma  frequency  is  u  —  0.02 w,..  Thus,  the  frequency  ordering  of  interest  is  Q  «  u  <o>r,  <0,.  «w 

For  most  of  the  wavenumbers  A1  in  Figure  2.  the  product  of  the  ion  gyroradius  p,.  with  the  low-frequency 
wavenumber.  k~'k„~kl  .is  substantially  greater  than  unity.  We  find  that  the  modification  of  the  low-frequency  ion 
susceptibility  due  to  a  magnetic  field  is  insignificant  for  most  of  the  wavenumbers  in  this  problem.  The  exception  is  the 
OTS.  Along  the  dashed  line  labeled  A  in  Figure  2.  w  is  purelv  imaginarv.  and  at  maximum  grow  th  rate  u  —  i  .0  x 
10  '<ft,  /wt.  and  Ap,  ~  1.  We  shall  find  that  the  OTS  branch  is  substantially  suppressed,  but  we  attribute  this  to  the 
low  frequency  effects  on  the  electrons,  not  to  A  p,  ~  I.  The  magnetic  effects  on  the  low-frequency  ion  motion  do  not 
seem  to  be  important  because  the  results  are  the  same  whether  they  are  included  in  the  calculation  or  not. 

As  for  the  electrons,  the  fact  that  |w|«0,.  (and  typically  A,p( . «1.  where  p,.  is  the  electron  gyroradius)  means  that 
the  low-frequency  electron  motion  is  indeed  strongly  magnetized.  In  other  words,  electrons  are  not  free  to  follow  low 
frequency  motions  across  the  field  lines,  but  rather  they  begin  an  EX  B„  drift  when  subjected  to  low-frequency  electric 
fields  perpendicular  to  the  field  lines.  Along  the  magnetic  field  lines  the  electrons  arc  perfectly  free  to  move,  like  beads 
on  a  wire.  As  discussed  in  somewhat  more  detail  bv  Nicholson  el  al.  (1978).  the  net  result  of  these  parallel  and 
perpendicular  effects  is  that  for  angles  ( ~  A  ,/A , )  which  are  greater  than  ( mv/m,)'  2  from  perpendicular  to  ft,,  there 
is  no  effect  of  the  magnetic  field  on  the  low  frequency  wave  motions  ( m,  is  the  proton  mass).  Only  in  the  small  range  of 
angles  |A(/A,  \<(mr/ml)'  2  are  the  electron  motions  inhibited  greatly  and  the  low  frequency  wave  properties 
modified.  As  we  shall  see.  the  instability  growth  rates  in  this  small  range  of  angles  can  be  severely  reduced  because  of 
the  inhibition  of  electron  motion  across  field  lines. 

Let  us  perform  a  simple  analytic  calculation  to  illustrate  one  case  of  a  reduction  in  growth  rate  due  to  the  magnetic 
field.  We  focus  our  attention  on  the  dashed  line  labeled  A  in  Figure  2.  Along  this  line  where  k’k„  0.  the  instability  is 
purelv  growing  with  u=iur  Now  suppose  we  have  a  plasma  with  cold  ions  and  a  growth  rate  whose  magnitude  is 
small.  The  unmagnetized  fluid  susceptibility  for  species  s  is  x,  =  -  w,  ’/(  u:  -  A  t ,  : ).  which  means  we  can  ignore  the 
ion  susceptibility  term  on  the  left-hand  side  of  the  dispersion  relation  (6).  Inserting  the  electron  susceptibility 
X,,  1/A;A(. the  unmagnetized  dielectric  function  (9).  and  the  assumption  c o~  iu>  into  the  dispersion  relation  (6).  we 

find 

(*“•■*. -A.  4A/A,j)  .  (15) 
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whereupon  the  highest  growth  rate  is 


which  occurs  at 


ce  <a  H  J ,  /  K , 

A, A,  ( u;  12)'  ; 


t  14) 


I  151 


Now.  how  is  this  result  modified  when  the  magnetic  field  is  included?  Continuing  to  ignore  the  ions  in  the  low 
frequency  susceptibilities  on  the  left-hand  side  of  (6).  there  are  two  places  where  magnetic  field  effects  enter.  The  first 
is  in  the  high  frequency  dielectric  function,  where  (12)  replaces  (4)  One  ntav  think  of  the  change  as  replacing  3 C  A , 
in  (4)  by  -  3A:A,  -+(>»•  DO,  w,  '  in  (12).  As  both  terms  are  negative,  this  effect  is  as  if  the  wavenumber  in  (4) 

were  increased:  the  result  is  merely  a  shift  in  the  growth  rate  curve  to  smaller  wavenumbers  with  no  change  in  the 
maximum  grow  th  rate  obtainable  This  effect  was  first  suggested  to  us  by  Smith  and  Tsvtovich  ( 1477). 

The  second  place  where  the  magnetic  field  effect  enters  is  in  the  low  frequence  electron  susceptibilitv.  For  the  case 
under  discussion  with  0,  the  unmagnetized  electron  susceptibility.  (AA)  '.  is  replaced  by  x,  Si, 

corresponding  to  polarization  drift:  and.  neglecting  for  simplicity  the  high  frequency  magnetic  effect  of  the  previous 
paragraph,  the  dispersion  relation  (6)  yields  (without  assuming  u  purely  imaginary  ) 


w" 
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which  does  not  predict  instability  at  all  for  the  parameters  of  the  present  paper.  This  crude  calculation  exhibits  the 
reduction  in  the  growth  rate  when  the  low  frequency  mode  propagates  within  an  angle  of  with  the 

perpendicular  to  the  magnetic  field. 

We  emphasize  that  this  great  reduction  in  growth  rale  occurs  only  for  the  branch  marked  OTS  in  Figure  2,  For  the 
other  branches  marked  PD1  and  SMI  in  Figure  2.  the  low  frequency  mode  has  an  angle  greater  than  (m,  m, )'  ;  to  the 
perpendicular  to  the  magnetic  field,  and  propagates  as  if  the  medium  were  unmagnetized. 

To  make  these  remarks  rigorous,  we  numerically  solve  the  dispersion  relation  (6)  with  the  parameters  alreadx 
mentioned  ( Q,/«,.  =0.1).  For  the  low  frequency  electron  and  ion  susceptibilities  we  use  the  magnetized  kinetic  version 
which  is  given  by  (Bekefi  1%6) 


X, (u.k)  - 


1  +y,exp(  -  a, ) 


(1?) 


where  f,  =w/2*  :A,t-,.  <i,=A,  :p, ;.  and  the  /„  are  modified  Bessel  functions.  For  the  high  frequency  dielectric 
functions  we  use  the  fluid  versions  (12).  The  solution  of  the  instability  dispersion  relation  (6)  is  shown  in  Figure  3. 
Comparing  this  figure  to  Figure  2.  we  notice  several  effects  of  the  magnetic  field.  The  most  dramatic  effect  is  the 
disappearance  of  the  OTS  branch,  in  agreement  with  the  crude  analytic  calculation.  The  other  dramatic  effect  is  a 
squeezing  of  the  contours  in  the  v-direetion  for  both  the  PDI  and  SMI  branches.  We  ascribe  this  effect  almost  totally  to 
the  magnetic  term  in  the  high  frequency  dielectric  function  ( 12). 

It  is  important  to  note  that  despite  the  squeezing  of  the  contours  in  the  direction  perpendicular  to  the  magnetic  field, 
the  vertical  extent  of  the  region  of  fastest  growth  (the  contours  labeled  10)  is  only  slightly  affected  by  the  magnetic 


I  li.  3  Solution  of  the  dispersion  relation  (ft)  in  the  wcaklv  magnetized  ease  .All  parameters  and  contour  labels  are  the  same  as  in  I  ig 
2.  with  il,  u),  0  1 
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I  n.  4  lurxex  of  growth  rate  versus  wavenumber  for  the  OTS  branch  of  E  ,  for  different  values  of  12,  <  .  all  other  parameters  are 
the  same  as  in  Liu  2  The  horizontal  axis  of  this  fiettre  should  he  thought  of  as  he  dashed  line  labeled  -I  in  lag  2 


field  This  is  true  for  both  the  SMI  and  the  PDl  branches:  the  maximum  perpendicular  extent  of  the  "10"  contour  is 
reduced  by  only  I0T  of  its  unmagnetized  value  in  each  case. 

Reluming  to  the  OTS  branch,  we  have  seen  in  Figure  2  that  in  the  unmagnetized  case  it  has  as  large  a  growth  rate  as 
any  other  branch,  while  when  12,  /to,.  -  0. 1  (Fig.  3)  it  has  completely  disappeared.  In  order  to  explore  the  nature  of  this 
transition,  we  show  in  Figure  4  curves  of  growth  rate  versus  perpendicular  wavenumber  A,  A,  for  various  values  of 
12,. /to,.,  with  A  ,  -  0.  The  horizontal  axis  of  this  figure  should  be  identified  with  the  dashed  line  labeled  .4  in  Figure  2. 
We  see  that  even  for  the  snv.il  value  12,. /ce,  =0.005.  the  instability  has  almost  disappeared.  The  OTS  branch  is  very 
sensitive  to  the  presence  of  a  weak  magnetic  fieid:  the  main  reason  for  this  is  the  resistance  of  the  magnetic  field  to 
motion  of  electrons  across  field  lines. 

In  this  paper  we  have  considered  only  longitudinal  decay  waves.  There  also  exists  a  host  of  potential  electromagnetic 
decay  products.  Although  we  have  not  performed  a  systematic  numerical  study  of  the  electromagnetic  decay 
possibilities,  we  have  considered  many  specific  examples  within  the  context  of  the  present  parameters.  In  every  case,  we 
find  growth  rates  far  lower  than  the  maximum  grow  th  rates  of  the  SMI  and  PDI  branches.  Of  course,  in  a  particular 
region  of  wavenumber  space,  an  electromagnetic  instability  can  have  the  largest  growth  rate.  For  example,  when  the 
OTS  instability  is  reduced  to  zero  growth  rate  by  the  weak  magnetic  field,  the  region  of  wavenumber  space  which 
formerly  contained  the  OTS  can  now  support  a  parametric  instability  involving  a  magnetosonic  wave.  Whereas  the 
low  frequency  electron  motion  across  field  lines  is  inhibited  by  the  magnetic  field,  a  magnetosonic  wave  moves  the  field 
lines,  thus  allowing  the  electrons  to  move  and  enhancing  the  tendency  toward  instability  Our  calculations  indicate, 
however,  that  the  resulting  growth  rate  is  very  much  smaller  than  the  grow  th  rates  of  the  PDI  and  SMI  branches  in  the 
weakly  magnetized  case.  Thus,  we  feel  that  there  is  no  indication  that  electromagnetic  effects  would  change  the  overall 
growth  rate  picture  in  the  weakly  magnetized  case.  The  effort  required  to  produce  a  comprehensive  contour  plot  such 
as  Figures  2  and  3  including  all  electromagnetic  effects  does  not  seem  to  be  warranted 

This  concludes  our  detailed  calculations.  All  of  the  results  of  this  section  agree  with  the  qualitative  predictions  of 
Nicholson  el  al.  <  1 978). 1  In  the  next  section  we  discuss  the  implications  of  these  results  for  parametric  instabilities  and 
soliton  collapse  associated  with  type  III  solar  radio  bursts. 

’In  tj  IV  of  this  reference,  the  expression  Ap,  NtlO  tn  the  sixth  paragraph  should  be  replaced  b\  the  expression  Ap  20  liquation  (I At 
should  read 


US' 
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V  Sl'MMARY  AND  IMSl  ISSUIN' 

In  (his  section  we  summarize  the  preceding  results  and  discuss  the  implications  of  these  results  for  the  theorv  of  type 
III  solar  radio  bursts 

In  the  unmagnetized  version,  the  parametric  instabilities  to  which  an  intense  monochromatic  Langmuir  wave  is 
subject  consist  of  three  kinds:  the  OTS.  PD1.  and  SMI.  The  maximum  growth  rates  in  each  branch  are  comparable 
One  of  these  branches,  the  OTS.  is  very  sensitive  to  the  addition  of  a  weak  magnetic  field  l  or  the  parameters  of  the 
present  paper,  this  branch  is  virtually  wiped  out  for  a  magnetic  field  such  that  SI,  u,  (1.(105.  The  other  two  branches, 
the  PDI  and  the  SMI.  are  very  insensitive  to  the  addition  of  a  weak  magnetic  field  This  is  true  both  for  the  maximum 
growth  rate  in  each  branch,  and  for  the  extent  of  each  branch  in  the  wavenumber  direction  perpendicular  to  the 
direction  of  the  magnetic  field. 

We  conclude  that  to  the  extent  that  the  stream-excited  Langmuir  waves  of  a  tvpe  III  burst  are  monochromatic,  the 
linear  parametric  instabilities  to  which  these  waves  are  subject  are  not  one-dimensional  in  nature  The  presence  of  a 
weak  magnetic  field  does  not  change  the  overall  grow  th  rate  picture  The  detailed  ty  pe  III  Langmuir  wave  scenarios  of 
earlier  work  (Bardwell  and  Goldman  1976;  Nicholson  er  al.  1978)  need  not  be  modified 

This  strong  conclusion  must,  of  course,  be  tempered  by  repeating  the  observation  that  the  Tvpe  111  stream-excited 
Langmuir  waves  are  not  monochromatic,  but  have  a  spread  of  wavenumbers  along  the  magnetic  field  and  across  the 
magnetic  field  No  satisfactory  general  theory  of  parametric  instabilities  due  to  a  broad  band  pump  wave  presently 
exists  even  in  the  unmagnetized  ease,  although  some  results  have  been  obtained  (Bardwell  and  Goldman  1976; 
Thomson  and  Karush  1974:  Smith,  Goldstein,  and  Papadopoulos  1979).  The  frequency  spread  in  a  broad  band  pump 
will  tend  to  disorder  the  coherent  growth  of  the  modes  in  Figures  2  or  3.  However,  in  a  statistical  sense,  those  modes 
may  still  experience  instability  In  numerical  simulations,  parametric  wave  growth  is  still  observed  with  a  broad-band 
pump  (Nicholson  ct  al  1978). 

Broad-band  effects  can  often  speed  the  nonlinear  processes,  as  in  the  case  that  the  regions  of  constructive 
interference  of  Langmuir  waves  in  real  space  undergo  a  direct  collapse.  In  the  low  solar  corona,  where  A,  >(m,  m  )  . 

the  wave  packets  have  a  group  speed  larger  than  the  ion-acoustic  speed,  and  collapse  cannot  occur  without  some 
scattering,  perhaps  by  the  instabilities  considered  in  this  paper.  For  lAU.  when  A,, A,  0.01,  the  wave  packets  can 
collapse  directly,  thus  bypassing  the  stage  of  parametric  instability  (Nicholson  ci  ul.  1978). 

In  recent  papers  putting  forth  a  theory  of  type  III  radio  bursts.  Smith.  Goldstein,  and  Papadopoulos  ( 1979).  and 
Goldstein,  Smith,  and  Papadopoulos  (1979)  study  rate  equations  in  which  a  linear  instability  plays  a  central  role  in  the 
transfer  of  energy  out  of  resonance  with  the  type  III  electron  stream.  That  instability,  which  they  refer  to  as  the 
oscillating  two-stream  instability  (OTSI).  is  supposed  to  occur  for  A»A„.  The  fact  that  we  do  not  find  such  an 
instability  in  our  analysis  deserves  further  comment. 

The  geometry  of  the  purely  growing  instability  is  determined  bv  the  values  of  the  pump  energy  and  w  avenumber.  H„ 
and  A,,.  If  IV, ,  <c  I0(  A,, A, ):,  as  in  the  present  paper,  then  the  instability  will  have  A  <k A,,,  and  have  a  maximum  growth 
rate  perpendicular  to  the  pump  wave  vector.  On  the  other  hand,  with  It;,  »  i 0(  A ,, A ,  )  then  A  »An.  and  the  instability 
has  maximum  growth  rate  along  the  direction  of  the  pump  wavenumber  A,,  as  in  Smith  er  <;A  Nonetheless,  both 
instabilities  rightly  have  been  called  oscillating  two-stream  instabilities,  and  the  failure  to  distinguish  between  these  two 
cases  has  undoubtedly  caused  some  confusion. 

In  either  case,  the  OTSI  involves  two  Langmuir  daughter  waves,  with  wavenumber  A,,  •  A  shifted  up  and  down 
relative  to  the  pump  wavenumber.  A„.  The  instability  occurs  when  the  upshifted  and  downshifted  waves  beat  with  the 
pump  wave  at  nearly  the  same  frequency.  The  frequency  mismatch,  or  the  beat  frequency.  8  .  for  the  two  waves  is 

8.  -  :(A  'A,  ’)W(.,  *  3(A-A„A,  ■)«„. 

In  the  dipole  limit  (u).  A»A„.  both  daughter  waves  have  nearlv  the  same  mismatch  because  of  the  small  wavenumber 
of  the  pump  wave.  A„  The  threshold  for  instability  is  ff„>3(AA)  (Smith.  Goldstein,  and  Papadopoulos  1979) 
Because  A»A„.  this  threshold  condition  implies  W,,  »3(A„A, )’  In  the  other  limit  (/>).  A  -  A,,,  the  mismatch 
frequencies  are  made  equal  when  A_LA,>  (Bardwell  and  Goldman  1976)  The  fastest  growing  wavenumber  for  this 
instability  is  given  bv  equation  (15).  Since  the  wavenumber  A  is  assumed  to  be  much  less  than  A,,,  this  requires 

Wn<z  I2(A„A, )’. 

Hence  we  arrive  at  the  important  conclusion  that  as  (he  pump  strength  U,  increases,  the  OTSI  goes  from  case  (/>)  (o 
case  ( a )  The  character  of  this  instability  is  described  in  detail  in  Bardwell's  Ph  D.  thesis  ( 1 976)  Although  the  effect  of 
the  magnetic  field  is  to  suppress  completely  the  OTSI  in  the  small  A  limit,  in  the  other  limit,  A  "A,,,  the  magnetic  field 
has  important,  but  less  drastic  effects  (Freund  and  Papadopoulos  1980) 

After  the  completion  of  this  work  (Weathcrall.  Goldman,  and  Nicholson  1978).  we  became  aware  of  the  related  work 
bv  Freund  and  Papadopoulos  ( 1980)  which  examines  magnetic  field  effects  on  tvpe  111  generated  parametric  instabilitv 
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at  l  AU  for  large  values  of  pump  energy  (  H  10  \  10  ' ).  Because  H„  ^-(  A  „X,  )'.  they  study  a  regime  complementary 
to  ours.  However,  they  ignore  the  effect  of  the  magnetic  field  on  the  low  frequence  motions.  This  is  not  likely  to  affect 
their  results,  since  they  do  not  consider  waves  perpendicular  to  the  magnetic  field  where  we  find  the  effect  important 
Generally,  their  work  agrees  with  ours  in  finding  the  decay  branch  to  be  quite  insensitive  to  a  weak  magnetic  field, 
except  for  a  shift  of  unstable  wave  vectors  to  smaller  perpendicular  wavenumbers. 

To  conclude,  the  results  of  the  present  paper  are  applicable  in  the  regime  [case  ( />)]  of  relatively  low  pump  energies 
( IE,  =  10  4  and  parameters  appropriate  to  a  distance  of  one-third  of  a  solar  radius  above  the  Sun's  surface).  The 
complementary  regime  (case  (u)j  of  relatively  high  pump  energies  has  been  considered  in  the  work  of  Smith.  Goldstein, 
and  Papadopoulos  ( 1970).  Goldstein,  Smith,  and  Papadopoulos  ( 1979).  and  Freund  and  Papadopoulos  ( 1980).  Which 
of  these  regimes  is  more  appropriate  will  depend  upon  the  detailed  parameters  of  an  individual  type  III  solar  radio 
burst.  As  pointed  out  by  Smith,  Goldstein,  and  Papadopoulos  ( 1979).  these  parameters  can  vary  over  wide  ranges  from 
burst  to  burst. 
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The  evolution  of  Langmuir  waves  predicted  by  the  beam-driven  Zakharov  equations  is  studied  numerically 
with  high  resolution  in  one  and  two  dimensions,  for  parameters  appropriate  to  type  111  solar  radio  bursts  at 
0.5  a.u.  It  is  found  that  collapse  is  preceded  by  momentum  transfer  to  ion-acoustic  quasimodes  even  in  the 
absence  of  a  weak  solar  magnetic  field.  The  early  evolution  is  similar  in  one  and  two  dimensions  A  zero 
momentum  condensate  forms  in  both  cases,  but  its  subsequent  behavior  differs  in  one  dimension  and  two 
dimensions.  The  corresponding  real-space  wave  packets  collapse  tapidly  in  two  dimensions,  but  evolve  as 
slowly  growing  solitons  in  one  dimension  Detailed  coi'*i  irisons  are  made  with  other  one-dinicnsionai 
models  of  "strong”  Langmuir  turbulence  associated  with  type  111  bursts 


I.  INTRODUCTION 

In  principle,  there  are  two  classes  of  nonlinear 
phenomena  which  can  saturate  Langmuir  waves  driven 
unstable  by  a  warm  (“bump-on-tail" )  electron  beam; 
wave-particle  interactions  and  wave-wave  interactions. 
In  the  former,  the  back  reaction  of  the  resonant 
“ beam -modes"  on  the  beam  electrons  can  lead  to  pla¬ 
teau  formation.  This  is  treated  by  various  versions  of 
quastltnear  theory.  In  the  case  of  wave-wave  interac¬ 
tions.  energy  ts  spread  from  the  resonant  beam  modes 
to  nonresonant  modes  by  stimulated  scattering  off 
background  tons'  or  ion-acoustic  waves.'  and  by  non¬ 
linear  self -focusing  effects  such  as  modulational  in¬ 
stability2'4  and  collapse/'"7  The  so-called  Zakharov 
equations'  can  be  used  to  treat  all  of  these  wave-wave 
interactions  simultaneously.2  In  the  present  paper,  we 
shall  be  concerned  wuh  the  interplay  between  the  vari¬ 
ous  wave -wave  interactions,  and  Us  significance  for 
the  Langmuir  turbulence  associated  with  type  HI  solar 
radio  emissions.1'12 

! 

I  In  the  Zakharo-  -v/jations,  low -frequency  ion-acous¬ 

tic  waves  are  driven  by  the  ponderon  Uve  force  as- 
|  sociated  with  Langmuir  waves.  This  is  described  by  a 

I  hydrodynamic  equation  for  the  low -frequency  density. 

in  which  the  ponderomotive  force  acts  as  a  source 
term.  The  resulting  modulations  in  the  density  cause 
nonlinear  refraction  in  the  Langmuir  waves.  This  is 
described  by  a  nonlinear  Langmuir  wave  equation,  in 
which  we  also  employ  the  approximation  of  a  purely 
electrostatic  high-frequency  field  having  a  slowly  vary¬ 
ing  envelope.  For  our  purposes,  therefore,  the  Zak¬ 
harov  equations  are  two  coupled  nonlinear  partial  dif¬ 
ferential  equations  for  the  low-frequency  (ion)  density 
and  for  the  Langmuir  envelope. 

In  the  cases  of  interest  to  us.  the  electron  and  ion 
temperatures  are  assumed  to  be  equal.  This  means 
ton-acoustic  waves  are  heavily  damped  by  ton  I  andau 
damping,  and  should,  more  properly,  be  called  ion- 
acoustic  quasimode.  We  theiefore  insert  a  strong 
phenomenological  damping  into  Ihe  ton-acouslic  equa- 
i  lion.  One  of  the  nonlinear  effects  then  contained  in  the 


Zakharov  equations  is  the  induced  scattering  of  a  Lang¬ 
muir  wave  off  such  an  ion -acoustic  quasimode  into 
another  wave.'  The  scattered  wave  may  tie  backward 
or  forward  in  relation  to  the  first,  but  it  always  loses 
momentum  to  the  quasimode  m  the  process.  It  can  be 
shown  that  scattering  off  such  ion -acoustic  quasimodes 
is  roughly  equivalent2  to  scattering  off  discrete  tons 
(which  requires  a  kinetic  equation  lor  the  ton  distribu¬ 
tion  function).  Another  name  for  the  latter  phenome¬ 
non  is  “nonlinear  Landau  damping  oil  tons."  while  the 
former  is  sometimes  called  a  parametric  decay  insta¬ 
bility.  We  shall  use  all  these  terms  interchangeably, 
since  we  have  assumed  equal  electron  and  ion  tempera¬ 
tures. 


Induced  scattering  off  ions  forms  the  basis  for  what  is 
sometimes  called  "weak  turbulence"  theory.  A  group 
of  unstable  or  large  amplitude  waves,  centered  narrow¬ 
ly  around  a  wave  vector.  k:, ,  undergoes  a  cascade  of 
scatters  toward  lower  wavenumbers  k  ■'  /v „ .  It  there 
is  enough  linear  dissipation,  the  cascade  stops,  a 
steady  state  develops,  and  the  instability  saturates. 
When  the  phases  of  the  various  modes  are  random, 
this  is  an  example  of  saturation  by  a  weak  turbulence 
p  roc  ess. 


11  there  is  not  enough  linear  dissipation,  energy  ac¬ 
cumulates  at  very  small  wavenumbers  into  a  “conden¬ 
sate."'  When  the  condensate  has  enough  energy  (rela¬ 
tive  to  its  square  width,  A/.  ),  it  can  spill  out  to  high¬ 
er  wavenumbers  by  means  "1  modulational  interaction 
i which  is  the  basis  for  "strong  turbulence"  theory  ). 
This  process  has  a  simple  interpretation  m  coordi¬ 
nate  space,  lhc  wave  packets  associated  with  the  con¬ 
densate  cause  density  cavities  to  devolope  due  to  pon¬ 
deromotive  force.  Hie  resulting  sell -Incusing  leads  to 
tile  spatial  collapse  ’  of  Die  packets  to  dimensions 
which  may  lie  on  the  order  ol  several  Debye  lengths. 
The  Fourier  components  ol  such  a  narrow  wave  packet 
now  see  heavy  Landau  damping,  because  A-  is  on  the 
order  ol  the  Debye  wavenumber  Hence,  by  this 
circuitous  route,  a  steady-state  saturation  ol  the  ori¬ 
ginal  instability  may  be  possible. 
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Mail)  aspects  of  tins  sequence  of  processes  are  still 
quite  controversial.  However,  the  cascade-collapse 
sequence  has  been  confirmed1,5  by  two-dimensional 
numerical  solutions  to  the  Zakharov  equations,  lor 
the  case  when  the  “pump”  waves  around  A,  are  assumed 
to  have  initial  amplitudes  much  larger  than  the  noise 
level  of  other  modes.  In  these  studies,  the  pump  waves 
were  not  driven  by  any  linear  instability,  such  as  beam 
instability.  We  shall  refer  to  such  cases  as  “ undriven” 
In  the  undriven  cases  studied,  A„  was  chosen  to  be 
large  enough  so  that  many  (back  and  forth)  scatterings 
were  possible  in  the  cascade.  The  condition  for  this  is 
A„ »  (in  .\l)'r%,  where  m  M  is  the  electron  to  ion 
mass  ratio.  This  condition  is  equivalent  to  the  require¬ 
ment  that  the  group  velocity  of  the  pump  waves  be  much 
larger  than  the  ion-sound  speed. 

In  other3  two-dimensional  numerical  studies  with  the 
Zakharov  equations,  a  different  mode  of  behavior  was 
observed  for  an  undriven  group  of  pump  waves  around 
fcn  tw  M )'  ’Au .  When  the  initial  energy  density  in  the 
undriven  pump  waves  was  made  sufficiently  large,  a 
direct  collapse  of  the  associated  real  space  wave  pack¬ 
ets  occurred.  Such  direct  collapse  was  enabled,  in 
principle,  because  the  group  velocity  of  the  pump  wave 
packets  was  less  than  the  ion-acoustic  speed,  so  the 
nontinearly  refracting  cavity  of  density  could  keep  pace 
with  the  packet.  Direct  collapse  occurred  even  though 
one  final  induced-scatter  off  ions  was  still  kinematical¬ 
ly  possible  t in  the  forward  direction,  due  to  the  low 
value  of  A0). 

A  theory  for  direct  collapse  of  an  initial  undriven 
broadband  pump  was  developed,6  using  the  approxima¬ 
tion  of  adiabatic  ions,  in  which  particle  pressure  is 
assumed  to  be  balanced  by  ponderomotive  force.  The 
theory  predicted  the  collapse  threshold  pump  energy 
density,  W  =  |fi  |2,'4tt nO  (in  units  of  the  background 
electron  energy  density  n6),  in  terms  of  the  pump 
bandwidth,  AA:  tvth=  48(AA)2.  This  threshold  condition 
is  approximately  satisfied  for  the  numerical  studies 
which  showed  undriven  direct  collapse  (e.g.,  Fig.  1  of 
Ref.  6),  although  the  adiabatic  approximation  is  not 
strictly  satisfied,  due  to  momentum  transfer  to  ions. 

The  further  claim  was  made9,6  that  direct  collapse 
also  occurs  when  beam -modes  (centered  about  A0/Ao 
-0.01)  are  driven  by  the  weak  electron  beams  associ¬ 
ated  with  type  III  bursts  at  0.5  a.u.  The  argument  was 
based  on  numerical  integration  of  the  Zakharov  equa¬ 
tions  which  seemed  to  show8  that  the  weakly  driven 
beam  modes  grew  to  an  energy  density  two  or  three 
times  the  collapse  threshold,  and  that  afterward  direct 
collapse  occurred  exactly  as  in  the  undriven  problem. 
However,  subsequent  studies14  included  a  weak  back¬ 
ground  solar  magnetic  field,  and  showed  that  direct 
collapse  was  slowed  down  sufficiently  by  magnetic 
effects  so  that  substantial  induced  scatter  off  ions  did 
have  'ime  to  occur,  and  prevented  direct  collapse.  The 
relevance  of  direct  collapse  for  the  physical  conditions 
of  the  type  III  problem  was  therefore  significantly  di¬ 
minished. 

We  seek  to  establish  in  this  paper  that  even  for  non¬ 
magnetic  conditions  under  which  a  driven  direct  col¬ 


lapse  was  thought  to  be  possible,  a  substantial  build¬ 
up  of  scattered  waves  occurs  at  small  wavenumbers. 

The  observed  collapse  is  associated  with  this  "conden¬ 
sate”  of  wave  modes,  rather  than  the  beam -resonant 
modes.  The  interpretation  is  more  in  line  with  earli- 
ei.a.'3  pnjtures  of  cascade  followed  by  collapse.  How  ¬ 
ever,  there  are  additional  unexpected  nonlinear  effects 
present,  such  as  long-time  phase  coherence  of  wave 
packets  and  a  continual  loss  of  momentum  to  ions.  In 
addition,  the  final  condensate  is  centered  around  zero 
A,  rather  than  the  wavenumber  associated  with  induced 
scatter  (a  result  also  found  in  Ref.  13). 

We  begin  with  a  two-dimensional  numerical  solution 
to  the  beam  driven  Zakharov  equations  for  a  case  when 
A0  Ad''  ("V  The  choice  of  physical  parameters 

is  motivated  by  the  type  III  problem  at  0.5  a.u.  The 
qualitative  behavior  in  this  simulation  is  not  different 
from  previous  studies,8  but  the  improved  time  and  spa¬ 
tial  resolution  make  it  possible  to  follow  the  collapse 
of  the  wave  packets  for  longer  limes  than  before,  and 
identify  a  migration  of  the  Langmuir  spectrum  toward 
smaller  wavenumbers.  The  major  point  of  this  paper 
is  that  the  depletion  of  the  beam-resonant  (pump)  waves 
is  due  to  scattering  off  ions,  rather  than  collapse. 

In  order  to  support  the  interpretation  of  the  results 
we  solve  the  same  Zakharov  equations  in  one  dimension. 
The  time  scales  and  energy  densities  in  one  dimension 
are  found  to  be  comparable  to  the  two-dimensional  case 
during  the  early  time  evolution,  even  though  collapse 
is  not  seen.  This  means  that  the  scattering  instabilities 
(which  occur  predominantly  in  one  dimension)  must 
have  a  significant  role  in  the  saturation  of  the  bearn- 
plasma  instability. 

We  give  another  solution  in  one  dimension,  repre¬ 
senting  the  limit  of  adiabatic  ions  for  which  the  Zak¬ 
harov  equations  reduce  to  a  nonlinear  SchrSdinger 
equation.  The  purpose  of  this  example  is  to  demon¬ 
strate  the  role  of  ions  in  the  scattering  of  the  Lang¬ 
muir  pump  waves  to  smaller  k  modes. 

After  the  condensate  has  formed,  there  appears  to 
be  a  difference  between  the  further  time  development 
in  one  and  two  dimensions.  In  one  dimension  we  see 
real  space  solitons  intensifying  on  the  time  scale  of  the 
beam  growth  rate,  whereas  in  two  dimensions  the  soli¬ 
tons  are  collapsing  unstably  at  a  rate  which  is  an  order 
of  magnitude  faster,  for  as  long  as  we  are  able  to  fol¬ 
low  them.  There  are  theoretical  reasons11,15  to  expect 
collapse  to  depend  strongly  on  dimensionality  in  cer¬ 
tain  limits,  but  this  problem  requires  further  numer¬ 
ical  study. 

The  plan  of  this  paper  is  as  follows:  In  Sec.  II  we 
set  up  the  basic  equations  and  describe  the  initial 
conditions  and  boundary  conditions,  which  are  appro¬ 
priate  in  the  type  III  problem  at  0.5  a.u.  In  Sec.  III. 
we  present  a  two-dimensional  numerical  solution  of 
the  Zakharov  equation.  Section  IV  is  devoted  to  the 
one -dimensional  Zakharov  equation  for  both  the  adia¬ 
batic  and  nonadiabatic  cases.  These  examples  serve 
to  clarify  the  roles  of  the  various  nonlinear  processes 
identified  in  the  two-dimensional  solution.  In  Sec.  V 
we  elaborate  on  the  limitations  of  one -dimensional 
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solutions  to  the  Zakharov  equations.  The  implications 
of  our  results  for  various  aspects  of  type  ill  theory- 
are  described  in  Sec.  IV.  Finally,  in  Sec.  VII,  we  dis¬ 
cuss  how  our  work  and  conclusions  differ  from  the 
one-dimensional  statistical  theory  of  Smith.  Goldstein 
and  Papadopoulos1'1’”  in  the  context  of  the  type  III 
emission  problem. 

II.  EVOLUTION  OF  NONLINEAR  LANGMUIR 
WAVES 

The  starting  point  in  studying  nonlinear  Langmuir 
waves  is  Zakharov's  equations 

(iS,  ■>  ivt  *  V2)V-E  =  V-wE  ,  11) 

!<*■  '  tr?,  -  V2)»  =  V2!e|2  ,  12) 

where  E(x,/)--V0  is  the  low  frequency  envelope  of  the 
assumed  longitudinal  Langmuir  field:  E^x, t)  -  E(x.f) 
x expl -lu),,/)  -t  c.c.,  and  u  is  the  perturbation  on  the 
background  ion  density  .  w0.  The  units  of  time,  length, 
density,  and  electric  field  in  our  dimensionless  nota¬ 
tion  are 


where  the  plasma  frequency  is  given  by  u.’K  »/„. 

the  electron  Debye  length  is  X_,-( T,  and  the 

dimensionless  ratio  f)- (■) „ 7\,  ■>  ■>  4 7",)  T,.  The  ratio  of 
ion-  to-electron  mass  is  mt  -  1836;  Tt  and  Tt  are 
the  temperatures  and),  and)  (  are  the  ratios  of  speci¬ 
fic  heats  for  the  electron  and  ion  gas.  Although  these 
equations  describe  complicated  wave-wave  behavior, 
they  do  not  include  particle-wave  effects  except  in  the 
phenomenological  damping  terms.  and  iq. 

In  order  to  simulate  Langmuir  wave  phenomena  dur¬ 
ing  type  111  solar  radio  bursts  at  0.5  a.u.,  we  solve 
Eqs.  \1)  and  (2)  by  the  split -step  Fourier  method  on  a 
finite  grid.','"‘-l!>  The  computation  is  set  upas  follows. 
The  beam  unstable  modes  are  centered  at  0.011. 

with  a  finite  bandwidth  AA-,  and  AA-,  (v  is  parallel  to  the 
beam  and  v  is  in  the  transverse  direction).  The 
beam  plasma  instability  is  simulated  by  transforming 
Eq.  (I)  into  k  space  and  using  a  negative  damping 
rate.1'21’  -v,  -  10'6,  for  the  appropriate  k  modes. 

Other  relevant  parameters  are:  7',  -  T,  —  20  eV  ,  u,, 

4*l05sec''.  nn  -  50  cm"3,  x, -470  cm,  rj  -  2.  Except 
for  the  beam  unstable  modes,  the  plasma  wave  damping 
is  vt  -  0;v,  ~  2kc ,,  corresponding  to  heavily  damped 
ion-acoustic  modes.  Initially,  all  of  the  plasma  wave 
modes  are  given  some  small,  randomly  phased  ampli¬ 
tude  (noise). 

III.  SIMULATION  IN  TWO  DIMENSIONS 

In  our  two-dimensional  calculation,  we  use  a  64x64 
point  gi  ld,  with  AA’,  -  <1  8)A-n  and  AA-.  (1  2)AV  First. 


we  present  the  history  of  the  wave  energy  density  dur¬ 
ing  the  simulation  which  shows  that  the  wave  processes 
contained  in  Eqs.  (1)  and  (2)  can  effectively  decouple 
the  system  from  the  beam.  In  Fig.  I  we  plot  two  curves 
which  show  the  total  energy  density  in  the  system  and 
the  energy  density  in  (tie  beam -driven  modes.  W’  is  a 
dimensionless  ratio.  TV  -  '  fc'(\)  2>.  4vntT, .  where 
(|E  |2)  denotes  a  spatial  average  of  £(»),-'.  Remember 
that  the  beam  modes  are  being  pumped  throughout  the 
run  at  a  constant  rale.  These  modes  grow  linearly  at 
early  times  until  they  saturate  at  energy  'W'  ~  10'’. 

At  later  times  these  pump  modes  experience  a  drastic 
loss  of  energy  due  to  nonlinear  wave  processes.  The 
rate  of  energy  transfer  to  the  plasma  w  ives  depends 
upon  the  term  vJE .  With  (lit  pump  modes  severely 
depleted  the  energy  input  into  all  waves  is  practically 
cut  off,  leading  to  the  saturation  ot  the  total  energy  m 
Langmuir  waves.  We  are  still  not  seeing  a  fully-de¬ 
veloped  steady-state  turbulence,  because  we  have  not 
included  Langmuir  wave  dissipation.  Note  that  the 
total  wave  energy  has  a  slight  positive  slope.)  A  major 
unanswered  question  is  whether,  given  enough  time  and 
accuracy,  the  energy  grows  to  a  significantly  higher 
level. 

Let  us  examine,  in  detail,  the  wave  behavior  at  three 
times  /2,  and  F, ,  as  indicated  in  Fig.  1.  The  behavior 
at  these  times  is  representative  of  the  variety  of  non¬ 
linear  phenomena  observed  in  the  simulation. 

At  time  /,.  we  observe  wave  packets  propagating  at 
0.025r„,  slightly  less  than  the  group  velocity  of  the 
beam  resonant  waves,  r,r-  3(Av\„)r,,  -  0.033c,,,  as 
shown  in  the  sequence  of  pictures  in  Fig.  2(a).  The 
time  between  frames  is  0.07x10"  and  the  spatial 
width  of  the  frame  is  3.7X103  X,..  Therefore,  a  ther¬ 
mal  electron  traveling  at  speed  r„  will  traverse  the 
horizontal  length  of  the  frame  18.5  times  in  the  inter¬ 
val  between  frames.  Because  the  grid  is  periodic,  a 
wave  which  exits  one  side  of  the  grid  will  reappear  on 
the  opposite  side. 

The  wave  packet  in  Fig.  2(a)  does  not  behave  accord- 
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1.  Knertfv  density  in  the  pump  resonant  modes, 

:ind  tot :il  energy  densit\  (\\)  during  the  two  dimensional  sim 
illation  of  :i  type  111  hurst  at  o.  a.u. 
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FIG.  2.  Successive  time  snapshots  of  contours  of  constant  electric  field  amplitude  IF  I  in  real  tr-v)  space  during  nonlinear  phases 
of  type  III  Langmuir  wave  interaction,  (a)  coherent  wave  propagation  near  time  / , ;  tb)  decay  instability  near  time  !  •;  (cl  Langmuir 
collapse  near  time  tv  Amplitude  labels  are  in  dimensionless  uniis  f/T). 


ing  to  the  rules  of  linear  waves.  Because  of  thermal 
dispersion,  this  wave  packet  should  “disperse”  on  time 
scales  of 


'  —  — 7  uij]  =  8X  104ce 
0 


-1 

t*  > 


(3) 


where  the  width  of  the  wave  packet  is  about  L  =  500  x, . 
Clearly,  it  persists  longer  than  this  time.  The  reason 
is  that  nonlinear  forces  are  very  important.  A  cal¬ 
culation  shows  that  this  wave  packet,  with  central 
amplitude,  E0,  is  just  at  the  threshold  for  collapse6 
(for  adiabatic  ions  in  an  infinite  plasma): 


!£  1  ta  _  ^  \ 

2nn0(T.  +  Ti) 


whereas 


|£„|2  2™„(r,+  T.)  -  l  .7X  lO*4  .  (5) 

For  energy  values  near  threshold,  the  collapse  lime6 
can  be  very  long 


Ix,  (Vie i*- IK  VI" 

2  L  L\2rrn0(T,  +  T|)  /J 


3  x  If)  Vj  . 


The  k -space  distribution  of  wave  amplitude  at  time 
/ 1,  shown  in  Fig.  3(a),  indicates  that  wave  energy  is 
being  transferred  from  the  pump  modes  into  neighbor¬ 
ing  modes  in  k  space.  This  broadening  in  k  space  can 
correspond  to  the  nonlinear  steepening  of  wave  packets 
in  real  space.  Although  we  may  be  seeing  the  begin¬ 
ning  of  a  direct  collapse,  it  is  relatively  slow,  and 
does  not  have  time  to  develop.  Part  of  the  reason  is 
the  instability  which  affects  the  packets  by  the  time  f2- 


FIG.  .‘1.  Coi  lours  of  electric  field  amplitude  in  !  spore  a! 
times  (a)  ff,  showing  collapse  broadening,  (In  t  ,  showing  the 
parametric  excilai'on  of  particular  wave  modes,  and  ir) 
showing  the  formation  of  a  condensate.  Contour  labels  indicate 
relative  amplitude.  T  he  rectangular  box  shows  the  pump  (beam 
unstable)  modes  centered  a!  =■  n.  ni  1 . 
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At  time  t,,  which  marks  the  precipitous  depletion  of 
the  pump  waves,  there  are  discrete  modes  which  have 
enhanced  amplitudes  [see  Fi^ .  3(b)  |.  These  are  iden¬ 
tified  with  modulatioual  and  scattering  instabilities. 

For  example,  induced  scattering  off  ion-acoustic 
quasimodes  is  known* to  occur  for  waves  with  Lang¬ 
muir  wavenumber  and  maximum  growth  rate 

kL\t~-k t(4 i/m„  27»i  J1 12 , 

y-V'hVi  16t)uv-  (7) 

(These  formulas  assume  a  monochromatic  pump.)  The 
feature  we  see  in  Fig.  3(b)  at  k,\e-  0.002  is  due  to  this 
instability.  The  observed  growth  rate  of  tins  mode, 
approximately  5  x  KT"  cl’„  .  is  consistent  with  the  theo¬ 
retical  growth  rate  >  when  Wa  10"'.  The  insta¬ 

bility  growth  time  is  comparable  to  the  collapse  time 
given  in  Eq.  (6). 

The  two  contours  which  are  off  the  i  axis  in  Fig. 

3(b),  appear  to  be  the  modulationally  unstable  waves 
studied  by  Dardwell  and  Goldman."  We  note  that  the 
beam-modes  pump  these  waves  in  a  forward  cone, 
rather  than  at  high  backward  and  forward  wave  vectors 
in  one  dimension,  as  suggested  by  Smith,  Goldstein, 
and  Papadopoulos.1”  The  forward  cone  geometry  of  the 
modulatioual  instability  is  only  transformed  into  the 
backward-forward  geometry  at  much  smaller  pump 
wavenumbers  (where  tiie  "dipole”  approximation  is 
valid),  or  much  larger  pump  energy  densities.  In  this 
limit,  another  pseudonym  for  the  modulatumal  insta¬ 
bility  becomes  appropriate;  the  "oscillating  two-stream 
instability.”3,1,1'1  Theory'  predicts  the  same  growth 
rates  for  the  modulationally  unstable  waves  as  for  the 
waves  which  have  undergone  induced  scattering.  This 
is  in  accord  with  Fig.  3d)).  The  modulationally  un¬ 
stable  waves  are  predicted*  to  occur  at  \.  -  ill', 

12)1  '  1.6 '10".  also  in  rough  agreement  with  Fig. 

3ib).  Although  this  is  the  first  time  the  forward  cone 
modulatioual  instability  has  been  found  to  be  excited 
by  a  broadband  spectrum  of  beam -driven  pump  modes, 
the  immediate  subsequent  evolution  of  the  Langmuir 
waves  appears  to  be  dominated  by  the  induced  scatter 
l decay)  instability. 

A  sequence  of  wave  packet  configurations  in  real 
space  at  this  same  time  I.  is  shown  in  Fig.  2d>).  The 
wave  packet  is  now  traveling  with  a  mean  group  velo¬ 
city  which  is  much  slower  than  before.  This  corre¬ 
sponds  to  the  lower  centroid  of  wavenumbers  it  we 
make  the  identification  r,  3( The  wave  packet 
suffers  some  distortion,  which  may  be  associated  with 
the  instabilities,  but  then  appears  intact  again  in  (he 
final  frame.  The  coherence  of  the  packet  is  rather  re¬ 
markable.  The  location  of  a  packet  in  real  space  de¬ 
pends  on  a  particular  set  of  i random)  phase  of  the 
modes  in  space,  whose  interference  pattern  pro¬ 
duces  the  real  space  packet.  The  tendency  of  the 
packet  to  slay  together  may  be  evidence  that  there  is 
no  phase  shift  associated  with  the  scattering  process. 

Subsequent  to  time  /,,  and  up  to  the  time  b,.  we  see 
a  catastrophic  collapse  [Fig.  2(c)|  until  the  length  scale 
becomes  too  small  for  the  grid.  The  collapsed  wave 
packet  continues  to  lose  momentum  until  n  appears 


nearly  stationary.  Wave  energy  is  distributed  in  a  very 
large  region  of  k  space,  including  backward  traveling 
waves,  as  shown  in  Fig.  3(c). 

From  the  example  given  here,  we  can  conclude  that 
the  collapse  of  growing  broadband  pump  waves  does  not 
occur  fast  enough  compared  with  the  secondary  param¬ 
etric  instabilities  excited.  In  fact,  the  scattering  (de¬ 
cay)  instability  seems  to  be  very  important  in  depleting 
the  pump  modes.  While  the  inclusion  of  collapse  has 
been  a  principal  motivation  for  doing  the  calculation  in 
two  dimensions,  the  scattering  instability  is  predomi¬ 
nantly  one -dimensional.  To  find  out  how  well  a  simpler 
one-dimensional  model  can  do  in  this  problem,  we  re¬ 
peat  the  simulation  in  one  dimension. 

IV.  SIMULATION  IN  ONE  DIMENSION 

For  the  same  parameters,  the  one-dimensional  cal¬ 
culation  uses  a  discrete  system  of  123  modes,  with 
three  pump  modes  and  Ak  -  k  3.  The  results  allow  a 
similar  interpretation  as  in  the  previous  case.  During 
the  linear  growth  phase,  the  pump  waves  are  enhanced 
in  amplitude,  as  shown  in  the  k  space  spectrum  m  Fig. 
4(a).  At  a  later  time,  the  k  space  spectrum  has  evol¬ 
ved  into  that  of  Fig.  4(b).  First,  we  note  that  the  pump 
modes,  instead  of  being  of  equal  amplitudes,  have  de¬ 
veloped  a  peak  on  the  lower  wavenumber  side.  Second, 
the  pump  modes  have  caused  the  amplitude  m  adjacent 
modes  to  grow.  This  is  similar  to  the  collapse-like 
broadening  also  observed  in  two  dimensions.  Finally, 
the  broad  feature  near  the  origin  of  k  space  is  appa¬ 
rent.  and  is  due  to  the  scattering  i decay)  instability  . 

At  the  time  that  the  decay  instability  becomes  pre¬ 
valent.  the  pump  modes  deplete  rapidly,  as  shown  in 
Fig.  a.  I'he  saturation  of  total  energy  is  at  about  twice 
the  level  given  in  Fig.  1  for  the  two-dimensional  case. 

Figure  tiia)  shows  the  envelope  waves  m  real  space 
at  the  time  corresponding  to  the  depletion  ol  the  pump 
waves.  Collapse  is  not  occurring  as  it  did  m  two  di¬ 
mensions  .  but  a  modulatioual  interaction1'  is 
beginning  to  produce  shorter  length  scales.  The  con¬ 
dition  for  this  process  is  IV  i(Ak\,.y  .  where  Ak  is 
the  wavenumber  spread  in  the  Langmuir  waves  and  1  is 
a  number  of  order  unity.  At  the  time  of  Fig.  6(a).  this 
inequality  is  marginally  satisfied  with  IV  -  Ox  10"  and 
(Ak\,):  ~5*  10"  1 1 lie  scattering  instability  has  broaden¬ 
ed  the  A* -space  spectrum  to  such  an  extent  that  the 
bandwidth  of  the  beam -modes  is  irrelevant).  There¬ 
fore.  the  formation  of  caverns  is  energetically  pos¬ 
sible.  Still,  we  expect  the  t  ransler  ot  energy  to  short 
wavelengths  to  proceed  rather  slowly  since  the  condi¬ 
tion  tortlie  modulatioual  instability  is  only  marginally 
satisfied.  At  a  much  later  time,  solnon-like  struc¬ 
tures  have  formed  as  in  Fig.  6(b). 

Is  the  rapid  depletion  ol  the  pump  truly  due  to  the 
scattering  i decay)  instability  ot  the  1  angmuir  pump 
waves?  One  way  to  approach  this  question  is  to  use  a 
version  ot  the  wave  equations  v  1 )  and  i2)  which  assures 
that  no  momentum  be  lost  to  the  ions.  A  nonlinear 
Schrddinger  equation. 

(-  ,/•:  *  1 1 •  v2/-:  •  /.  '/-.  o  .  i hi 
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FIG.  4.  Electric  field  amplitude  in  k  space  during  the  one- 
dimensionnJ  simulation  at  times  (a)  T=4.f>yl06  f  showing 
the  enhancement  of  the  pump  modes,  and  tb)  T-  0.7  >  10e  a?^1 , 
showing  many  of  the  same  features  seen  in  Fig.  3(b)  The 
amplitudes  of  fit)  wave  modes  centered  at  zero  are  shown.  The 
largest  wavenumber  kx  is  0.025  A'1 . 


is  obtained  from  Eqs.  (1)  and  (2)  by  neglecting  the  time 
derivatives  in  the  ion  mode  equation  (the  adiabatic  ap¬ 
proximation),  and  therefore  it  excludes  the  scattering 
(decay)  instability.  Analytic  work6,11  on  direct  collapse 
has  been  in  the  context  of  this  equation.  By  solving  Eq. 
(8)  in  one  dimension  for  our  choice  of  parameters  at 
0.5  a.u.,  we  find  that  with  the  transfer  of  energy  from 
pump  modes  into  neighboring  k -space  modes,  the  pump 
energy  saturates,  but  does  not  deplete  (see  Fig.  7). 


T,ME  (uj"p«*lo6) 


FIG.  5.  Energy  density  in  the  pump  resonant  modes,  b')p> 
and  total  energy  density  OF)  during  the  one-dimensional  simu¬ 
lation. 


FIG.  *».  Electric  field  amplitude  in  real  space  during  the  one 
dimensional  stimulation  at  times  < a )  f  li.ftyll)1  vC"1  and  do  T 
-  9.  9 y  1  o'  spanning  several  beam  growth  time  scales,  ba¬ 
bels  are  in  the  dimensionless  units  \f\,  [\  1  In  dimt  nsional 
units,  x  -  100  corresponds  to  4500  \tf  . 
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Fir,.  7.  Knergv  density  in  the  pump  resonant  modes,  (If)*,, 
and  total  energy  density  H>  during  a  one-dimensional  simu¬ 
lation  using  1-7*1  •  tsl  instead  of  Ktjs.  'll  and  t-i. 

Therefore,  the  depletion  of  the  pump  modes  must  be 
associated  with  the  scattering  t decay)  instability. 

V.  DISCUSSION 

Tiie  interpretation  of  the  role  of  parametric  instabi¬ 
lity  given  here  derives  from  more  detailed  two-dimen¬ 
sional  numerical  simulations  than  were  previously 
available,  and  is  reinforced  by  a  direct  comparison  of 
one-  and  two-dimensional  models.  As  was  explicit!}' 
pointed  out,  the  earlier  two-dimensional  models8  of 
direct  collapse  were  limited  by  the  eventual  break¬ 
down  of  energy  conservation;  the  loss  of  energy  in  the 
system  was  attributed  to  the  loss  of  wave  energy  into 
parts  of  the  grid  where  it  was  subtracted  by  aliasing.'1'1 
Those  runs  were  also  done  on  a  32*32  grid.  A  more 
efficient  algorithm  now  available  enables  the  more  ac¬ 
curate  ^smaller  time  step)  simulation  on  a  64*64  grid 
presented  here.  The  results  are  very  similar  up  to  the 
point  where  the  earlier  runs  become  limited  by  numer¬ 
ical  errors.  Our  present  simulations  are  not  limited 
by  the  accumulation  of  errors,  but  the  finite  number  of 
modes  available  in  the  grid.  Collapse  does  not  pro¬ 
ceed  past  the  last  frame  in  Fig.  2(c),  because  it  has  al¬ 
ready  reached  the  size  of  the  grid  spacing.  However, 
there  are  no  evident  losses  in  energy.  Because  of  these 
these  facts,  the  simulation  in  this  paper  must  have 
more  value  in  interpreting  the  wave  behavior  at  later 
times  when  collapse,  scattering  instability,  and  nu¬ 
merical  limitations  occur  in  short  order.  In  particular, 
we  can  now  conclude  that  the  distortion  of  a  wave  packet 
such  as  seen  in  Fig.  2(b)  is  due  tu  the  scattering  t decay) 
instability,  and  not  a  change  m  the  physics  of  direct 
collapse  due  to  an  artificial  numerical  damping. 

Our  interpretation  is  also  facilitated  by  the  choice 
of  Afc,  -  (1  2)AJt'y.  This  is  about  half  the  bandwidth  of 
the  previous  work.8  and  is  designed  to  model  the  beam 
unstable  modes  more  accurately.  As  it  turns  out.  t ho 
evolution  of  the  pump  modes  experiences  a  more  pro¬ 
longed  "saturation."  as  exhibited  by  t he  plateau  of 
TV  ,  m  Fig.  1.  in  comparison  with  the  case  At",  Ai.'v. 


studied  pi  e\  luusi;,  .  litis  enables  the  i.ieul  it  ivat 
ut  a  saturation  and  depletion  phase  as  a  distinct  physi¬ 
cal  process.  Nonetheless .  it  appears  that  the  inhibi¬ 
tion  ut  direct  collapse  and  the  final  level  ot  total  ener¬ 
gy  saturation  are  not  sensitive  to  the  bandwidth  ul  the 
pump.  (We  have  verified  tins  lor  the  case  previously 
studied.8  m  which  At,-  A/.’v  -  k„  6.1 

Although  the  one-dimensional  model  was  adequate  to 
describe  the  decay  instability  and  the  subsequent  deple¬ 
tion  of  the  pump  waves,  the  behavior  during  the  "col¬ 
lapse"  is  markedly  different  lrum  the  two-dimensional 
model.  For  example,  the  localized  structures  appear¬ 
ing  in  Fig.  6  slowly  steepen  on  the  time  scale  ui  the 
beam  growth,  involving  some  10'  plasma  periods.  The 
two-dimensional  collapse  shown  in  Fig.  2  c)  is  much 
taster  in  comparison,  occurring  in  10'  plasma  periods. 
The  problem  with  the  one -dimensional  calculation  is 
that  u  allows  wave  packets  to  evolve  into  "sohlotis." 
Solilons  are  exact  solutions  to  the  wave  equation  with 
the  form 

li  -  pi  —  t*)‘  2|12-,  x  sech  exp[i(Av  -  w ./ )  | . 

\  -  (k'i  -  wo)  .  l'=2Ag.  1.9) 

For  instance,  with  the  chjice  ol  \  \  -  0.37  and  r_  0. 
this  solution  describes  the  central  spike  in  Fig.  6< b } 
very  well.  These  one-dimensional  solnon  solutions 
are  not  physical,  because  they  are  not  stable  in  higher 
dimensions.1'"’  :  They  continue  to  steepen  here  be¬ 
cause  energy  is  being  added  to  the  system  by  means 
of  the  beam  instability.  The  time  scale  for  their  evo¬ 
lution  is  related  to  the  beam  growth  rale  i  by 

t"  IV',  ;ir  ■■'•>  ,  >10) 

where  If  t  is  the  energy  in  the  pump  modes,  and  If 
is  l tie  total  energy  in  the  soliton.  This  time  is  longer 
than  the  collapse  time  scale  given  by  Eq.  (6)  and  de- 
m<)”st rated  by  the  two-dimensional  simulation.  There¬ 
fore.  beyond  the  depletion  of  the  pump  by  the  scatter¬ 
ing  instability,  the  one-dimensional  calculation  be¬ 
comes  physically  inaccurate.  A  two-  or  three-dimen¬ 
sional  model  is  necessary  to  include  the  dissipation 
of  energy  through  Landau  damping  ol  collapsing  waves. 
Such  a  process  may  lie  relevant  to  the  establishment 
of  a  fully  developed  turbulent  stale. 


The  twe  -dimensional  simulation  described  here  have 
also  been  done  with  a  background  magnetic  held.’’"' 
The  magnetic  field  cannot  justify  a  one-dimensional 
treatment  because  it  does  not  prevent  collapse  trans¬ 
verse  to  the  field.''  However,  up  to  the  point  when 
collapse  occurs,  the  magnetic  simulations  appear  al¬ 
most  one-diniciisiona',  because  ot  the  ettect  on  the 
collapse  time  and  on  t tic  scattering  instability.'''"  In 
tins  problem,  there  can  be  magnetic  eltecls  even  when 
the  electron  cyclotron  frequency  is  as  small  as 
0.01  a’w.  which  is  a  realistic  value  at  0.5  a.u.  For 
0.03  Hie  saturation  level  ol  electrostatic 
energy  is  similar  n>  the  one-dtmcnsional  value. 

VI.  EFFECTS  ON  TYPE  III  EMISSION 


The  tact  that  scattering  ot  iv.im -modes  into  a  low  -T 
condensate  piecedes  collapse  may  have  important 
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waves. 


Fust,  we  note  that  the  beam -driven  modes  are  re¬ 
mote  from  the  condensate,  and  the  rate  of  injection  of 
energy  into  the  condensate  is,  therefore,  very  slow 
once  the  beam  modes  are  depleted.  In  fact,  the  region 
of  A’  space  where  the  scattered  waves  accumulate  is  the 
negative  slope  region  of  a  realistic  type  111  burst  bump- 
on-tail  beam.  In  this  region  the  beam  should  absorb 
Langmuir  waves  rather  than  emit  them. 

Second,  the  waves  at  the  plasma  frequency  cannot 
remain  predominantly  electrostatic,  unless  the  spread 
m  wavenumber  aA’  is  much  less  than  A'0,  the  mean 
wavenumber.1  Since  this  is  not  the  case  for  the  con¬ 
densate,  a  large  electromagnetic  component  near 
may  develop.  Such  a  mechanism  could  be  responsible 
for  type  III  burst  emission  near  the  plasma  frequency. 

Third.  calculations111'12  ,JI'  of  electromagnetic  emis¬ 
sion  which  involve  beam  parameters  must  be  viewed 
critically  if  collapsing  wave  packets  are  decoupled 
from  the  beam  as  a  result  of  their  low  group  velocity. 
For  example.  Hafizi  and  Goldman,12  taking  as  their 
premise  the  earlier  work'"1'10  on  direct  collapse,  rep¬ 
resent  the  electric  field  by  a  scalar  function  <?(>-, f). 
by  writing 

£(>'./)  ~A',p(>\/)exp(/k0  •  r)  .  ill) 

This  requires  that  the  spatial  variation  of  o  be  small 
compared  with  the  phase  term.  If  wavenumbers  tend 
to  zero  as  a  result  of  decay  and  modulational  process¬ 
es  before  the  collapse  occurs,  then  not  only  does  the 
use  of  the  beam  resonant  wavenumber  A1.,  seem  inap¬ 
propriate,  but  the  electrostatic  approximation  breaks 
down,  and  the  use  of  a  scalar  field  cannot  be  justified 
directly.  We  do  not  know  how  these  changes  will 
affect  the  results  of  the  emission  calculation. 

Finally,  it  is  possible  that  the  background  solar 
magnetic  fmld  plays  a  prominent  role  during  the  early 
time  evolution  of  the  condensate.  This  is  because,  at 
such  low  wavenumbers,  magnetic  dispersion  is  much 
larger  than  thermal  dispersion  in  the  Langmuir  wave 
dispersion  relation,  even  for  the  very  weak  solar 
magnetic  field  at  0.5  a.u. 

All  of  these  effects  are  currently  under  study. 


VII.  COMPARISONS  WITH  OTHER  MODELS  OF 
"STRONG"  LANGMUIR  TURBULENCE  IN  TYPE  III 
BURSTS 

Smith  and  his  co-workers1'"’’17  have  studied  the  type 
III  problem  in  one  dimension,  extensively.  Their  ap¬ 
proach  is  to  use  phenomenological  rate  equations  for 
the  average  spectral  energy  density  IV,  in  one-dimen- 
sional  k  space.  This  is  different  from  our  method  of 
solving  the  Zakharov  equations.  In  both  cases  the 
saturated  energy  density  in  Langmuir  waves  occurs  at 
similar  levels.  'IV)  -  10’1,  despite  the  difference  in 
parameters,  spectral  shapes,  and  physical  mechan¬ 
isms.  This  may  oe  the  results  of  comparable  roles  of 
parametric  instability  on  the  evolution  of  the  pump 


In  the  work  of  Smith  cl  '  the  following  jihysical 

processes  are  represented  by  rates  in  one  dimension: 
growth  of  beam  modes  by  a  beam  distribution  based  on 
in  situ  observations  at  1  a.u.,  the  oscillating  two- 
stream  instability,  anomalous  absorption  of  Langmuir 
waves  by  ion  density  fluctuations,  and  Landau  damping 
by  solar  wind  electrons. 

An  example  of  a  type  III  burst  simulation  at  0.5  a.u. 
is  given  m  Figs.  4ja)-ic)  of  Ref.  17,  although  the  value 
of  beam  number  density  is  n,  n-  5X10"",  which  is 
much  larger  than  our  choice  of  >/,  n-  10~J.  (Generally, 
their  values  of  »,  n  are  5  to  100  times  larger  than 
ours.)  The  beam  resonant  modes  grow  up  around  k-p , 
-0.01,  and  have  a  width  AA'  A--,  of  about  10',  .  When  the 
energy  density  (IV  ,  exceeds  3X10'\  there  is  a  transfer 
to  higher  wavenumbers  (more  than  five  times  larger 
than  the  pump  wavenumber)  by  the  oscillating  two- 
stream  instability.  This  spectrum  is  stabilized  by 
anomalous  absorption  of  Langmuir  waves  due  to  ion 
density  fluctuations,  and  Landau  damping  by  solar  wind 
electrons. 

We  have  the  following  comments  regarding  these 
results: 

(1)  The  induced  scatter  off  ions,  or  decay  instability, 
which  we  find  dominates  the  early  time  evolution  of 
Langmuir  waves,  is  explicitly  neglected.  This  neglect 
is  based  on  an  estimate  (Ref.  16.  p.  354)  for  the 
threshold  of  the  decay  instability.  Nonetheless,  out- 
numerical  experiments  in  one  and  two  dimensions  of 
the  beam-driven  Zakharov  equations  consistently  sup¬ 
port  the  appearance  of  this  instability,  and  at  the  same 
time  do  not  exclude  n  priori  oscillating  two-stream  in¬ 
stabilities  [see,  for  example,  our  Fig.  3(b)]  and  the 
associated  explanation].  This  discrepancy  in  the  nature 
of  the  parametric  instability  has  been  addressed  over  a 
period  of  many  years  by  both  groujis  } ,J  ,u We  be¬ 
lieve  that  the  decay  instability  occurs  for  relatively 
weak  beams  (nb  n  •  10 "“)  and  low  pump  wave  energy. 

The  dipole  limit  of  the  oscillating  two-stream  insta¬ 
bility  seems  to  be  appropriate  only  for  strongly  pumped 
waves. 

To  some  extent,  the  saturation  of  the  beam  driven 
waves  does  not  appear  to  be  sensitive  to  the  nat  •  ot 
these  instabilities.  It  turns  out  that  the  threshold  used 
for  the  oscillating  two-stream  instability  is  of  the 
same  order  as  the  threshold  we  observe  for  the  decay 
instability.  The  transfer  of  energy  out  of  the  beam 
modes  when  W;, - 3 x  10"  is  common  to  both  models. 
The  difference  is  that  while  the  oscillating  two-stream 
instability  transfers  energy  directly  to  larger  wave- 
numbers,  the  decay  instability  precipitates  the  forma¬ 
tion  of  a  condensate,  which  then  collapses  to  produce 
large  wavenumbers.  Although  it  may  appear  Dial  after 
the  condensate  forms  at  early  times  the  two  models 
effectively  approach  the  same  state,  we  are  concerned 
that  the  following  differences  between  the  oscillating 
two-stream  instability  and  the  collapse  of  the  conden¬ 
sate  may  lie  important;  first  i  ecause  of  the  momen¬ 
tum  transfer  to  ions  or  imi-ac  -tic  quasimodes,  the 
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cutuieiisale  has  zero  momentum,  not  the  momentum  ot 
the  beam  modes,  second,  the  beam  modes  are  driven 
locally,  whereas  the  condensate  is  driven  nonlocally 
(m  fc  space). 

(, 2 )  We  have  shown  the  limitation  of  a  one-dimensional 
treatment  of  the  condensate,  and  found  the  time  scale 
for  k -space  broadening  to  be  characteristic  of  the 
beam  growth  rate.  This  is  an  order  of  magnitude 
slower  than  the  evolution  of  the  condensate  which  we 
observe  in  two  dimensions  and  associate  with  Lang¬ 
muir  collapse  m  real  space.  This  limitation  of  a  one- 
dimensional  treatment  has  been  recognized  by  other 
workers31'"';  the  usefulness  of  one-dimensional  simu¬ 
lation  has  nonetheless  been  demonstrated  in  some 
cases,  particularly  for  strongly  pumped  turbulence. 

For  the  example  in  this  paper,  the  one-dimensional 
treatment  is  adequate  only  for  the  initial  stages  of  the 
wave  evolution. 

(3)  Smith  c/  nl ,u  are  able  to  fully  stabilize  the  beam 
instability  by  a  combination  of  anomalous  absorption 
and  Landau  damping,  after  the  Langmuir  spectrum 
has  spread  to  higher  wavenumbers.  Our  calculations 
are  stopped  at  much  lower  wavenumbers  because  of 
expected  inaccuracies  in  the  numerical  technique  (even 
with  the  improvements  that  have  been  built  into  the 
present  codes).  Thus,  we  have  only  studied  the  early, 
and  perhaps  transient,  phase  of  what  may  or  may  not 
be  an  eventual  steady  state.  Landau  damping  at  large 
wavenumbers,  not  included  tn  our  code,  will  undoubt¬ 
edly  play  an  important  role.  We  point  out  that  the 
anomalous  absorption  considered  by  Smith  <■/  nl .  is 
fully  contained  in  the  Zakharov  equations  with  no  addi¬ 
tional  terms  needed.  In  fact,  it  is  possible  to  derive 
the  anomalous  absorption  term  formally  from  the  Zak¬ 
harov  equations  by  assuming  that  there  exists  a  mean 
Langmuir  field  and  ion  density  which  are  coherent  over 
long  times  and  distances,  and  by  averaging  over  short 
wavelength,  fast  fluctuations. 

(4)  The  kind  of  coherence  that  we  find  to  be  occurring 
in  Langmuir  wave  packet  collapse,  and  even  in  the 
scattering  (decay)  instability,  cannot  be  found  with  a 
statistical  theory,  and  may  not  be  consistent  with 
assumptions  such  as  the  random  phase  approximation. 
Real  space  wave  packets  cannot  be  constructed  without 
phase  information,  nor  can  collapse  be  inferred  unam¬ 
biguously  from  the  spectral  information  yielded  by  a 
statistical  theory.  We  therefore  believe  there  is  par¬ 
ticular  value  in  performing  the  kind  of  detailed  analysis 
of  the  dynamical  wave  equations  studied  in  this  paper. 

The  most  relevant  systematic  statistical  treatment 
to  date  is  that  of  DuBois  and  Rose,33,34  who  apply  the 
direct  interaction  approximation  directly  to  the  one- 
dimensional  Zakharov  equations,  and  address  problems 
such  as  the  self-consistent  renormalizations  of  re¬ 
sponse  functions  and  correlation  functions,  closure 
(the  handling  of  higher  order  correlation  functions), 
intermittency ,  and  the  existence  of  mean  fields.  They 
stress  the  importance  of  the  behavior  of  a  zero  wave- 
number  condensate,  and  show  that  only  a  fully  renor¬ 
malized  statistical  theory  can  treat  the  highly  nonlinear 
behavior  of  the  condensate. 


We  would  like  to  acknowledge  helplul  conversations 
Witti  D.  F.  Smith  and  D.  F.  Duiiois. 

This  work  was  supported  by  the  National  Aeronautics  and 
Space  Administration  Grant  No.  NAGW-91.  the  Air  Force 
Office  of  Scient  lfic  Research  Grant  No.  80-0022,  and  by  the 
National  Science  Foundation.  Atmospheric  Sciences 
Section  Grant  No.  7916837  of  the  University  ol  Colorado. 
The  work  of  D.R.N.  was  supported  by  the  National 
Science  Foundation,  Atmospheric  Research  Section 
Grant  No.  ATM76-22487  and  Grant  No.  ATM79-18778. 
and  by  the  United  Stales  Department  ot  Energy  Grant 
No.  EY -76-5-02  -2059.  Computer  time  tor  this  re¬ 
search  was  provided  by  the  National  Center  lor  At¬ 
mospheric  Research  (supported  by  the  Nat  tonal  Science 
Foundation). 

'S.  A.  Kaplan  and  V.  N.  Tvstovich,  A.-t,  <n  /h.  44,  lira, 
,1967l(Sov.  Astron. -A.  •).  11.  956  <  1  96-t  ] ;  V.  V.  Xhclcztn.,- 
kov  and  V.  G.  Znitzev.  Astron.  Zh.  45.  1 11  , 1  96-t (Sov.  As- 
tron.  -A  ,1.  14.  IT  ,197(0]. 

V.  Bardwell  and  M.  V.  Goldman.  Astrophvs.  .) .  209,  912 
,1971)1. 

K.  Nishiknua,  J.  I ’lies.  s,x-.  Ipn.  24.  iijn.  1152  ,190-o. 

*K.  Papadopoulos.  M.  L.  Goldstein,  and  K.  A.  Smith,  Astro- 
phys.  J.  190,  ITT,  11974). 

V.  F.  Zakharov,  Zh.  Kksp,  Teor.  Fiz  62.  171.',  ,1  972, 

(Sov.  Phys.  -J FTP  35,  tills  ,  1972) |. 

M.  Y.  Goldman  and  1).  It.  Nicholson,  Pins.  Rev.  Kelt.  41. 
406  1 1 97  s) . 

A.  A.  GaJeov,  ](.  /,.  Sagdeev.  Y.  S.  Sigov,  V.  I).  Shapn  ,. 
and  V.  I.  Shevchenko.  Fiz.  Plazmvl,  In  ,  197ailSov.  t.  Plas 
ma  Phys.  1.  T>  ,  19751 1. 

?D.  R.  Nicholson.  M.  Y.  Goldman,  IV  Rovng.  and  .1  Wen- 
Ihernll,  Astrophvs.  J.  223,  605  1 197-1. 

“D.  F.  Smith  and  I).  R.  Nicholson,  in  H'rrtc  hisln''ilift,  s  in 
Space  Plasmas  ill.  Reidel,  Dordrecht.  1979',  p.  225. 

,r,M.  V.  Goldman.  G.  F.  Reiter,  and  1).  R.  Nicholson.  Piles. 
Fluids  23,  30k  i]9h(1). 

nM,  Y.  Goldman,  K.  Rvpdal,  and  B.  Hafizi,  Phys.  Fluids 
23.  945  (1980). 

,3B.  Hafizi  and  M.  V.  Goldman,  Phys.  Fluids  24.  11.7  i19s]i 
,3D.  R.  Nicholson  and  M.  Y.  Goldman,  Phvs.  Fluids  21,  176,. 
(1978). 

,4M.  V.  Goldman,  J.  Weathorall,  and  D.  R.  Nicholson,  Phys. 
Fluids  24,  lifik  (19*1). 

i5A.  A.  Galeev,  R.  Z.  Sngdeev.  V.  D.  Shapiro,  and  Y.  I. 
Shevchenko,  Zh.  Eksp.  Teor  Fiz.  73.  1:152  (1977,  (Sov. 

Phvs.  -JETP  46,  711  |197,)i. 

,r'R.  A.  Smith,  M.  I,.  Goldstein,  and  K.  Papadopoulos .  Solar 
Phys.  46.  515  (1976):  Astrophvs.  .1.  234,  34s  ,19791. 

1rM.  L.  Goldstein,  R.  A.  Smith,  and  K.  Papadopoulos .  As- 
trophys.  J.  234,  C,s:|  ,1979). 

'"A.  .1.  Chorin,  .1.  Fluid  Meoh  57,  7k5  ,197:1, . 

1;,N.  Pereira,  R.  Sudan,  and  ,1.  Denned  ,  Phvs.  Fluids  20.  930 
11977). 

"G .  R.  Magelssen  and  D.  F.  Smith.  Solar  Phvs.  3H,  20.7 
11977). 

’A.  A.  Vedcnov.  and  !,.  1.  Rudukov,  Dot,.  Akad.  Nauk  SSSR 
159.  767  il965)[Sov.  IMivs.-Dokl.  9.  1073  ,i:i65i(. 

1,.  I.  Rudakov  and  Y.  N.  Tsvtovidi,  Plus.  Reports  C40.  1 
1 197k). 

S.  A.  Orszag,  Phvs.  Fluids  Suppl.  12,  It  .17.ii  iluotn. 

A'.  F.  Zakharov  and  A.  M.  Ruiicnchik,  /.li.  Kksp.  Teor.  Fiz. 
«5,  997  il97:tl(Sov.  Phvs.  -,1  FTP  38,  191,197.01. 

G.  Schmidt ,  Phys.  Rev.  Lett.  34.  731  ,1977,1. 

Wcathcratl,  Pli.  D.  tiicsis,  Fniversiiv  ol  Colorado  <  1  9s,,,. 


400 


Phys.  Fluids,  Vol.  25,  No.  2.  February  1982 


Hafiz, a/ 


400 


>7V.  V.  Krasnosel’skikh  and  V.  1.  Sotnikov,  Fiz.  Plazmy  3, 
872  (1977)  [Sov.  J.  Plasma  Phys.  3,  491  il 977)  1. 

?8H.  F.  Freund  and  K.  Papadopoulos ,  Phys.  Fluids  23,  139 
(1980). 

:9J.  Weatherall.  D.  R.  Nicholson,  and  M.  V.  Goldman,  As- 
trophys.  J.  246,  306  (1 981). 

ilK.  Papadopoulos  and  H.  P.  Freund,  Geophvs.  Res.  Lett. 
5,  881  (1978). 


3,H.  L.  Rowland,  J.  G.  Lyon,  and  K.  Papadopoulos ,  Phys. 
Rev.  Lett.  46,  346  (19H1). 

32L.  M.  Degtyarev,  R.  /..  Sagdeev,  G.  I.  Solov'ev,  V.  I). 
Shapiro,  and  V.  I.  Shevchenko,  Fiz.  Plasmy  6,  485  (1980) 
[Sov.  J.  Plasma  Phys.  6,  263  «1980)|. 

3iD.  F.  PuBois  and  H.  A.  Rose  (to  be  published). 

34P.  F.  PuBois,  H.  A.  Rose,  and  M.  V.  Goldman,  J.  Phys. 
Suppl.  (Paris)  C7-601  (1979). 


401 


Phys.  Fluids.  Vol.  25,  No.  2,  February  1982 


Mafi/i  ct  i)l 


401 


APPENDIX  G 


G.  "Nonlinear  Evolution  Equations,  Recurrence,  and 
Stochasticity" 


B.  Hafizi 

Physics  of  Fluids  2_4,  1976-1988  (1981) 


PF  12307 


* 


Nonlinear  evolution  equations,  recurrence 
and  stochasticity 

B.  Hafizi 

Department  of  Astro-Geophysics,  University  of  Colorado, 
Boulder,  Colorado  80309 


(Received  February  2,  1981) 
Revised  May  1981 


Perturbative,  spatial ly- per iodic  solutions  of  the  Kortewcg-deVr i  i  s  , 
the  modified  Korteweg-deVries ,  and  the  nonlinear  Schrodinqer 
equations  are  shown  to  be  recurrent  and  non-stochast.ic ,  densely 
covering  parts  of  the  phase-space  bounded  by  level  surfaces  of  the 
constants  of  motion.  The  connection  of  this  result  with  the  nu.v  i- 
ical  phenomena  of  recurrences  and  the  slow  randomization  of 
nonlinear  systems  is  discussed. 


INTRODUCTION 


I  . 

The  nonlinear  Sehrddinqor  and  t  he  modi  f  j  od  r'ortewoq-dcV 

equations  describe1  a  r.umner  of  physical  »•:  icets  in  the  rcuc" 

where  the  linear  approximation  to  collective  dist  ui  banco:;  ca 

to  be  valid. ^  For  examp 1  *,  these  equations  have  been  dot  i w 

studies  of  the  modulntional  instability  and  propagation  of 

2  3 

magnetic  waves  in  cold,  -o 1 1 is i on- f reo  plasmas,  '  and  1  hi 
modulat ional  instability  ol  Langmuir  waves  in  warm,  collie;, 

4 

plasmas.  The  importance  o;  these  (and  certain  other)  '■neat 

is  not  only  their  ubiquity  but  also  the  fact  that  they  are 

\  r 

solvable  by  the  method  of  the  inverse  scattering  problem. ' ' 
basically,  the  Cauchy  problem  for  tin  so  equations  is  solved 
the  class  of  rapidlv  decreasing  functions  (on  the  real  line) 
by  means  of  the  scattering  theory  of  an  auxiliary  linear  cv 
An  equation  of  the  form 


where  S  is  a  nonlinear  operator,  can  be  solv  d  provided  it  a 
the  "Lax  representation" 


.-tL  =  i[l,,A] 

for  some  operator,  A.  Here  [•,-)  denotes  (he  usual  comma t 
For  the  non  linear  dchrodinger  equation, 

2  ,2 

1  '  t U  +  'x  +  "  ■  u '  ~  fl  '  (lor  romp’u  x  u) 


the  operators  ar 
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where  K  =  2/ (l-p^)  . 

For  the  modified  Korteweg-deVries  equation 
2  3 

3  u  +  6u  '»  n  +  •  u  0  ,  (for  real  u) 

t  x  x 
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the  operators  are 
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_ 

1 

X  X 

0 

3 (u"t i 3  u) 

3 (u‘  -i  ■  u)  0 

V 

0  3(u2+ir>xu) 


It  is  natural  to  consider  the  eigenvalue  problem 
L ,  =  X  i>  , 


where  p  is  an  oiqenveetoi  belonging  to  the  eigenvalue  ' 
one  insists  that  the  • ime  evolution  of  /  be  governed  by 


i  3 1 1  =  A  p  , 


it  is  readily  shown  that  the  spectrum  of  the  operator  L  do 
not  vary  with  time.  It  is  then  possible  to  reconstruct  th 
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operator  L  (and  hence  the  solution  u(x,t)  appearing  in  L(  fro-, 
its  spectrum  by  we  1  1  -  known  mt  ;  hod  re*  using  only  the  .syinntc  i  e 
behavior  of  its  oiqenvoetoi  s .  The  crucial  point  hi  re'  is  that, 
for  rapidly  decreasing  funct  ions  u  ( >: ,  t )  (as  |  x !— -  *  )  ,  the  spat  i  i 
and  temporal  bohuvioi  of  for  lurqe  • x >  is  independent  of  the 
desired  function  u(x,t).  'inis  method  has  been  used  to  invent  i- 
qate  the  time-asympt  ■  d  i  c  fehavior  of  sol  ut  ions  of  Eqs.  (1)  uni 
(2)  and  also  some  import  ,mt  particular  relations  don  ct  iLi  nq  •  i> 
interaction  of  a  finite  number  of  sol  .i  ton t,  the  mul  ti-soi  it.. ... 
solutions . 

In  a  number  of  cases,  the  solutions  of  Eqs .  (1)  and  (2) 

under  spatial  ly-porio.iio  boundary  conditions  are  required.  This 
a  larqe  number  of  very  int  crest  i  no  and  i  }  laminating  comout  a  t._  i  on. 
studies,  whore  the  use  of  periodic  boundary  conditions  is 
natural,  have  revealed  that  the  propaqat.ion  of  I.anqmuir  wav-u. 
in  plasmas,  etc.,  have  an  apparently  recurrent  temporal  behavior 
An  example  of  tins  levuiront  behavior  for  the  case  of  Larrnnuir 
waves  is  present *  d  in  dec.  r l  of  the  present  paper.  One  would 
naturally  like  to  study  this  process  in  croer  to  under st  and  >h  • 
underlying  median  ism  ( s)  .  In  attempting  to  examine  this  uhenomon 
one  finds  that  the  power  of  the  inverse  scattering  method  a  r.  b 
for  functions  u(x,t)  periodic  in  x.J'10-12  However,  there  navv 
been  some  interest i  in;  studies  for  this  case,  toe.  Such  studies 
have  been  concerned  with  certain  exact  analytical  solutions  the' 
are  the  analogs  of  the  mu 1 1 i - so  1 i ton  solutions  in  the  case  o' 
rapidly  decreasing  f  unctions . 10 ' 1  1  '  1  J  in  fact.,  the  problem  tur- 
out  to  be  similar  t  '  th  it  in  the  b  in  i  thuor,  of  solid:..  Thus, 


1 


± 


any  instant  in  time,  the  operator  T.  is  a  function  of  u(x) ,  which 
in  turn  is  a  periodic  function  of  \.  The  spectrum  of  1.  i  s  t  her. 
characterized  by  the  presence  of  allowed  and  forbidden  "one:;, 
with  eigenvectors  of  the  Bloch  teem.  For  the  Korteweg-deVr ies 
equation, 

•’  u  +  6u3  u  +  •  3u  -  0  ,  (for  real  u) 

t.  XX 

for  example,  which  describes  nonlinear  magnetohydrodynamic  wavc-s 

1 4 

in  warm,  collisionless  plasmas,  t.  is  the  usual  Sturm-Liouvi !  ; 

2  8 

operator,  +  u(x,t).  It  has  been  shown  that  the  analon  o: 

the  n-soliton  (mu  1 1.  i-sol  iton )  solution  is  the  manifold  of 
solutions  u(x),  such  that  the  spectrum  of  I,  has  exactly  n  forb,dd  n 
zones.13  further,  it  lias  been  shown  that  the  dynamical  bohavi;  . 
of  these  special  solutions  is  almost-periodic  in  time.  (For  the 
definition  of  an  almost-periodic  function,  see  Eq.  (19).)  The 
special  nature  of  these  solutions  is  made  apparent  by  noting  th  it 
a  typical  periodic  function  u(x)  has  infinitely  many  bard-gaps. 
Further,  the  stability  of  these  special  solutions  to  small 
perturbations  has  not  been  considered. 

Our  investigation  of  the  nonlinear  Schrodinger  and  of  tin; 
modified  Korteweg-deVr  i  e«;  equations  was  motivated  by  the  desire 
to  understand  the  anomalously  slow  r  andomization  of  one-dimens  i  or.. 

nonlinear  systems,  originally  studied  by  Fermi,  Pasta,  and 
Ulam. ^ ' 1  ’ ' 1 &  It  is  observed  numerically  that  a  given  distr ibut l <  ■ 
of  energy  amongst  the  modes  for  cither  the  nonlinear  Schrodinger 
equation,  the  modified  Korteweg-deVr ies  equation,  or  an  enharmonic 
lattice  periodically  recurs  wi<-h  apparently  little  thermnli  x.d  i  on 
(or  equ  i  1  i  br  i  at  ii -n  )  . 
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The  slow  randomization  of  nonlinear  systems  has  also  been 

examined  from  a  dilfrent  point  o;  viow.  ^  This  is  based  on 

the  rigorous  pci  tui  lut  ion  themeni  ot  ho  lmogoroL  i  ,  Ai  no1  M, 

1  8 

and  Moser.  According  to  this  theorem,  under  certain 
circumstances  (Hamiltonian)  perturbations  of  a  Hamiltonian  svst 
merely  lead  to  a  distortion  of  t  he  linear-solution  manifolds, 
thus  retaining  the  a] n ost-per iodic  character  of  the  linear 
solutions . 

Our  purpose  here  is  to  present  an  approximate  solution  o: 
the  nonlinear  Schrodinger  and  of  the  modified  Kor teweg-deVr i er 
equations  in  the  spirit  of  the  Kolmoqorof f -Arnol ' d-Mosor  theorc 
It  turns  out  that  the  mode-mode  interactions  are  such  that  the 
Kolmogorof f-Arnol ' d-Mosor  theorem  cannot  guarantee  the  prose  re < 
of  the  linear  manifolds;  in  fact,  our  perturbation  solution 
shows  this.  Even  so,  the  (approximate)  solutions  turn  out  to  . 
ulmost-periodic  in  time.  The  almost-periodicity  of  the 
solutions  was  suggested  by  the  numerical  solutions  of  the  non¬ 
linear  Schrodinger  equation,  described  in  this  paper. 

According  to  a  well-known  theorem  of  Liouvil lo, 1 ^  a 
Hami 1 tonian  system  of  N  degrees  of  t  njedom  and  N  commutina 
integrals  of  motion  is  completely  ini eg  ruble ,  thus  tllowino 
separation  cl  variables  and  introduction  of  action-angle 
variables.  This  rules  out  the  possibility  of  complete  random i - 
zation.  When  the  number  of  degrees  of  freedom  is  not  fir.it  <  , 
the  existence  of  (an  "equal"  number  of)  constants  of  motion 
is  necessary  but  not  sufficient  for  integrabi 1 i ty .  For  the 
class  of  rapidly  decreasing  functions,  both  the  Kortcweg-deVr m 
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and  the  nonlinear  Schrodinqer  equations  have  been  shown  to  be 

integrable  by  expl ic 1 1  i  ranslormations  to  action-anqlo  variauii  s 

2  0  2  ] 

furnished  by  the  scattering  data  of  the  inverse  method.  ' 

However,  the  non-inteqrabi 1 ity  of  a  very  general  version  of  the 

nonlinear  Schrodinqer  equation  for  periodic  functions  u(x,t) 

has  already  been  sugqested  using  the  supcrconvergent  method 

~>2 

proposed  by  Kolmogoroff. 

Attention  must  be  drawn  to  the  following.  The  discovery 

of  solitons  in  one  of  the  early  computations  of  the  Kortcweo- i. V 
9 

equation  has  led  some  to  believe  that  the  recurrence  phenomenon 
observed  there  is  due  to  the  solitons,  which  interact  elastics;] 
It  must  be  noted  that  this  is  not  so.  In  fact,  it  has  been 
conjectured  by  Lax^  that  all  spatia  11  y-per  iodic  solutions  of 
the  Korteweg-deVries  equation  iiave  recurrent  behavior.  This  h  c 
been  proved  for  the  special  inu 1 ti-sol i ton  solutions  mentioned 
earlier;  it  is  true  for  the  zero-order  (i.e.,  non-soliton) 
solutions  of  the  nonlinear  Schrodinqer,  modified  Kor  teweg-doy  r  i  ■. 
and  Korteweg-deVries  equations  [cf.,  discussion  following  Kg.  ( i) 
it  is  also  true  for  the  perturbative  solutions  given  in  this 
paper.  The  true  explanation  of  the  recurrence  phenomenon  seem.: 
to  lie  in  the  boundary  conditions  and  the  existence  of  (perdu; 
an  infinite  number  of)  constants  of  motion. 

II.  NUMERICAL  Hl.SULTo 

Our  investigations  were  in  large  part  directed,  by  numerical 
solutions  of  the  nonlinear  Schrodinqer  equation  with  periodic 
boundary  conditions.  Wc  assume  that  u(x)  is  periodic  with 
period  L  and  has  continuous  derivative  s  of  all  ord  is.  Th.  r  m 
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It  is  well-known  that  the  non!  incar  Gchrodinqer  equal:  i; 
has  infinitely  many  ccmmutinq  integrals  of  motion.^  The  ones 
associated  with*  the  invariance  group  of  the  Lagrangian  densitv 

of  Eq.  (4)  are*1  ^ 


k 


B  '  S  'uo2  ' 

k 

representing  the  Hamiltonian,  the  momentum,  and  the  honor,  nn.i.i 
respectively . 

indicates  that  k'  /  k . 

k,k  '  , k" 

The  computati  us  uvro  performed  by  the  Galc-rkir:  method 

using  a  finite  number  ('2)  ot  Fourier  modes  spanning  the  d^si  i 

solution  space.  The  ii. 'm  urution  of  the  ordinary  differential 

equation,  Eq .  (5),  was  carried  out  by  splitting  the  evolution 

operator  into  its  .incar  and  nonlinear  parts.  The  linear  pat t 

of  the  integration  was  performed  exactly  and  the  nonlinear  gar 

by  implicit  methods  m  x  space.  Aliasing  errors  were  avoided 

24 

the  usual  method.  The  errors  sustained  in  H,  P,  and  B  were 
less  than  1*  in  the  computations. 

The  evolution  of  a  group  of  electrostatic  (Langmuir)  wave 


having  initially  a  Gaussian  di stri bur  ion  in  k  spaou  was  r-x-ir  i  s.c 

for  several  values  o'-'  the  boson  number  U.  Fol  Lowing  our  c- r. ;  ur>.  • . 

in  the  Introduction,  the  ubiquity  of  the  nonlinear  Scnroc!  i  ng-  ■  r 

equation  ensures  that  by  suitable  ioscaling,  the  evolution  of  t 

[jacket  may  be  regarded  as  typical  for  many  different,  real 

physical  p  robletns;  for  .•x.uoie,  t'  'vr-linq  waves  of  finite  a. 

2b 

on  deep  water  (Stores  waves).  'n  ;u  1  cases,  the  wave  rocket 

was  observed  to  break  up  (in  x  space)  into  several  local  maxima 

md  minima  and  to  approx  ima  roly  reconstitute  the  original  a  f  ‘  e 

a  long  time.  Figure  1  shows  the-  trajectories  for  the  second  ,v 

the  sixth  modes  ovei  a  y>eriod  of  approximately  throe  recurrrnr- 

the  initial  Gaussian  picket .  (We  note  that  the  initial 

packet  was  contort  -d  f  lr  s  i  x  t  h-nv  -do  in.  k  space  .  )  Tr  i-'nd 

i  igur  r  clearer,  a  ■  -’.ply  o  r.-ulo  .oca  centered  a..  ; 

origin  of  the  coordinate  axes  lias  been  removed,  thus  expand  ■■  no 

orbit  structure  considerably .  if  this  is  not  done,  an  orbit 

appears  as  a  circle  whoso  circumference  is  a  thick  line. 

The  approximat <>  incurrence  of  the  wave  packet  and  the 

orbit  structures  suggest  that  the  Solutions  are  almost-por i ol  i > 

in  time,  as  is  the  case  for  I h  spec i a  I ,  finite-zone  potent  ial 

noted  earlier.  It  must  be  borne  in  mind,  though,  that  due  to 

inaccuracies  and  the  finite  magnitude  of  the  time  step,  it 

can  never  be  proved  whether  an  orbit  is  s i mply-per i od io  and 

closes  on  itself  or  t  ha  l  it  is  a  lmost-per  i  odic*  and  does  not 

‘1  \) 

quite  close  on  itself.  ' 


ill. 


P  E  KT  U  R B AT 1 0 N  AKA  I .  V  S  i  S 


In  this  section  we  present  an  analysis  of  the  computation 
which  is  not  based  on  the  special,  exact  results  of  the 
method  for  f ini t e-r.ono  potentials.  However,  our  results  are 
special  also  in  that  they  are  approximate-  and  assume  a  corner 
gent  perturbation  expansion .  further,  in  what  follows.  We 
■hat  the  Fourier  series  expansion  in  Kq.  (3)  is  absolutely 
uniformly  convergent.  r  >  that  a 3  1  the  manipulations  are  rio  m 
valid . 

In  the  linear  approximation ,  Eg .  (5)  becomes 


for  all  k 


representing  a  coastal iy  inf initc  set  of  uncoupled  harmonic 
oscillators,  o  k  <  *- )  *;<(t  0)  exn  (- i  '/A )  ,  for  ali  k,  with  con:, 

infinite  constants  ■  mo.  ion,  !u,.(t):  (for  all  k),  and  whos- 
i  ntegrabi  lity  is  ahown  ixplicitly.  Clearly,  any  solution  ]  j .  s 
or-  an  int  ini  te-dinei..  e-.i.tl  torus  whose-  cross-sect  ions  ait 
circles  of  radius  r  1  u  ( t  )  '  -  '  0 )  (fo;  *• ) 

Fu  r  filer ,  Fq  .  (6)  she.-..-  !. ::  1 1.  t  h<  f  1  ow  or.  the  torus  if  char.  .  ■ :  • 

by  a  frequency  vector  : 


with 


/ 


(  H  is 


a:,  integer) 


L 


Since  the  frequency  nv.ipoiii'iit  ;;  me  rat  ion.illy  de:  ■■  ••-.dent  ,  h> 
integer  multiples  ol  one  another,  it  follows  that  the  1  lew  ,  e , 
torus  is  simply-periodic  with  period  (recurrence  time) 


The  constancy  of  the  frequency  vector  .  ,  bq.  (7),  on  the  const 
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energy  manifolds  implies  that  the  system  is  degenerate. 

In  order  to  apply  the  Koiraogorof T -Arnol  * d-Moser  stability 
theorem,  we  proceed  as  follows.  As  a  functional  of  u(x),  the 
Hamiltonian  of  t  he  m  1  i  near  r.ehrdd  ingor  equation  is 


Defining  real-valued  .‘unctions  g(y.)  and  p(x)  throw  ;h 


u(x)  g  (x)  +  i  p  ( x ) 


the  following 


where  use  has  been  made  of 


(gk  '  Pk}  =  (q-k'  n-k>  ' 

which  follows  from  the  reality  of  q(.<)  and  p(x). 

Tntroducinq  (  zero!  h-or.ier )  real -valued  action-anqlp  variable's 
[ ( J ,  )  /  (I / t ) ]  throunh 

gk  =  \  Jk  oxp  11  k)  ' 
pk  ~  y'  ^  k  '  xp  ^  k  *  ' 

the  Hamiltonian,  Eq.  (10),  becomes 


/ 


1 


All  port  urb.it  ion  t  h«  .  :  •••,  of  the  stub!  1  ity  ol  linear  l  row  f'o: 

Hamiltonian  systems  arc  ims"1  o.u  tin*  jJa.i  or  a  sequence  o' 

canonical  transformat ions 

such  that  the  final  Hamiltonian  is  a  function  only  of  the 

action  variables,  thus  ruludn  :  the  solution  to  one  of  simple 

quadrature.  This  is  the  well-known  process  of  transformation 
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a  Birkhoff  normal  'orm.  However,  there  are  certain  require¬ 
ments  for  the  converter- •  :•  of  this  process.  These  requirem-v’.*  s 
aia  also  nc.’es.».:t  ;  fer  l  b'  nivrerv.ition  of  the  invariant  1 
the  linear  flow  a..;  embodied  in  the  Ko  tmogorof  f-Arnol  1  d-Mos- . . 
theorem.  In  particular,  it  is  necessary  that  there  be  no  low-  : 
resonances  between  independent  deqrees  of  freedom  of  the  li;r  .i-' 
flow.  However,  we  see  1  rent  Kqs.  (11)  and  (8)  that  the  fro  in.  nr: 
of  and  1^.  are  identical  for  .'very  k.  Thus,  whenever  then"  ''  , 

.1  couplinr)  between  two  such  modes,  t  h-'re  i.s  the  possibildtv  .  ; 
resonant  energy  exchange.  Such  a  coupling  is  manifest  in  the 
term  in  the  braces  in  Eq.  (11).  Under  these  circumstances,  the 
Kolmogorof  f-Arnol  ‘ d-Moser  theorem  cannot  guarantee  the  pre:.< ■  rv. 
of  the  tori  of  the  linear  flow  and,  in  fact,  the  destruct i on  of 
these  tori  is  possible. 

Sine**  the  t-.iiiv  method  oi  solus  ion  is  used,  the  deta  i  !  ■  : 
the  calculation  tor  Kg .  (1)  only  will  be  given,  and  the  solut  i o' 
of  Eq.  (2)  will  be  quoted  at  tho  end. 

A  naive  perturbation  calculation  of  Eq.  (5)  ends  un  with 
a  "smell  divisor"  pi  obi  cm. ^  To  avoid  this  secular  behavior, 
several  time  scales  are  introduced  via  the  following  expansions' 


( d  , 1  )  ;  (I,:) 


"  (J 


)  ;  (i 


lr> 


uk(t)  =  uk(0)  (  o' w-*-)  •  ^ uk(l) 


)  ’  "  Uk  (  ]  (  :  0  '  ;  1  ’  2  '•••)'■•• 


=  •>  +  o  +  r  2  )  + . 

dt  o  1 1  ’2 


where  C  is  a  smal  1  parameter  arid  •  ,  •  ,  -  , .  . ,  are  indonrudo.-.L 

time  variables. 

An  C  is  appended  to  the*  nonlinear  term  in  Eq.  (5);  Eos.  (’.>) 
and  (33)  substituted  in  to  obtain,  to  oidor 


1  *  ,  u. 


(0>  -  k2  u.  (0)  -  0 

K 


with  the  goner.:!  solution 


Uk  (  ]  (  0'  i'  2"  ‘  •)  Uk  (0>(  ■  :  '  r  •  ■)  '  yr'  0  )  ' 


|Q) 

where  a  funot  1  or.  w  ;  ho  (slower)  time-va riabl> 

■  ,  /  ’  ^  •  •  *  •  *  i s  to  be  detorm ined . 

With  the  aid  oc  pq .  (!•}),  the  perturbation  >  x:>  .n*;ion  to 

.  i 

order  t.  "  is 


i\  uj1*  -  k\{"  -  -i.  uh(0ie,o/-i  ’ 


!0  k 


0) 


E' 

k '  ,  k  " 


„  <°>  K'>*  .  ..(0) 

*v  v-  i,k-v.  +k  '-“v  r1 


k  +2 (k  -k)  (k  -k  )  1 


1  <>\  ' 


with  1 1 le  gorier  1 1  solution 
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(1)  (  r  Q.  l  ,  ■  ■  ■  )  r  uk  (  1  5  (  x - )  «’M>(  il-  i  n) 


(0) 


1U 


(0) 


E 


(0) 


V 


exp  (-ik~;  ) 


1__ 

2L 


Eu  <°)*u 

uk ’  uk"  uk- k 1 +k" 


oxp 


v„  (k'-k)  (k'-k") 


k  1  ,  k ' 


-l 


k2+2(k'-k) (k'-k 


(II  V  (0)  !  2 

where  ^  )  is  to  he  determined ,  /  j  u,.  ;  jn 

v  k' 

that  k  ‘  j  k,  and  /  j  indicates  t  hat  k'  /  k  and  k'  4  k".  T 
k  ’  ,  k  " 

latter  exclusion  is  precisely  due  to  the  mode- resonance  oho 
mentioned  earlier,  which  qives  rise  t c ■  the  secular  term 


■'U, 


(0) 


0  L 


E 


( o  >  ,  . ,  :»  , 

,  I  exp (- lk  ! g ) 


Non-secular  behavior  is  ensured  by  choosinq 

(0) 


iu 


1  1 


1  a 

-k— -  V  u  <°>f 

L  /  j  uk ' 


=  0. 


This  equation  imp! i o s 


(0) 


(0) 


=  0,  whence  its  solution 


uk  (  j  /  >■  -j  <  ■  •  •  )  b k  (  2  '  *  *  * )  uxp 


( 


i  (N-  I  U,  |  “)•: 


k  '  1 


)• 


where  ^ >  ■ • • )  ip  to  bo  dotei mined  and 
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N  = 


£ 


V  '2'  :  3'  ‘  ‘  }  i 


I  -> 


Using  Eqs.  (14)  -  (16)  in  Eq .  (12),  we  finally  have 

// 


uk(t)  =  exp 


i^N-j  Uv  j  2-k2I,)t/I 


EUk‘Uk" 

(k'-k) Tk'-K’) 

k  '  , k" 


exp 


i[lukl2-iuk-2+:uk-i2-|l,v-ic 


k-k’ +k’ 


■2 (k ' -k) (k'-k")L 


t/T, 


where  C  has  been  sot.  equal  to  1  and  u^  ^  has  boor,  chosen  such 
that  uk(t  =  0)  -  and  that  !.q.  (17)  rroscrves  the  constants  of 
motion  H,  P,  and  B  to  order  ( l) f' )  (see  Appendix  A). 

An  identical  calculation,  leads  to  the  following  solution 
for  the  modified  Kortewc q-deVr ies  equation 

/// 

^  ,,  ^ 


u,  (t)  =  exp 
K 


ik |m-  '  nv ;  +k “r.  j  t /i. 


EWVk-f 

(k'+k")  (k'-k)  ( k " - r: 


uk  f 


k'  ,k' 


i[kjUk; 2-k'i Uk, ' “-k"! Uk„ ' 2- (k-k'-k") :uk_k,_k„ I 2- 3 (k'+k") (k'-x) (k--k» 


-  1 


+  0 (UJ)  , 


whe;  re 


M 
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uk  ( t  - 0) 


r'n.it  k  ' 


k  ■ 


k"  /  k. 

We  note  that  by  a  remarkable  nonlinear  transformation  ‘ 
qiven  by  a  Riccati  equat  ion,  Eq.  (18)  gives  also  an  explicit- 
solution  for  the  Kor t eweq-deVr i cs  equation. 


IV.  DISCUSSION 

As  they  stand,  the  solutions  given  by  Eqs.  (17)  and  (18) 
not  particularly  informative.  In  order  to  understand  the  b-h. 
of  these  solutions,  we  need  to  consider  the  class  of  almost- 
periodic  functions. 

For  illustrative  purposes,  take  the  simple  case  of  a  flo' 
the  surface  of  a  two-dimensional  torus,  Figure  2.  Denote  the 
geographical  coordinates  by  <i ^  (longitude)  and  g.,  (latitude), 
take  the  flow  given  by 


dt  '! 
dq2 

dt  '*  2 

If  .  j/>2  =  w/n  '  1  r‘  being  integers)  ,  then  in  a  time 

t  =  2  rm  /  ...  -  2  n/  ■  a  point  on  the  surface  of  the  torus  trace 

1  c 

a  trajectory  which  closes  cm  itself  after  winding  on  the  surf 
n- times  the  long  way  a  round  and  n- times  the  short  way  aroui  1  • 
is  an  example  of  a  periodic  flow.  If  - ■  ^ 0  is  irrational,  i. 
not  the  quotient  of  two  integers,  then  the  movimi  point  no--  t 
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returns  to  its  original,  position.  In  fact,  the  trajectory  cover 
the  surface  of  the  torus  densely  and  erqodically.  This  is  an 
example  of  an  almost -per iodic  flow. 

Closely  associated  with  an  ulmost-per iodic  flow  is  an  nlr 
periodic  function,  an  example  of  which  is  (t)  =  sint  +  sin  .  9  t 
Since  .'5  is  irrational,  there  is  no  (non-zero)  time  t  such  tiia: 
f  (t)  =  0(0)  =  0,  although  it  approaches  zero  infinitely  many  tir. 
to  great  accuracy.  Tho  subtleties  of  this  behavior  are  embodied 
in  the  following  definition. 

a  0 

DEFINITION:  <Mt.)  is  an  al most-pei  rodic  i  unction  of  t  if 

for  every  •  ■  0,  there  exists  a  i.(C)  r 

and  a  0  in  every  interval  of  length;  , 

such  that  |  .  ( t )  -  :•  (t.+  •  )  I  e. ,  f  ■ ) r  a  1 1  t . 

This  essential  ly  says  that  it  wo  divide  the  t-axis  into  ini  •  \ 

of  length  ,  then  in  every  one  of  Lnese  the  function  approx  iir.it 

a  particular  value  that  it  has  in  each  of  the  previous  inter  v  ;  1 

Perhaps  the  character  of  an  almost-poriodic  function  is 
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best  captured  by  a  theorem  of  li.  Bohr  to  the  effect  that  ran", 
a  function  may  be  i  ..-presented  by  a  (generalized)  Fourier  set  u  s 

:  (t)  =  ^  s  exp  ( i  ,'.t)  ,  (  j  •  I 

J=“  ' 

where  the  frequencies  ^  are  not  necessarily  integer  multiple:: 
of  a  given  frequency  .  . 

Comparing  Fas.  (17)  and  (18)  with  Fq.  (19),  we  conclude  (:• 
Appendix  B)  that  the  sola:  ions  of  the  nonlinear  Fchrodinger,  t  i.- 


Korteweg-deVries ,  and  the  modified  Kort.eweq-deVr  i  es  e  naafion?;  .n 
almost-period ic  functions  of  time  and  come  .arbitrarily  clos. 
any  point  on  their  orbit  in  the  course  of  their  time  evolution. 

In  the  linear  approximation,  we  saw  that  the  frequencies  of 
the  modes  were  integer  multiples  of  one  another,  leading  to  a 
simply-periodi c  time  development.  However,  due  to  mode-mode 
interactions  [cf.,  discussion  following  F.q.  (11)]  there  arise 
resonant  interactions  between  the  linear  nudes,  leading  to  th" 
exchange  of  energy.  One  effect  of  this  resonance  interaction 
to  rc-normalize  the  zero-order  frequencies.  The  amp!  if  udo-dr  n. 
(renormalized)  frequencies  are  no  longer  simple  multiples  of 
one  another,  in  general,  and  so  the  trajectory  of  the  system 
not  close  on  itself.  In  fact. ,  the  orbit  wi  d  densely  cover  a  m 
of  phase  space  that  is  bounded  by  the  level  surfaces  of  the 
constants  of  motion  f,  1’,  and  I!  (see  Appendix  A).  To  our  knee' 
it  is  not  known  i f ,  under  periodic  boundary  conditions,  the 
modified  Korteweg-deVries  or  the  nonlinear  Schrbdinger  equation: 
possess  an  infinite  set  of  constants  of  motion  associated  v.’itn 
their  hidden  symmetries.  We  have  only  determined  that  the 
solutions  given  here  preserve  the  obvious  constants  of  motion 
related  to  the  invariance  group  of  tne  baqrargiun  density. 

What  about  stcchast i zation?  The  original  expectation  in  1 1: 
computations  of  Fermi,  Pasta,  and  Ulum^  was  that  with  the 
inclusion  of  nonlinearity  an  arbitrary  distribution  of  enerqv 
amongst  the  modes  would  evolve  irreversibly  toward  an  asymotof : 
stationary  equilibrium  state.  The  negative  results  obtained  by 
Fee  mi  ,  et  al .  ,  can  be  accounted  for  by  an  almost -per  iodic  s.  >lu(  i 


for  the  nonlinear  oscillators. 


i.ucn  a:,  those  given  in  this  jni 


(In  this  connection,  reference  must  also  be  mack  to  the  related 
work  of  Thyagura ]  . )  Although  tne  a Lmost-peri odic  character 

tht.se  solut  ions  is  due  to  energy  exchange  amongst  the  modes , 
the  system  neither  evolves  irreversibly  nor  equi 1 ibriater . 

Thus,  starting  from  an  arbitrary  distribution  of  eneray  amor.nsi 
the  modes,  rather  than  evolving  irrevcisibly  towards  a  state  in 
which  there  is  a  stationary  distribution  of  enerqy  over  the 
modes,  the  eneray  oscillates  bac*  and  forth  over  the  modes 
(a lmos t- ) per iodi ca 1 1 y ,  at  least  for  the  time-scale  over  which 
our  perturbative  solution  is  valid.  For  consider  the  two-time 
autocorrelation  function  R  (T )  of  an  a lmost-ner iodic  solution 

v  ( t )  : 


R(T) 


1  im 


> 


(;  )  : (t+T)dt. 


where  :  is,  for  ox.unn  i  ,  fir  envelope  of  the  freo-surf  ac. 
for  Stokes  waves  on  deep  water,  or  the  electric  field  envoi  oj 
of  Langmuir  waves  in  a  plasma.  Since  >;  (t)  is  almost  periodic, 
can  be  represented  as 


Mt) 


(int) 


n  --- 


(n  is  an  integer) 


where  m  /o  #  rational  number, 
n  m 

Substituting  Kg.  ( .’ 1  )  into  Eg.  <?0j,  we  have 


( 


L 
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R(T) 


n  ,in 


sin  (  +.)  /  2 

a  a  .  .  n  m 

r  m  oxo  (a  Ji'l-rv-TTi 

n  m 


For  a  stochastic  (c.  r  mixing)  flow,  the  auto-correlation  fui.cti 

must  decay  to  zero  (as  T  •■)■  llowc'ver,  we  see  from  Eg.  <22) 

that  R(T)  oscillates  as  a  function  of  T.  it  may  be  recalled  tj 

the  Iiandau-Hopf  model  of  fluid  turbulence  is  no  longer  roga'a,. 

as  a  viable  theory  for  this  same  reason‘d  (among  other  short  - 
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comings) . 

Ergodic  i  tv  of  the  flows,  which  is  a  stronger  condi  Lira.  •.  h 
dense  orbits  but  weak.w  than  stochastic  itv ,  remains  an  o;>i 
question.  For  ergodieity,  one  must  show  that  the  time  spent  !. 
the  traiectory  c> *  the  system  in  a  region  of  phase  s:  tc e  is 
proportional  to  the  area  (or  measure)  of  that  region.  Foi  at. 
infinite  dimensional  system,  there  are  considerable  technics ' 
difficulties  involved  in  demonstrating  this.  In  this  connect: 
we  note  that  tlv  .-i  eodie  I »  y  of  omt  iii.  similar  degenerate 

}  t 

SI  air.  i  !  t  or.  l  ai  s-.  hjb  i  I  voadv  )>•  c”  eat  «d»i  ished  . 

In  closing,  wo  must  reiterate  some  of  the  main  points 
our  study.  As  noted  in  the  Introduction,  the  nonlinear  equatuo 
which  are  the  objects  of  this  work  are  well-known  for  their 
common  occurrence  in  many  branches  of  physics.  With  such 
equations  at  hand,  one  often  uses  numerical  methods  of  solution 
with  periodic  boundary  conditions.  This  is  no  doubt  motivated 
in  part  Lv  the  fact  that  in  the  linear  approximation,  these 
equations  possess  t no  usual  sinusoid  1 1  solutions.  1 n  this  I, mi 


,  > 

therefore,  a  col  loot  i » •  o'  1 !  w  r  .  r  :  >  i  ,  ,  \ 

by  the  nonlinear  eohri'd  i  ntjor  cquut  i ,  or  .'roles  wjws  on 

wafer,  described  by  ^ same  equation,  J’‘  would  dispel  se  and  i  hm 

reconstitute  exactly  the  original  wave-packet  when  the  diffnre:.' 

harmonic  components  come  under  constructive  inter! erence .  Th.- 

result  of  this  paper  may  be  succinctly  expressed  by  the  stater  n 

that,  for  small  non]  i  ncarj  t  ies  ,  one  can  still  expect  ( approx  i  m  ;t. 

reconstitution  of  the  original  wave  packet  over  and  over  again. 

As  i t  stands,  this  statement  may  be  of  limited  value  for  the 

person  performing  computational  studies  of,  say,  f, tokos  waves 

on  deep  water,  since  the  small  departures  from  the  perfectly  roc 

linear  system  mn->  not  amount  to  much  over  a  limited  computation. 

3  4 

time.  However,  it  must  be  noted  that  the  almost-rocurrcni 

behavior-  predicted  by  the  solutions  given  here  may  imply  an 

ergodic  temporal  development,  which  would  be  of  considerabl 

import  in  the  stat.is  al  theories  of  fluid  turlulonce. 

The  recent  computational  study  by  Yuen  and  Ferguson of 

the  modulutional  i  n  to  met  ion  or  Stokes  waves  on  deep  water  pro-  i 

us  with  the  basic  clue  ..s  to  how  to  modify  the  present  e\- leu  !<■ ,  i 

s  n  order  to  describe  t  he  recurrence  i  honomcna  in  regimes  v.in  re 

the  nonlinear  if  ios  are  not  necessarily  small.  in  a  fut.uie 
35 

article,  wc  will  provide-  a  derailed  ilyticai  study  ot  i'r 

nonlinear  Schrodinger  equation  with  particular  reference  to  tf. 

2  5  3  4 

experiments  and  computations. 


V. 


CONCLUSION 


For  small  departures  from  linearity,  wo  fuivo  do  torn  i  nod 
that  the  spatial  ly-periodic  solutions  of  the  Kor  coweq-doVri  os , 
the  modified  Kortcw  g-deVries ,  and  the  nonlinear  Sch  rod  i  rigor 
equations  are  almost-periodic  functions  of  time.  This  bohavior 
is  connected  with  the  approximate  recurrence  phenomena  observ'd 
in  numerical  computations  of  nonlinear  systems  and  their 
associated  anomalously-  slaw  stochastic  it  ion. 

The  almost  *  b.djei  :  y  of  cet  tain  ex..ct ,  specie L  sol  at  •  • 
of  these  equations  n  is  already  been  established.  It  is  of 
interest  to  determine  » •  this  characteristic  is  shared  by  a  1 j 
the  spat ially-periodi c  solutions,  as  conjectured  bv  Lax  for  t  h<  • 
Korteweg-dcVr  ios  equation.  Our  results  hint  at  such  a  ;  urns i  L  i  ;  .  ■  ■ 
Finally,  we  note  that  in  the  same  regime  of  validity,  cur 
calculations  can  be  ear.  i  1  y  genera  1  i  ned  to  more  than  one  <ii:r 
and  to  vector  fields. 

After  completion  of  this  work,  we  became  aware  of  an 
interesting  recent  paper  addressing  a  related  problem. 
Specifically ,  the  authors  ot  this  paper  consider  the  slow  modu¬ 
lation  of  the  exact  finite-gap  solutions  ^ ^ ^  in  space  and 


in  time  under  the  influence  of  perturbations,  using  the  method 
of  multiple  scales. 
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APl’i-WO:  A 


In  this  appendix,  we  show  that  the  perturbation  solution 
of  the  nonlinear  Schrodinger  equation  preserves  the  boscn  number 
to  appropriate  order,  i.e.,  O(U^).  The  conservation  of  the 
momentum  and  of  the  Hamiltonian  can  be  similarly  demonstrated. 

The  boson  number  is  defined  following  Eq .  (5): 


B  - 

k 


From  Eq .  (17),  the  right-hand  side  of  Eq .  ( A 1 )  is  given  by 


Li 


// 


uk(t) 


'  2 


L'v—k  L 

k  k  ,  k  ’  ,  k  " 


'  'kUk  1  Uk"'Jk-k'+k ' 
(k'-k)  (k'-k")  ~ 


v  exp 


-  i 


Uk  Uk  *  Uk"  Uk-k  '  +R" 
(k'-k)  (k'-k") 


>  /exp  j  +i[i  uki  2-  Uk.  !  2  + 


iu. 


.. !  i 


_k  >  a-K  '■  -^<k’-k)  (k  '  -k"  )  T 


t  /l 


\  1 


-1 


+  0(u6) 


(A?) 


Under  the  following  sequence  01  one rations:  k  -  k'  -r  k“ 
k* — ►k',  and  k'"  ♦  k",  the  second  •  xpo:  ^nti.il  term  in  liq 


•\Ck*+k-  ,jk 


(k'-k)  (k’-k") 


tJk-k  1  +k” 


“-2 (k'-k)  (k • 


which  cancels  the  first  exponential  term;  whence 


B 


nk(t)  |2 


lUjj 2 1  o(u°) 

k 


expressing  the  ir.vn  j  .1  anc  >  or  the  boson  number 


its  initial  value. 


2  8 


APPENDIX  R 

The  purpose  of  this  appendix  is  to  prove: 

THEOREM:  u^(t)  JS  yivon  i>V  Eq .  (17)  or  Eq .  (18)  is  an 

almost-periodic  function  of  tine. 

We  remark  that  Eqs.  (17)  and  (18),  truncated  to  a  finite  number 

of  terms,  constitute,  by  definition,  quasi-periodic  functions 
2  9 

of  time.  By  a  well-known  theorem,  such  functions  are  almost 
periodic.  We,  therefore,  have  to  prove  this  property  for  the 
full  set  of  terms  in  Eqs.  (17)  and  (18).  We  give  the  details  for 
Eq.  (17)  only. 

PROOF:  Consider 

9k(t)  ?  E 

I.k '  /  2  v, 

Lk"/2v 

where 

Uk' '  2  +  iuk"!  2_!uk-k'+k^  2-2(k’"k)  <k,“k")L  /L  (M) 

We  have  assumed  that  E  ju^.!  is  absolutely  and  uniformly  convernent 

Lk  /  2  it  = 

(Sec.  HI),  so,  therefore,  is  ^  1  Uk  ,Uk'^Uk-k '  +k"  1  *  Lct 

k  '  ,  k  " 

^  ^  !uk'Uk"  Uk-k '  t-k" '  "  •  (P.2) 

k  '  ,  k  " 


Uk'Uk"  "k-k'+k" 

(k'-k)  (k  *  -k" )  cxp  Ul'k,k’  ,  k " 


mm 
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Suppose  C  0  is  given  and  let 


n  = 


IW  L 

\ T  Ti 


+  i 


(B 


where  [a]  denotes  the  largest  intcvu  r  less  than  a, 
By  definition,  the  finite  sum 


sk<n)<t)  =■ 


2 -n/r.  * 

»  u ,  ,  n 

"Ik  '“kMk'-k")  ex p  ( 1  k  ,  k  '  ,  k "  L 1 

k  '  - k  ,  k  1  -  k  "  -  -k’rn/T. 


is  a  quasi-periodic  function  of  t. 
Clearly , 


qk(t)  " 


sk‘nl (t) 


£ 


Uk’Uk"  Uk-k'4k" 


(k’-k) {k'-k") 


r_-.--rr-  exp  ( 


k'-k, k'-k"  2  :,n  /  r, 
k  '  -k  ,k  '  -k"  <•-?.  e.  /!. 


Now,  there  exist  a  i  (».  )  ■  0  and  a  0  in  every  interval  or'  1 


such  that 


'  Sk  (n)  (t)  -  Sk  )  (t  +.  )  !  • 


’-  /  3  ,  for  ail  t 


by  quasi-periodicity  of  £  f  and 


qR(t)  -  Sk<n,(t.)i  '  t/(3i.A  »  -  •  / 3  ,  for  all  t  (!•■ 


by  Eqs .  (B  2)  and  (B  3)  • 
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Now , 

gk(t)  -  gk(t+i)  =  gk  ( t )  -  sk(n)(t)  +  sk(n)(t)  - 
-Sk(n)(t+I)  +Sk(n)(t+!)  =  Mk(t)  -  Sk,n)(t)  -  qk(t+r)  -  Sj,  f  r:  ’  ( 

+  Sk(n)  (t)  -  Sk(n)  (t+  :  )  ; 

whence,  by  the  Cnuchy-Schwartz  inequality, 

!qk(t)  *  gk(t+o!  :  ;gk(t)  -  sk(n)(t)|  +  J ak (t+T >  -  Pk(p)(t  +  n: 

+  isk  (n)  (t)  -  Sk  (n)  (t  +  :  )  1  •  -..'3  +  c/3  +  C'3  =  c  ,  for  all  t 
[by  bqs .  (35)  and  (36)]. 

Thus  q,  (t)  as  an  u  Ikk  •.-*  i i  iodic  function  of  time.  Bv  standard 
theorems,  t’  -efore,  so  arc  uk(t)  u(x,  t)  . 
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:  1 1 ;i i u i :  I'M  ru 

Fig.  1.  Trajectories  of  k  si  ;k.v  modes  <vr  a  period  of  tlm  r 
recurrences  of  an  initial ]y-Gau»sian  wave-packet.  (a)  second 
made,  (b)  sixth  mode.  At  any  instnni  in  time  t,  the  electric 
field  is  given  by  r ( t ) exp [ i  ( t ) 1 .  : R  is  the  minimum  value  of 

r(t)  in  the  computations,  the  ordinate  and  the  abscissa  me  t.h.  • 
and  the  real  parts  of  [  r  ( t ) -0 . 9R]  exp  [  i  :  ( t: )  ]  ,  respectively,  and 
labeled  Imaginary  (E'  )  and  Real  ( E '  )  on  the  figures.  This 
transformation  renders  the  orbit  structures  much  clearer,  but 
greatly  exaggerates  the  angles  of  intersections  in  (b) . 

Fig.  2.  Torus,  representing  the  phase-space  of  a  system  with  r..\ 
degrees  of  freedom.  Geographical  coordinates  are  (longitude) 


and  q^  ( lat i t ude) . 
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I  he  nonlinear  Vhrodingcr  equation  vnlh  It  vicar  growth  arul  dumping  is  truncated  to  three  waves  I  ::«■ 
resulting  s\ stem  of  nonlinear  ordinary  drflVrenn.il  equations  describes  the  excitation  of  linearly  damped  w.iu> 
by  the  oscillating  two-stream  instability  driven  by  a  linearly  unstable  pump  wave  This  system  repieset-.t-  .1 
simple  m<Klel  for  the  nonlinear  saturation  of  a  lineally  unstable  wave  1  he  model  is  examined  analytically  and 
numerically  as  a  function  of  the  dimensionless  parameters  of  the  system  It  is  found  that  the  model  can  exhibit 
a  wealth  of  characteristic  dynamical  behavior  including  stationary  equilibria.  Mopf  bifurcations  to  periodk 
orbits,  period  doubling  bifurcations,  chaotic  solutions  v. harucienstik  of  a  strange  attractot,  tangent 
bifurcations  from  chaotic  to  periodic  solutions,  transient  chaos,  and  hysteresis  Many  of  these  features  ale 
shown  to  be  explainable  m  the  basis  of  one-dimensional  maps  In  the  case  of  chaotic  solutions,  evidence  for 
the  presence  of  a  strange  attractor  is  provided  by  demonstrating  Cantor  set-like  structure  <1  c  .  scale 
invariance  in  the  surface  of  section 


I.  INTRODUCTION 

Recently,  it  lias  become  clear  that  nonconservauve 
dynamical  systems  can  exhibit  various  types  of  charac¬ 
teristic  dynamical  behavior.  Particular  interest  has 
centered  on  bifurcation  phenomena  and  on  the  possibility 
oi  chaotic  motions  on  a  strange  attractor  (a  definition  "t 
a  strange  attractor  is  given  tit  Sec.  HID).  It  is  probable 
that  these  concepts  will  have  an  impact  on  plasma  phy¬ 
sics.  particularly  in  the  area  ol  plasma  turbulence. 

The  present  work  considers  a  simple  model  for  in¬ 
stability  saturation  of  a  linearly  unstable  wave:  the 
growth  of  energy  in  the  unstable  wave  is  arrested  when 
its  amplitude  is  large  enough  to  parametrically  excite 
linearly  damped  waves.  In  a  previous  paper'  this  pro¬ 
cess  was  studied  lor  the  case  in  which  the  parametric 
excitation  of  the  linearly  da  mix'd  waves  was  due  to  the 
resonant  three  wave  decay  instability  process.  In  the 
present  paper  we  consider  the  case  in  which  the  para¬ 
metric  excitation  of  linearly  damped  waves  is  due  to  the 
oscillating  two- stream  instability.  (This  problem  has 
been  studied  elsewhere,  however,  the  present  paper  is 
a  more  thorough  investigation  of  the  problem  and  re¬ 
veals  a  greater  variety  of  dynamical  behavior  than  was 
tound  in  Ref  2  ) 

In  the  case  of  the  resonant  three-wave  decay  instabil¬ 
ity.  Ref.  1.  it  was  reported  that  as  a  parameter  of  tin- 
system  was  increased  a  sequence  of  period  doubling  bi¬ 
furcations  leading  to  apparently  chaotic  solutions  took 
plate.  Il  was  also  observed  that  periodic  solutions  re- 
emerged  Irom  chaos  (tangent  bifurcations)  and  existed 
over  narrow  ranges  of  the  varied  parameter.  These 
h  attires  were  interpreted  on  the  basis  of  a  numerically 
obtained,  smooth,  one-dimensional  map.  In  contrast 
with  this  previous  work,  in  the  present  paper  we  are 
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able  to  discern  a  richer  variety  of  characteristic  d. - 
namicai  behavior.  This  behavior  includes  the  previous¬ 
ly  discussed  period  doubling  bifurcations,  chaos  and 
tangent  bifurcations,  in  addition  to  phenomena  not  ob¬ 
served  in  the  previous  pu|x-r:  transient  chaos,  hystere¬ 
sis.  and  Cantor  set-like  structure.  (It  is  possible  tf  .r 
hysteresis  and  transient  chaos  could  also  be  found  in 
the  three-wave  problem  but  for  different  parameter 
ranges  than  those  studied  in  Ref.  1.  C.ttibM  sot-like 
structure  is  also  almost  certainly  present  but  could  not 
be  Computationally  resolved.  I  Another  difference  ti  m. 
the  model  discussed  in  Ref.  1  is  that,  in  the  case  i  '!•• 
oscillating  two-stream  instability,  stationary  una! 
states  occupy  a  comparatively  large  region  of  paraiia  - 
ter  space. 

The  starting  point  for  obtaining  the  model  equations 
studied  here  is  the  one-dim  visional  nonlinear  Schr">- 
dinger  equation  w  ith  linear  wave  growth  and  damping 
included 


where  F  is  the  complex  amplitude  coefficient  of  the  >- 
directed  electric  field,  'F  denotes  the  spatial  average 
ol  F  2.  and  7  is  a  linear  growth-damping  operator  d<  - 
fined  so  that  the  Fourier  transform  of  -.  F(\,  ft  i,» 

■  U)F,(/).  where  F„  is  the  Fourier  transform  coellicient 
of  F .  In  addition,  normalizations  have  been  introduced 
so  as  to  absorb  any  parametric  dependences  of  tin  co¬ 
efficients  of  the  various  terms  in  fcq.  (1).  We  now  con¬ 
sider  (and  subsequently  justify)  an  approxima'i  .solution 
ol  (11  for  which  F  consists  >t  throe  '.raveling  v.r.  1  s 

f'(i.f)  -  /•',,(Ue\p[i(),'l.i  -  -c.,/1] 

-  F|(/)e\p[;(F,  <  -  x',1‘1 

■  F,(t  )exp[i(i’|V  -  cd)  I .  '-2 ' 

wliere  2 1.  v,  (’  11.  1.2).  .>  1  .  ...  -  ■ 
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r f-2  2.  Introducing  (2)  in  (1)  and  takinc  the  kg,  k,,  and 
k2  components  of  (1)  we  obtain 


Eg  -  -7  (*\.)Ej  +- ,[ !  E,  1  Ev  f  E2  2E„ 

r  2E,iE,Ej  exp(2i8/)| , 

(3a) 

t\  —  —7  (*, )K,  o[  Eg  2E,  e  E J 

►  E^  exp(-2i8t)| , 

(3b) 

Et  -  -7  (frjlt'j  r,'[*E0;2Ej  e  '  !■ ,  2E2 

e  EjE,  exp(-2;  V) ! , 

(3c) 

where  6  -  (6,  +  %)  '2,  and  K,~  </E„.</f.  (These  equations 
can  be  solved  analytically2  in  the  case  >  (Are_  t  2)  -  0.  ] 

Vie  now  discuss  our  truncation  of  the  nonlinear  Schrci- 
dinger  equation  to  just  three  terms.  Consider  a  system 
which  is  periodic  in  »  with  period  /.;  then,  k  2 n n  1., 
n  -  *1,  t2, .  .  .  For  example,  we  could  take  kg  to  be  the 
wavenumber  of  the  fundamental  mode,  kg  -2rr  /  ,  cou¬ 
pled  resonantly  to  a  pair  of  shorter  wavelength  side¬ 
bands,  =  2itm  L  and  k2  -  2rr(2  —  n)  1.  Our  use  of  only 
one  set  of  daughter  waves  (i.  e. ,  one  value  of  it)  might 
be  justified;  for  example,  if  other  sets  of  daughter 
waves  experience  much  stronger  linear  damping.  More 
generally,  in  many  physical  situations  described  by  Eq. 
(1),  a  proper  model  may  require  one  to  include  addition¬ 
al  daughter  wave  pairs  in  the  decay  process,  thus  re¬ 
sulting  in  a  larger  number  of  coupled  ordinary  differen¬ 
tial  equations.  Nevertheless,  we  believe  that,  even  in 
such  situations,  the  present  analysis  may  be  of  some 
use  in  that  it  illustrates,  at  least  qualitatively,  a  type 
of  behavior  that  may  arise.  Accepting  the  consideration 
of  only  one  relevant  linearly  damped  daughter- wave 
pair,  we  also  need  to  consider  the  k  components  which 
are  generated  when  (2)  is  substituted  into  the  nonlinear 
term  of  (1)  (i.e.  ,  the  term  iEI2E  EJE,  where  E  de¬ 
notes  the  conjugate  of  E).  These  k  components  are  just 
the  original  k  components  (k„,kt,k}),  plm  four  addition¬ 
al  components: 

2f?j  -  If ,  2b}  —  kg  .  —  2kg ,  and  3k2  —  2kg . 

Equations  (3)  represent  a  self-consistent  solution  of  (1) 
only  if  Et  is  negligibly  small  for  these  additional  k  val¬ 
ues  (i.e.  ,  the  additional  k  components  are  strongly 
damped). 


decay  wave  damping  rates  divided  by  the  pump  wave 
growth  rate.  Likewise,  'j  becomes  the  trequency  mis¬ 
match  normalized  to  the  pump  growth  rale.  Hence- 
iorlti,  we  take  7  c  s  1 .  In  what  follows  we  make  a  further 
simplifying  restriction;  we  assume  that  >2  -7j  (e.g.  , 
consider  Landau  damping  of  the  sidebands  in  the  case  of 
an  even  electron  velocity  distribution  function  with  fc, 

'  -k2  k0).  In  this  case  Eqs.  (4b),  when  multiplied  bv 

n,  j  and  subtracted  from  each  other,  yield 

7.  {a}  -  n])  -~2>(n?  -  a]) , 

(It 

where  >  -  >j  -  >2.  Thus,  (nj  -  a{)  decays  exponentially 
with  time.  Since  we  are  particularly  interested  in  the 
long-time  behavior  of  Eqs.  (4),  we  set  a,  ~n2  from  the 
outset.  In  this  case  Eqs.  (4)  reduce  from  four  equa¬ 
tions  to  three  equations: 

n0  -  a0  +  2a0n\  sin  t*  ,  (5a) 

<i,  =— yti|  -  <io<Ji  sind  ,  (5b) 

i.i  -28  2(nj  -  n\)  t-2(2<^  -  nJ)cos  t1 .  (5c) 

The  rest  of  this  paper  will  be  devoted  to  a  discussion  of 
the  properties  of  the  solutions  of  Eqs.  (5).  Section  II 
discusses  analytical  results  which  can  be  obtained  from 
(5),  Section  III  presents  numerical  results  and  discus¬ 
sion.  Conclusions  and  summarizing  remarks  appear  in 
Sec.  rv. 

it.  PRELIMINARY  ANALYTICAL  RESULTS  AND 
DISCUSSION 

A.  Phase  space  contraction 

Let  6t,rn20  and  =  Equations  (5)  then  become 


80  =  2b„  +  46p6t  sin  0  , 

(6a) 

8,  -2y6,  -  2606,  sin  , 

(6b) 

c  -  2(&i  -  60)  +  2(26,  -  4  -  26  . 

(6c) 

We  view  Eqs.  (6)  as  generating  a  flow  in  a  three-dimen¬ 
sional  Cartesian  phase  space,  (60,  6,,t>).  By  partial  dif¬ 
ferentiation  of  Eqs.  (6)  we  obtain  the  divergence  of  the 
“velocity"  of  this  flow, 


Introducing  amplitude-phase  variables 
E„  =  a„(f)exp(iJa(t)),  a  -0,1,2,  where  a „  and  i„  are  real, 
Eqs.  (3)  (which  are  three  complex  equations)  reduce  to 
four  real  equations. 


<i0  -  >ono  ■*"  2n0<i[(ij  sin  ,  (4a) 

fli,  j  - -ri.jfli.j  -  <*o<Jj.i  sin4  ,  (4b) 

()'  -  -2 S  +  (nj  +  a\  -  2n2)  f  ^4n,d2  -  f  jj cos'1,  (4c ) 

where  “'(/)  =  2v0  -  .’t  -  -  28/,  j0  ->(^1,  )i,j  =  >(*i,i), 

and  we  assume  that  7P,  > , ,  > j  are  all  positive.  With  this 
choice  of  signs,  wave  0  is  linearly  unstable  and  its  non¬ 
linear  decay  wave  products  (waves  1  and  2)  are  linearly 
damped.  Furthermore,  we  may  assume  that  the  ampli¬ 
tudes  n0  and  the  time  have  been  normalized  so  that  ■><, 
'1.  In  this  case  j,  2  are  dimensionless  and  become  the 


?b0  ?b,  38 


-2(7  -f). 


(7) 


Thus,  the  divergence  of  this  flow  is  a  constant  and  is 
negative  if  y>  1  (i.e. ,  if  the  damping  rate  exceeds  the 
growth  rate).  Therefore,  any  volume  in  this  phase 
space  which  evolves  under  the  flow  generated  by  Eqs. 

(6)  varies  in  time  as  V'(f)=  V'(0)exp[-2(>  -  l)/}.  Here, 
we  shall  only  consider  (he  case  7  "*  1.  (Saturation  of 
the  instability  was  not  found  for  7-  <  1. )  In  this  case 
volumes  always  contract  exponentially  with  time.  Thus, 
if  the  solutions  remain  bounded  (i.e..  the  wave  0  is 
saturated),  they  are  expected  to  eventually  approach  a 
confined  subspace  of  the  original  three  dimensional  (V 
ftt,  8)  space  which  has  zero  volume.  This  conclusion 
has  important  implications,  some  of  which  are  dis¬ 
cussed  in  Secs,  I1B  and  11117. 
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B.  Oscillating  two  straam  instability 

Ill'll' ,  we  show  (hut  Fqs.  (5)  yield  the  well-known  lin¬ 
ear  parametric  instability  threshold  condition  on  tin 
pump  amplitude.  In  particular,  it  w  ill  be  shown  that 
“  0  is  necessary  for  the  oscillating  two-stream  in¬ 

stability  10  exist.  Thus,  only  negative  r<  need  lie  con¬ 
sidered  in  our  subsequent  discussion,  To  obtain  the 
linear  parametric  instability  we  consider  <i|t  end 
neglect  any  lime  dependenre  of  [i.e. ,  disregard  the 
self-consistent  evolution  of  u0  generated  In  kq.  (5.H; 

In  this  case  (5c)  becomes 

■  -2[fi  s  rj n <  1  *  COS  '<)]  . 

Focusing  our  attention  on  purely  growing  modes,  we 
set  9  0,  and  obtain  an  equation  for  cos*!, 

cos  9  -  -[l  +  (ft/a*)] . 

Thus,  ft  must  be  negative  in  order  that  Icos  -J  I  1. 

From  (5b)  the  instability  growth  rate  is  ->  -  njsin  '. 
Thus,  for  the  instability  sin‘*--  0  and  nj  sin2(-  -  nj(l 
-cos  i9)'yi,  which,  when  combined  with  the  result  for 
cos  -,  yields  the  linear  instability  threshold  conditions 
'i?  ■  (> 2  +•  ft2)  (—2  5)  and  ft  >  0.  While  this  analysis  ne¬ 
glects  the  self-consistent  evolution  of  <70,  it  docs  pro¬ 
vide  considerable  insight  into  the  full  evolution  of  Fqs. 
(5).  If  Fqs.  (5)  are  initialized  with  small  amplitudes. 
ii0  will  start  off  growing  exponentially  at  the  rate  one, 
and  'i,  will  damp  exponentially  al  t he  rate  .  Eventually, 
fi„  will  become  large  enough  so  that  it,  becomes  unstable 
to  the  oscillating  two-stream  instability;  n,  then  grows. 
We  will  find  (See,  III)  that,  depending  on  the  parameters 
and  initial  conditions,  several  possibilities  then  exist 
for  the  subsequent  evolution  of  the  system:  (a)  the 
growth  of  may  not  be  sufficiently  strong  to  arrest  the 
instability,  and  ri0  still  grows  without  bound;  (b)  the  sys¬ 
tem  eventually  settles  down  to  a  stationary  state  bin  , 

*  0);  (c)  the  system  eventually  settles  into  a  limit 

cycle  for  which  n0  ,  and  9  are  periodic  functions  of 
time;  and  (d)  the  final  state  of  the  system  is  one  in 
which  rtf,  |,  and  vary  chaotically  with  time  and  <i0  j 
does  not  go  to  infinity.  Such  chaotic  solutions  arc  char¬ 
acterized  by  bread  frequency  power  spectra  and  sensi¬ 
tive  dependence  of  the  solutions  upoi.  initial  conditions. 

In  agreement  with  the  conclusions  reached  in  Sec. 

IIA.  tor  cases  (b)  and  (c)  the  solution  is  obviously 
asymptotic  to  a  zero  volume  subspace  of  the  original 
(()„,  >>t, '’)  space.  For  (b)  this  subspace  is  simply  a 
point  (the  stationary  state);  while  for  case  (c),  the  sub¬ 
space  is  a  closed  curve  which  the  orbit  of  the  system 
traces  out  on  each  period  of  its  motion.  These  subsets 
to  which  the  system  orbit  asymptotes  are  called  attrac¬ 
tors.  In  Sec.  HID  we  discuss  the  attracting  set  for  the 
case  (d),  the  case  of  chaotic  motions. 

C.  Stationary  equilibria  and  their  stability 

In  order  to  investigate  the  possibility  of  stationary, 
time- independent  solutions  of  (6).  we  set  /»„  ft,  '  0 

and  obtain  (cf.  Apjiendtx): 
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■Jo  this  we  linearize  Fqs.  (G)  tor  |*i  t  .rbu'ions  ah  ,ut  ’in 
stationary  state: 

\.i  \*i  ‘  ,,,'c.,1cxp(s/). 

9  -  ■<*  -i-  fe<  exp(sf ) . 

A  cubic  equation  for  s  results  which  can  lie  analyzed  t  i 
obtain  the  stability  conditions  for  the  stationary  states 
(cf.  Appendix).  It  is  found  that  the  solution  correspond¬ 
ing  to  the  choice  of  the  plus  sign  in  Eq,  (8c)  is  always 
unstable.  The  stability  of  the  remaining  root  is  sum¬ 
marized  in  the  ft  -  /  space  diagram  shown  in  Fig.  1. 

111.  NUMERICAL  RESULTS  AND  DISCUSSION 

In  this  section  we  present  the  result  of  inti  'rating 
Eqs.  (5)  numerically.  The  Irequency  mismatch  is  held 
constant,  ft  -6,  so  that  wo  are  describing  the  behavior 
of  a  dynamical  system  that  depends  on  a  single  parame¬ 
ter,  >.  (The  behavior  to  bo  described  generalizes 
other  values  of  6  as  well. )  (See  Fig.  2.  )  The  discus¬ 
sion  is  divided  into  four  parts.  Part  A  gives  a  brief 
summary  of  our  findings  and  demonstrates  hysteresis. 
In  B  we  analyze  the  periodic  trajectories  using  power 
spectra  and  a  one-dimensional  map  defined  on  the  sur¬ 
face  of  section.  In  C  we  present  some  general  team  res 
of  the  chaotic  behavior  as  a  function  of  .  This  behav¬ 
ior  includes  chaotic  transients  and  tangent  bifurcations. 
Our  discussion  of  chaos  is  completed  in  D  where  we  in- 
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Fid.  L\  Long-time  asymptotic  behavior  of  t  5*.  I  I  I  I  I  I  I  - 
chaotic  behavior.  c,<’co<,<> — limit  cycles.  Overlapping  regions 
indicate  the  presence  of  two  attractors,  r  The  low  >  region 
has  been  ex  agger  at  til  for  clarity.  Curves  A,  P ,  .»nd  C  are 
the  same  as  in  Fig.  1.) 


vestigatc  a  strange  attractor.  Examples  nf  a:{0  versus 
/  for  typical  cases  for  which  the  al trader  is  chaotic,  a 
simple  limit  cycle,  a  stationary  point,  and  a  stationary 
point  with  a  chaotic  transient  are  shown  in  Figs.  3(a) 
to  (d). 

A.  General  remarks  and  hysteresis 

Above  curve  A  in  Fig.  1,  i.  e.  ,  ■  *>z  +-  ?  (-36.  75 

lu  re),  it  is  observed  that  the  pump  wave  amplitude, 

«,,(/),  eventually  diverges  exponentially  in  time.  How¬ 
ever,  three  types  of  saturated  behavior  are  possible 
for  36.75  '  )  1.  The  trajectory  may  converge  to  a 

stable  stationary  point,  a  limit  cycle,  or  a  complicated 
“surface”  on  which  the  motion  is  chaotic  (a  strange  at¬ 
tractor).  Thus,  we  have  isolated  three  types  of  attrac¬ 
tors:  points,  closed  curves,  and  strange  attractors 
(cf.  Table  I). 

The  character  of  an  attractor  may  change  with  7. 

For  example,  when  36.  75  "•  7  9.77  (i.  e.  ,  between 

curves  A  and  C  in  Fig.  2)  the  stable  stationary  point  is 
the  only  altraelur  present  in  phase  space.  At  7  9  77 

the  system  undergoes  Hopf  bifurcation  (cf.  the  Appen¬ 
dix):  the  stationary  point  loses  stability,  and  a  stable 
limit  cycle  is  born  in  its  place.  With  decreasing  >. 
this  orbit  goes  through  a  sequence  of  period  doubling 
bifurcations  that  terminates  in  chaotic  behavior  at  > 

6.  7925. 

For  two  ranges  of  >  we  observe  two  co-existing  dis¬ 
tinct  attractors  (cf.  Table  1).  Which  one  a  given  orbit 
eventually  is  asymptotic  to  is  determined  by  Us  initial 
conditions.  Aside  from  their  types  and  locations  in 
phase  space  we  distinguish  between  them  using  the  long¬ 
time  average  of  the  pump  wave  intensity,  ((70J)  (see  Fig. 
4).  Consider  the  two  attractors,  labeled  A1  and  A2  in 
Fig.  4,  that  are  present  when  y  is  between  5.55  and 
6.84.  A1  has  the  larger  ,n0'>  value  and  changes  from  a 
limit  eyr  ie  to  a  strange  attractor  as  >  decreases  from 
6.  84  to  5.  55.  A2  has  the  smaller  •  value  and  chi.ug- 


0  5  '0  IS  20  25  JO 


t 


0  '0  20  JO  -'.0 


t 


O  4  8  12  16  2  0 


t 


0  ’0  JO  40  5' 


t 
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a  simple  limit  cycle,  1.-17  f».  (I,  eonvergenee  to  the  stable 

stationary  point,  and  <!  >  >  a.  a,  a  ehaote-  transient  toll, oust 
l.\  ronvergenee  to  the  stable  stationary  point. 


19/9 


Ptiys.  F hints,  Vol  24.  No  11  Nevrnitiei  19HI 


[7  A  unwell  no.!  f  1 1|| 


PI  n 


1  AJU.E  I.  Saturated  behavior  of  system  tf>).  SSI' — stable  stationary  joint.  .*>1  C — simple  limit 
eycle.  If  more  than  oik-  type  of  hehtivior  is  listed  then  there  are  two  attractors  pres*  nt  lor  that 
range  of  gamma. 
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es  from  a  limit  cycle  (different  from  Al)  to  a  stable 
fixetl  point  as  decreases  through  the  same  range.  Al 
is  absent  and  A2  is  a  point  if  •  5.55.  A2  is  absent 
and  Al  is  a  limit  cycle  if  >  6.84. 

Suppose  we  choose  a  value  of  >  for  which  both  attrac¬ 
tors  Al  and  A2  exist  and  pick  initial  conditions  on  Al. 
We  allow  the  system  to  evolve  in  time  and  slowly  de¬ 
crease  ) .  The  trajectory  will  remain  on  Al  until  this 
attractor  vanishes  at  -5.  55,  then  the  trajectory  will 
be  drawn  to  A2.  Apparently,  this  is  because  as  •,  aj>- 
proaehes  5.  55  from  above,  A2’s  neighborhood  of  attrac¬ 
tion  swells  to  intersect  Al.  Initial  points  tlut  would  be 
on  or  near  the  slrange  attractor,  Al,  for  i  '5.55  con¬ 
verge  to  A2  for  )  5.55  along  trajectories  that  wander 

chaotically  for  a  while  as  though  Al  were  still  present. 
(See  Sec.  niC  for  a  discussion  of  such  chaotic  transi¬ 
ents.  )  Increasing  >  to  Us  original  value,  we  will  have 
changed  the  state  of  the  system  from  Al  to  A2.  Uv 
analogy  to  magnetostatics,  the  existence  of  two  stales 
of  the  system  for  a  given  choice  of  > ,  or  equivalently, 
the  dependence  of  the  global  behavior  on  initial  condi¬ 
tions,  is  called  hysteresis.3  [Notice  that  from  (6)  we 
have  (n02)/vi12,  2>  for  all  saturated  states  of  the  sys¬ 

tem.  ] 

B.  Period  doubling  bifurcations 

Figures  5(a)  to  (c)  show  u,(f)  for  three  values  of  il¬ 
lustrating  successive  period  doubling  bifurcations. 

Three  sequences  of  such  bifurcations,  beginning  with  a 
simple  limit  cycle,  have  been  observed  for  6  -6  (see 

Table  I).  To  study  these  bifurcations,  we  record  the 
intersections  of  the  trajectory  with  a  constant  plane. 
This  plane  is  our  surlarc  of  section.  For  definiteness, 
we  keep  only  those  points  for  which  1  •  0.  Thus,  we 


generate  a  sequence  of  points  {[flo(0.  «i(f«)!l,  where  f„ 
is  the  time  of  the  nth  piercing  of  the  surface  of  section. 
These  points  represent  a  cross  section  of  the  attractoi 
in  the  long-time  asymptotic  limit. 

"i (Ol  ?  (ao(f«'i)i  «t(/.'tM 

deltnes  the  Poincare  map  ol  (5).  This  is  a  discrete 
two-dimensional  map  and  is  necessarily  invertible  be¬ 
cause  (5)  is  a  system  of  first-order,  ordinal' ,  dill<  :  i  ti¬ 
dal  equations. 

It  is  often  observed  that  the  orbit  trajectory  intersects 
the  sut  lace  of  section  on  what  appears  (at  least  to  a 

v!) 
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Fto.  r« .  apM,  illustrating  successive  peri,*)  doubling  bifur- 
rations  i.aiy  t».  ITi,  a  simple*  limit  evrie,  (h>v-li.l2,  a 
rvi  lr,  and  u-lv  <1.033,  a  -l-cycle. 


first  approximation)  to  bo  a  simple  smooth  arc.  In 
such  cases  it  makes  sense  to  construct  a  discrete  one- 
dimenstonal  map,  Fr.  from  the  Poinci  ,  e  map.  (F, 
plays  a  fundamental  role  in  our  description  of  period 
doubling  bifurcations  in  this  section  and  is  used  to  ac¬ 
count  for  the  tangent  bifurcations  from  chaotic  to  peri¬ 
odic  behavior  described  in  Sec.  II1C.  ) 

For  many-times  bifurcated  periodic  orbits,  this  arc 
lias  a  roughly  semicircular  shajx  .  We  choose  to  adopt 
polar  coordinates  in  the  surface  of  section  [cf.  Fig. 
6(a)*.  This  turns  out  to  be  a  good  choice  for  defining 
A,.  /,  may  then  be  written  as /’r( p.,  i,\)  -  ( P„ ■  i ,  , 

where  (p„,  >,) '  [of/,),  i.*>  (/,)].  Siipim.se  we  restrict  our 
attention  to  the  coordinate  di  and  graph  dvj  versus  <\ 
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Fit',,  fi.  Construction  of  the  one-dimensional  map,  F from 
points  in  the  surface  of  section.  (  a)  surface  of  section  and 
(t>)  one-dimensional  map,  Fr,  conslruetiaf  Irom  Ihe  32-c\i  1, 
la  -  5)  at  y  -  0.  0317.  i  c )  Fr  for  the  32 -cycle  at  y  ii.  792x7 


for  each  trajectory  in  (a 0,<Ji,«)  phase  space  that  we 
wish  to  study  using  Fr.  For  all  of  the  periodic  orbits 
studied,  this  discrete  graph  api>cars  to  lie  on  a  simple 
smooth  curve  in  the  '.‘vi)  plane  [cf.  Fig.  6(bl  and 
(c)].  Furthermore,  this  curve  intersects  any  <.•>„  con¬ 
stant  line  in  at  most  one  point.  Therefore,  wo  define 
F,  to  be  the  simplest  smooth  interpolation  of  the  dis¬ 
crete  graph  [(d)„,  <£„,()]  such  that 

t'MJ  '<■*«  - 1  ■ 

This  gives  us  a  well-defined,  i.e.  ,  single-valued,  map 
for  all  trajectories  observed  to  be  asymptotic  to  a  peri¬ 
odic  orbit,  provided  that  some  of  the  early  transient 
behavior  is  ignored.  II  is  understood  that  there  are 
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enough  punts  in  the  discrete  irraph  I « >  make  this  inlcr- 
p'l.mim  reasonably  uiiambirunus.  I  ni  example,  a 
twice-bifurcated  simple  iinui  cycle  mU'rsa  ls  i In-  sur- 
i.lce  of  section  ;:i  ■  ml \  lour  points.  Ney crthcless.  we 
will  .scum,  that  the  map,  F,,  at  this  .*!.•"  is  sim¬ 

ilar  in  lliat  which  is  mu  re  com  uu  on  ly  delimit  at  Inr.hcr 
bifurcations  uf  tlic  same  cycle.  Tins  assuni|il i. m  is 
supp.rted  by  tile  transient  behavior  a!  trap’,  toil'  s  near 
Ibe  4- eyele:  tin1  corresp.mhniy  transient  p.ints  in  lln 
discrete  RWph,  ,(  i>S  lie  almu;  ares  representin'.-, 

pu  ces  nf  h  ,  at  lumber  bifurcate  ns. 

I'he  cunslruetion  nf  F,  is  illustrated  in  Fie.  ‘i.  We 
require  only  that  fi  -0  be  “inside"  the  alt rae tine,  are  m 
the  surlate  "f  section  anil  that  0  be  chosen  so  as  te 
permit  ennsiruetinn  of  a  well-defined  F,.  This  was  al¬ 
ways  possible  for  the  cases  studo  d.  Otherwise,  the 
i  h1  nee  of  origins  for  p  and  !•  does  not  affect  the  boha\  - 
tor  ol  Fr  as  is  pertains  to  the  bifurcation  phenomena  to 
be  described. 

The  maps.  F,,  are  not  invertible:  two  dillerent  i„'s 
are  mapped  into  the  same  In  the  chaotic  renames, 

where  virtually  no  interpolation  is  riqu’red.  this  (rom- 
bined  with  the  necessary  invertibib.lv  o  /’,)  implies 
that  the  arc  in  the  surface  of  section  must  have  t r :i; l •  ■ 
width:  if 

(p,.  U. 

(hen  f>m  '  Thf  structure  within  the  .otrai  linc  are  in 
b  e  ease  of  chaotic  motion  is  discussed  in  Sec.  HID. 
(Naturally,  it  is  reasonable  to  redin  e  the  iwo-dimeii- 

in.il  Poincare  map  to  the  one- dimensional  map  /• , 
only  il  the  transverse  thickness  ot  the  arc  contaiiunr 
tins  strueb. re  is  thm.  ) 

Iterates  n!  Die  map  arc  delined  o.  an  obvious  way: 

f /,[/■, ( - 1 1 .  /• ;  f  i  i ci!;, 


lllli 


n-,t .  •) 

Ik,  • ') 


t 

2 


(up[n  r  si  ns  reler  to  sequences  I  •  "d  11  m  I  abb-  I 
lower  Mi;ns  refer  lo  sequent  e  Ill). 


When  ,  is  between  7.  and  .  the  oiun  r.eh  .ir.-i  - 
seels  lln*  surface  ot  sort,  m  m  2"  p.  uia .  aad  1  ,*  !„.■ 

2"  :.‘abli  ■  rreducible  I  i.\i  d  p  unts,  these  an  t !  •  i- 
Iv  slab).  fi\ed  piints  that  1  has.  (I*,  r-  :  .  .  u  .■ 

trap  clot  '.  is  called  a  "2"  i  cb  ’.  )  As  a;  ,  i  ,n  !,i 
»  .  '</.'»*)  approaches  -1  fr  mi  above,  and  ti  e.-.  - 

i  n!  points  are  observed  lo  roi.vorru  nc  ie  slow1,  t  ■. 
lo  allei  sale  about,  the  stable  fixed  punts.  As  ■  m  \  •  r 
Uirouah  ,  „  |,  each  irreducible  fixed  punt  it  F,*v  1  .e  , 
stability,  bifurcatin'.’  n.to  two  of  'lie  2"  '  nei-b  n;.  s'aiib 
irreducible  fixed  punts  ot  f\‘  This  pr  i.  il¬ 

lustrated  in  Fin.  7. 


Fi menbaum  has  conducted  theon  ttcal  studies  ■  .t  .. 
class  of  one-dimensional  maps  havinu  a  simile  i 
mum  and  depending  on  a  sin:  it-  parameb  r.  ’•  (K.r  m.o  - 
apparently  beloni;  to  Hus  class.  Ttmse  maps  aeiier.ce 
an  inlimtc  sequence  of  period  doublni".  Infurcaiious  a- 
the  |  aranicter  approaches  a  critical  value  !  .  the  It., 
print  ol  'hi  7  ,'s,  and  in  tips  limit  si:  .v  sfriki:,.'  t::i..<  :  ■ 
sal  quantitative  behavior.  We  now  brief,  de  a  r.."  '.ns 
predicted  behavior  near  v  I,  and  e.  inpaie  it  wit:, 
numerical  results. 


IT.*  r.o  r.e  ol  7  ..ver  which  a  stable  2"  c.a  1.  .  \k 
cr.  asrs  •..•ometi  icallv  fist  will:  mere  m:.  ■  >. .  1  1  1 


A. 

F'-r  maps  h.ivini;  a  quadratic  extrema 
I  A  •  )2 


iiie  theory  determines  that 


The  lixed  points  of  F^*1  are  the  intersect  ions  of  its 
yraph,  F',*'(:>„ ),  with  the  idetilifv  c,  ,  It 

.'•*  is  a  fixed  punt  of  1 .  then  .*  ,  c  1.  I.inear- 
i.'inu  F[,!  about  the  fixed  point.  1:  is  eas>  to  see  that 
■  ”  is  stable  it.  ind  only  if,  UF, ’('.*)  1,  where 

IiF\‘]  denotes  the  dertvaliv*  >t  !'\>]  with  resp.  el  to  ns 
arcument.  By  the  chain  rule 

and  the  pi  m.e  denotes  differ,-:  nation  w  ith  respect  to  tin- 
an  uii.eiit. 

If  .;  *  is  lixed  pom!  "t  F',"  but  not  ol  ,  >  1.2. 

.  .  .  ,  -  1 ,  I  lien  so  are  the  I;  ~  1  points  . 

‘  ’  ..  These  I  fixed  piints  of  F1,  are  cycled  ainond 
themselves  by  F,  and  share  the  same  stability  because 
l>F  ‘  has  the  same  value  at  each  ot  them.  I  el  us  call 
tin  se  punts  ti  e  11  reducible  fixed  point,  of  F,*1;  tln-v 
111:1,  or  muv  ii"t  exist,  depending  on  -,  . 

A  bilurcat:  m  sequence  may  lu  described  as  toll  ms. 

A  stable  It, in'  cycle  exists  lor  values  of  1  in  cue  ol  i!,. 
tl.ia  •  I.  lei  vals  eiven  111  Table  I.  Kach  uiterv  al  is  p..  r- 
I  it  mm  .  I  l.v  a  sequence  of  critical  v  allies  u!  ,  ,  > 1 

1,2...  1.  He- ween  tin  7 /s  t  he  pel  n  d  /  •  lllli-  c\- 

M.  is  1  ri.llti:::.  -us  lull,  tluil  ..  tail  it  a;l  .is  fi  ■  .ill  1 II 


hm  A.  4. 6fi42016.  .  .  . 

Vn-  find  tliai  h.r  sequel),  <  1 
A  l.VfiiO.  00 
,,nd  i.  .  seipienee  11 
A  4,  77  :  0.  18 

(«  5.  7  is  as  lar  as  we  w ere  ibk  i. •  pa i  ,e  .  .  .. 

1,11;  .sequence  III  was  not  •  ■  .  ..r.  tulh  s’u  In  1  !  ..  .  ti 

com  pa  1  at  tv  *  ly  slow  time  <  \  1 mil  .f  "  ••  ■  st.  .  .1 

lo  t  1  1,2 . 2".  I  ••  •>  irredu.  .Id,  ,c.  t.l,  f 

points  of  f  \ ‘  *,  ordered  so  ih.it  .  at..!  .11  ■  b  r 

from  by  In. ureal  loll,  ler  detini'eii'  ■  s.  cr.;:  lei 

-  c.J,  when  D'  .-"Tc  D  II. 

From  Fe.  .  8(e)  it  is  eleai  that  iF,  is  .  :  .q  ally  1.  1  . 

me  !  met  ion  .1  11,  Tin  s  :s  r.  I  bu  t :  .11  .  .|  the  in  • .  . 

,  ouvolution  d  the  map  w  ilh  "u  t  eas,  u  ..  rati  1  . 

Si.pp  s.  ami  an  I"  s  nr  m  ail  n  r  l  b  :  ■ 

Hie  ext i"  naim  ol  /  ,  W  inn  is  1  h< >s.  t;  s. .  1 1.., 

PI ■  t  '■')  0,  i  1.2,.  .  .  . ' .  and  "an  sep  ,.  .,1  ■  * 

b.  a  distance  ot  ,/J'.  Up  1  m'urc.ile  n  I..  "n  -i.p  ..  r’ 

...b',  7  an. I  "  split  ni.  i  and  : .  ,  - 


T 


K10.  7.  Surfaces  of  section  and  one  dimensional  maps  FT  and  Just  before 

(<a)  and  ih):  y  =  6.17  1  and  just  after  [  (c)and  (d):  y--  6.  1C  1  the  bifurcation  of 
the  simple  limit  cycle  at  y  -  6.  165.  Arrows  indicate  the  convergence  of  transient 
points.  <e)  when  0  defining  d),! . 


For  large  n  these  two  pairs  are  also  in  some  small 
neighborhood  of  When  y  is  chosen  so  that 

-0,  ;  =  1, 2, . . . ,  2"  *,  <t>v'  and  d.;’1  (dj'1  and 
dij'1)  are  separated  by  a  distance  <f{x  ’)•  Feigen- 
baum’s  theory  determines  that  for  targe  n,  ~a 

constant  depending  only  on  the  order  ot  tlie  extremum 
<*,.  For  those  <b)  and  nearest  to  <p0  the  theory  pre¬ 
dicts  that 

lim  (rfj/dj1)  =  2.  5029.  .  .  ■  -* 

B-  • 

for  maps  with  a  quadratic  extremum.  In  other  words, 
the  distances,  </J,  between  4>’’s  near  <f>o  are  reduced  by 
a  factor  of  or  upon  bifurcation. 


If  Fr  has  a  quadratic  extremum,  then  i /■',(  ‘>J ) 

-  and  ih\(  bV')- /•’,(*>;■') '  -(</?■’ )2  -  (r/T 

o)*.  But,  Ft(3”'')  and  Fr('f>3'1)  bifurcate  from  F,(* ’’)■ 
Therefore,  the  distances,  (T)t  between  rfrj's  near  /-,(.* rc) 
are  reduced  by  a  factor  of  upon  bifurcation.  In  gen¬ 
eral,  the  i/^’s  rescale  under  bifurcation  according  to  a 
complicated  function  of  4>.  However,  for  large  ft,  a 
first  approximation  to  this  function  has  half  of  the  ift 's 
rescaling  by  rr  and  half  by  oJ  (cf.  Ref.  5>. 

This  rescaling  has  important  implications  for  the 
spectrum  of  a  highly  bifurcated  limit  cycle,  l.ct  A"{u') 
be  the  frequency  specirum  of  i  2"  cycle.  Logl0  t/ffoi) 
has  pronounced  (leaks  at  at,'-  2").  k  *1.2 . 2". 

mi 
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P  «,  ■-  ,ssi?N  and  h  Or: 


lor  some  a>ub  ).  Let  ,4J  f  denote  these  eomponenls 

of  the  spectrum.  Feigenbaum  shows'’  that  for  »  asymp¬ 
totically  large, 

p ,  *  -1.2 . 2'. 

Here,  /4J_,  2  is  obtained  by  smoothly  interpolating  the 
od  i  k  components  of  A*{u))  and  p  =  4o [2(1  *-  v'2)]'1  ! 

6.  57.  .  .  .  Thus,  in  the  limit  of  many  bifurcations  the 
odd  subharmonics  of  the  spectrum  tend  to  be  self- simi¬ 
larly  reproduced.  For  sequences  1  and  11  we  calculate 
an  average  odd  subharmonic  rescaling  factor: 

iottio(h.)EUog,0!^;i  -iiogui/i;;!.,  -  rloBio 


for  »t  =  2  through  4  and  6,  respectively.  We  offer  the 
averaged  values  of  log10(p„)  over  all  bifurcations  of  the 
sequence  for  comparison  with  Feigenbaum's  result, 
log10(p)  =  0.  818. . . 


JO. 781,  a0 

Sequence  I:  aog„<p.».. ,.M  -  j Q  ^ 

(0.834,  n0 

Sequence  II:  <1ok,.0- . ;  =  ^ 

[Here  indicates  the  spectrum  of  ,(/).  ] 


C.  Chaotic  behavior  and  tangent  bifurcations 

The  long-time  asymptotic  behavior  of  (5)  is  said  to  be 
chaotic  when  the  motion  is  not  discernably  periodic. 
Nonperiodic  motion  is  observed  to  be  stochastic:  if  two 
initial  points  in  (n0.n,,  t>)  phase  space  are  chosen  very 
close  to  each  other,  but  not  on  the  same  trajectory, 
then  the  distance  between  them,  6.v(/),  diverges  expo¬ 
nentially  fast  immediately  after  they  begin  to  move 
along  their  respective  trajectories, 

#»(/)- M0)exp(x,f),  X,  =*,(>)-•  0.  (9) 

Eventually  this  exponential  divergence  saturates  abrupt¬ 
ly,  and  6*(/j  becomes  an  erratic  function  of  time  (see 
Fig.  8). 


K It:  s  Stoch.ist  u  ity  ■  the  natural  logarithm  of  the  distance 
Arif  I,  t.etween  two  initial Iv  very  close  points  when  the  long¬ 
time  asymptotic  behavior  Is  chaotic,  y  ft.  TCP.  Imtialh  . 

I  oscillates  about  an  average  value  that  diverges  expon¬ 
entially  in  time. 


Each  of  Ihe  bifurcation  sequences  described  above 
culminates  in  apparently  chaotic  behavior.  In  principle 
this  chaos  is  a  product  of  infinitely  many  period  doub¬ 
lings  as  approaches  the  critical  point  I\,  and  the 
period  of  the  motion  diverges.  In  fact,  when  >  is  just 
beyond  the  critical  point  the  power  spectrum, 
log,„  I,  may  be  thought  of  as  a  superposition  of 

two  parts.  One  part  is  discrete  and  consists  of  a  finite 
number  of  sharp  spikes.  The  other  part  is  continuous 
as  a  function  of  m.  The  spikes  achieve  a  height  above 
the  erratic,  or  "noisy,"  part  of  the  power  spectrum; 
they  are  evenly  spaced  and  correspond  closely  to  the 
taller  spikes  in  the  power  spectrum  of  the  periodic  mo¬ 
tion  observed  just  before  y  moves  through  Tc  This  en¬ 
durance  of  the  stronger  subharmonies  of  the  periodic 


to  4  r- 


r  i 

i-  .i  _L.  -i - i  ..  1  .1  i  I  I  J 

0  VO  2  0  5  0  4  0 


Kir,.  9.  (Juasi-poriodio  chaotic  behavior:  the  powf»r  sped i  urn, 
lon,r:  I  I'M,  of  the  pump  w ivr  amplitude  at  <  y  . 

P'lv  I..  o;;4L,:»,  and  le)v  <» .  ThrM1  >it  parin'-,' 

li<‘  just  hrvorol  tht*  rHtit’al  point  rr~  oiWr.-j . 
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motion  gives  the  onset  of  chaos  a  “quasi- periodic"  char¬ 
acter,  as  shown  in  Fig.  9.  The  average  height  of  the 
noisy  part  of  the  power  spectrum  increases  as  y  moves 
away  from  tc  into  the  chaotic  regime,  but  the  heights 
of  the  sharp  spikes  remain  approximately  constant. 
Consequently,  the  smaller  spikes  are  successively  lost 
in  the  noisy  part  of  (he  power  spectrum  as  7  moves  be¬ 
yond  the  critical  point. 

The  chaotic  regimes  are  punctuated  bv  sudden  appear¬ 
ances  of  stable  3-  and  5-cycles.  These  periodic  orbits 
are  born  via  “tangent  bifurcations"0  when  FJ’’5’  is  tan¬ 
gent  to  the  identity,  -  '!>)  .3  5,  as  in  Fig.  10(a).  Peri¬ 
od  doubling  to  stable  3x2"  and  5^2"  cycles  occurs  as 
described  in  Sec.  I11B  and  eventually  results  in  a  return 
to  chaotic  behavior.  However,  it  is  observed  that  these 
3x2"  and  5  •  2"  cycles  exist  only  over  a  very  small  in¬ 
terval  in  y  (e.  g.  .  the  range  in  )  is  less  than  2  ■  10"3  for 
the  3x2"  cycles).  In  the  chaotic  regime  following  se¬ 
quence  1  the  map,  h\,  develops  an  inflection  at  its 
minimum.  This  new  local  maximum  rises  w  ith  de¬ 
creasing  >  to  intersect  the  identity  and  terminate  the 
chaotic  regime.  This  is  shown  in  Fig.  10(b).  The  sim¬ 
ple  limit  cycle  that  begins  sequence  II  is  thus  t>  •rn  bv 
tangent  bifurcation. 


of  the  stable  fixed  points  of  l'[' ' .  The  duration  ,,1  t;, 
"chaotic  transients’”  *3  depends  sensitively  on  the  initial 
point  chosen  and  on  y .  As  y  approaches  ;•  ,  from  below, 
the  attracting  neighborhood  of  the  fixed  joints  dimin¬ 
ishes,  and  the  transients  tend  to  last  longer. 

Chaotic  transients  art  also  observed  foil  >wing  the 
disappearance  of  the  strange  attractor  (labeled  A1  m 
Fig.  4)  at  >  —  5.55.  For  >  -5.55  this  attractor  coexists 
with  a  stable  stationary  point  (A2  in  Fig.  4).  As  ,  ap¬ 
proaches  5.55  the  neighborhood  of  attraction  of  I'.e 
fixed  point  apparently  intersects  the  strange  attractor. 

If  we  choose  an  initial  point  in  (n0,«,,  •>)  phase  space 
that  would  lie  on  A1  for  >  '  5.  55  and  evolve  the  sysu  n, 
in  time  with  y  5.55,  so  that  A1  does  not  exist,  the 
immediate  subsequent  behavior  is  as  if  A1  were  still 
present.  Thai  is,  for  y  slightly  less  than  5.55,  transi¬ 
ent  points  are  distributed  along  an  are  m  the  surface  of 
section  that  is  nearly  indistinguishable  irom  t lie  inter¬ 
section  of  A1  with  the  surface  of  section  observed  when 
>  5.55.  The  duration  of  this  chaotic  transient  dejiemls 

strongly  on  where  we  choose  ihe  initial  point  on  the 
"remnant”  of  Al.  Eventually,  the  trajectory  converges 
to  the  stable  stationary  point  A2.  Some  exan  pies  of 
chaotic  transients  are  illustrated  In  Fig.  11. 


Suppose  a  tangent  bifurcation  to  a  stable  k  cycle  oc¬ 
curs  at  > ,  such  that  the  behavior  is  chaotic  for  y  : 
when  the  attractor  intersects  the  surface  of  section  in 
some  arc.  Then  for  y  •  >,,  trajectories  are  observed 
to  puncture  the  surface  chaotically  along  the  arc  until 
the  intersections  fall  within  the  attracting  neighborhood 


D.  A  strange  attactor 

Bifurcation  sequence  III  converges  in  y  to  chaotic  b, 
havior  at  y  -1.805.  The  chaotic  behavior  is  very 


Fl(',.  to.  Tangent  bifurcations  to  i  at  the  ;i-e\rb  at  \  a.tissf, 
and  ( b  1  (tu  simple  limit  cvele  al  -  n.;;M. 


KKi.  II.  Chaoiic  transients  nr  dection  o.  the  motion  . . nt . , 
Ihe  S  coordinate  nlane  when  convergence  is  1  n  the  -t.< 
lionat  v  point  at  r,  i  10  Iransieiit  points  in  Ihe  sui  face  oi 

section,  indibtP'-  :  ru  li'  ,i'  1  :iss;,  i  ]  1  u  t :  ir  ■  ce1 

t»oini’  in  die  surtace  -o'  section). 
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short-lived  in  7  (el.  Table  1).  At  these  smaller  values 
of  7  the  system  evolves  more  slowly  in  time  and  is 
globally  much  more  sensitive  to  initial  conditions. 
Possibly  due  to  the  slower  contraction  of  phase  space 
volumes,  the  attractor  intersects  the  surface  of  section 
in  an  arc  of  easily  discernible  thickness. 

On  magnification,  the  attracting  arc  is  seen  to  be 
made  up  of  several  closely  spaced  lines  some  of  which 
appear  to  be  thicker  than  others.  Higher  magnification 
of  one  of  the  thick  lines  (cf.  Fig.  12)  reveals  the  same 
pattern  of  lines  as  was  found  by  the  first  magnification. 
This  repetition  of  a  pattern  under  magnification,  or 
“scale  invariance,”  is  also  a  property  of  the  Cantor  set. 
(See  the  Appendix  for  a  definition  of  the  Cantor  set. } 
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Fl<h  1-.  Scale  invariance  of  the  strange  attractor  it  >  1.  ‘•n.v 

i  a)  the  attracting  arc  in  the  surface  of  section,  ib»  enlarge 
ment  of  the  small  hox  in  I  a),  <c)  enlargement  of  the 
box  in  t  b  >. 
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Attractors  having  Cantor  set-likc  scale  invariance  are 
among  the  earliest  theoretical  examples  of  strange  at¬ 
tractors.  0-11  This  structure  has  since  been  observed 
numerically  in  the  strange  attractors  of  some  two-di¬ 
mensional  maps  used  to  model  dynamical  systems.  ‘1-,a 

To  compare  the  structures  of  different  attractors,  we 
define  a  fractional  dimension14  as  follows.  Let  ,\(.)  be 
the  minimum  number  of  cubes  of  side  length  •  required 
to  cover  the  attractor.  Then, 


!) 


log  MO 


lU1o'  log(lA) 


■101 


is  the  Hausdorff  dimension  of  the  attractor.  To  1  .  •  te 
the  attractor  to  within  the  precision  '  we  need  .No  )  bits 
of  information.  For  small  t,  A(<)~f‘D.  For  example, 
the  dimension  of  a  point  is  zero  [M0  —  1],  that  of  a 
closed  orbit  is  one  [MO ~ C1],  and  that  of  the  surface  >1 
a  three-dimensional  sphere  is  two  [M0~f"2l. 


For  most  purposes,  an  attractor  will  be  said  to  tie 
strange  if  its  dimension  is  nonintegral.  The  dimension 
of  the  Cantor  set  defined  in  the  Appendix  is  log'2J 
log (3)  =  0.  63  09. .  .  .  In  an  earlier  paper15  we  use d  the 
definition,  Eq.  (10),  to  determine  l)  numerically  for  the 
chaotic  attractor  at  >  =  1. 805: 


D  -  2.318  ±  0.  002  . 


As  an  example  of  a  set  with  dimension  between  two  and 
three,  consider  the  union  of  concentric  spherical  sur¬ 
faces  in  3-space  whose  radii  are  the  elements  ot  the 
Cantor  set  defined  in  the  Appendix.  The  dimension  of 
this  set  is  2.6309.  . .  . 

The  dimension  may  be  related  to  the  local  stability  of 
trajectories  on  the  attractor.  Let  6 x(t)  denote  ttu  vec¬ 
tor  displacement  of  two  points  in  phase  space  that  are 
evolved  by  Eqs.  (5).  For  I5x(0)l  arbitrarily  small,  we 
may  assume  that  subsequently 

5x(f)  =  A  (f)  •  8x(0) .  (11) 

Writing  (5)  as  x  =  G(x),  we  find 

A  -  DG  (x)  ■  A. 

where  DG  is  the  Jacobian  of  (5).  Let  [«,(/).  i  1.2.3 
be  the  eigenvalues  of  A(t).  Then, 

A,  ?  lini  In  I  (»,(/)! 1  *,  i  1,2,3, 

<-  - 

defines  the  Lyapunov  "typo  numbers”  ''  of  (5).  One  ol 
these.  A;  say,  is  necessarily  zero.  [To  see  this  notice 
that  the  distance  between  two  close  points  on  the  same 
trajectory  varies  as  |(«(x)|.|  From  (11).  phase  space 
volumes  contract  exponentially  at  the  rate  -(a,  \). 

so  that  using  (7)  we  have 

A,  +  \3  -  -2b  -  1)--  0.  (12) 

For  stochastic  trajectories  one  of  these,  x,  sa\ ,  is 
greater  than  zero.  [This  is  t he  same  as  in  (9).  ] 

A  conjecture  has  recently  been  made  relating  the  Lya¬ 
punov  numbers  to  the  dimension  of  a  strange  attractor.1 
For  M-dimonsional  phase  space  this  conjecture  is 


1-  ► 
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where  Xt  •  X2  .  -X,  ami  k  is  the  largest  integer  for 
which  x,  f  Xj  t-  •  •  ■  +  x,  ->  0.  For  the  present  s\  stem  k 
=  2.  Aided  by  Eq.  (12),  we  have  found  the  Lyapunov 
numbers  numerically15: 

l>L  -  2.  317  t  0.  1)01  , 

so  that  l>  l>,  to  within  the  obtained  accuracy,  consis¬ 
tent  with  the  conjecture. 

IV.  CONCLUSION 

We  have  modeled  the  nonlinear  saturation  of  the  os¬ 
cillating  two-stream  instability  using  a  three-dimen¬ 
sional  dynamical  system  resulting  from  a  truncation  of 
the  nonlinear  Schrodinger  equation  to  three  modes.  A 
discrete  one-dimensional  map  constructed  numerically 
from  the  trajectories  describes  much  of  the  global  be¬ 
havior  of  the  system  in  a  way  consistent  with  the  gener¬ 
al  theory  of  such  maps.  In  particular,  we  find  bifurca¬ 
tion  sequences  of  periodu  orbits  that  are  m  rood  quan¬ 
titative  agreement  with  the  theory. 

Chaotic  behavior  is  observed  to  take  place  on  strange 
attractors  having  Cantor  set-like  structure.  Our  study 
of  one  of  these  attractors  strongly  suggests  a  relation¬ 
ship  between  their  fractional  dimension  and  the  local 
stability  of  their  trajectories.  Such  a  relationship 
would  be  important  for  the  theory  of  distribution  func¬ 
tions  on  strange  attractors. 
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APPENDIX 

1.  Stability  analysis 

The  fixed  |x>ints  (6*.6j.  9*1  of  (6)  are  given  by 
b j  -i  sin  9*,  6*  -l  (2  sin  -  i. 
where  "  solves 

(2>  -  I) -2b  -  I) cos  •’-2'sinc’  0,  (A  1 ) 

with  sin  •  *  0  since  80  (  t .  Lei 

cosy,  - 

and 

Sliry  •-  -  1  [  '2*(>  -D2r  2. 


1  1C.  1:5.  Mntfle*  f>*  ),  nicntifvm^  tl.e  two  Mai inisuv  point.- 
i  r> }  cor respond  inn  to  6,,  . 


Kquation  (A2)  can  be*  solved  provided 
>  9  *-  3  4  . 


A ''  i 


With  (A3)  enforced,  we  see  from  Fig.  (13)  that  (A 2 1 
has  two  possible  solutions,  ’.  Ki  .  0  ,  ■  2. 

sin  ’q  0.  so  that  ■'*  is  an  admissible  solution  to  (A2i. 
q  is  adm.ssible  provided 

sin<-  -V  ■  I  [pjL’J 


which,  on  using  the  expression  for  sin  "  above,  is 
easily  seen  to  be  satisfied  for  ali  , .  T/nnfore.  ' 
are  two  stationary  points  of  (01  for  •  9  -  ’.  Fi  •  : 

(Al)  we  finu 


-b 


1.2 


■l)b  -  p'-  i'2<'J 
9  ►  (-,  -  i  )J 


.  ..  M>  _  {)-•[(;  -  1  )‘(  ’’2  •  !  -  )’ 

a")''t,2  -  “  i  (,  _  ,|2 


Label  the  two  stationary  pun  .  (6*.  6*.  q  J,  /’,  ,, 
respectively. 

Assuming  a  solution  to  (G)  of  the  form 


6(i  j  --  6,,,1  -  r'b  ,  expfsfl  ,  .  ■  -  '  c\p(.v/ 1 


and  linearizing  the  resulting  equations  in  '•'»  .  and  '  . 
we  obtain  a  homogeneous  system  of  algebraic  equate  ns 
which  is  solvable  provided 

/■(s)  S!+(';V!  H  p  -  t  ,  0.  A4.ll 

where 


C2  -  2  b  -  1) . 

<’,  (2)  siir’"*)(2  -3eos  *  1-2  cos4-’ I  . 

and 

("o  =  (8-,  sin!r  ’  l[  b  -  1 )  i-  (,  -  j  )  cos 
("*  stands  for  q  2).  Let  us  Write  (A-bi)  as 

l'  (s )  (s  o  o  !(•,  -  (V  )(s  -  ,  ) 

.s  —  v2[i>  -  o  *•  ]  t-  s(.  (rt  *-  i )  -  ,»  2  •  -  i  2  . 

(A  4b) 


where  0  ~  2  since  ">  0  and  :■  1.  Then,  (Al)  be¬ 

comes 


sin(  •*  *-  <„) 


(A2 ) 


whore  o  is  iho  r; ounuiMto  «d  o,  and  is  rr.i! 
A  stationary  |x>i :i ’  is  stable  only  it  .  0  and  ►  •  *  0. 

For  both  l}*  j  l!  's  st  i  .unhUorw.u  ci  t  »  sb  »v.  itiat 
l  '  )  is  7.o ro  \  at  r“  *  ;  and  is  jen-a.w  ",  i 
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)  A  RuammI  an.!  1  i 


*  dM  ■ 


j.  riii'i  i  lnro.  tin-  stall  hum 


live)  fur  !',*  (  * )if 
p*  11  ill  /'*  is  unsl.iSile. 


The  stability  of  i\  is  determined  eniirely  In  i  *-  o 
because  0  fur  this  |minl.  From  (A4).  o  -  o  0  ii. 
and  only  it,  (rememlier.  >  -  1) 


i 


a  ,  -  ( 


1.  e.  , 

COS  ■'/  ■  0,  (,  -  \  )  (>  —  1 )  —  _ ,  (An) 

[The  latter  etjuali l \  in  (A5)  requires  ;  4.  [ 

In  parameter  space  (*>,))  (A5)  are,  respectively, 

>  |  -  fi  and  V  -  (-,  -  1)2(>  +  l)s  3-,  (:  -  *  ) ,  ■'  0  . 

The  stability  of  /':  is  summarised  in  Fin.  1. 

2.  Hopf  bifurcation 

Hold  i  fixed  and  let  >  cross  one  of  the  lines  (Ao)  at 
so  that  the  stationary  point  /’,*  loses  stability.  As 
this  happens  Re(o)  crosses  the  origin  in  the  positive 
sense,  and  Im(o)  approaches  ,en.  (aP  r  0  because 
hi  ,•  -  0  only  at  a.2  *  | .  )  Under  these  conditions, 
the  Hopf  bifurcation  theorem1  states  that  a  limit  cycle 
is  born  at  /'/  with  period  2*  w,  and  radius  growing  as 
[  ->p  I1  l.  The  limit  cycle  is  stable  (unstable)  and 

exists  for  Re(rv)  0  and  [lie(o)  o|  it  a  certain  function 
ot  v,  T(> ),  is  less  than  (greater  than)  zero  at  The 
calculation  of  r  from  (5)  is  quite  involved,  and  details 
are  given  in  Ret.  18.  We  find  (hat  l  (,  0)  0  so  that  the 

Hopf  cycles  are  attracting  for  all  >0  on  the  critical  loci 
(A5).  For  &  --fi  we  have  isolated  the  three  Hop!  cycles 
numerically;  they  are  indicated  in  Fig.  4, 

3.  Cantor  set 

We  construct  an  example  of  a  Cantor  set  from  the  unit 
interval  [0,  1]  as  follows.  First  remove  the  open  inter¬ 
val  (1  3,2  3),  leaving  V  (0,  1  3)  [2  3,1],  Now  re¬ 

move  from  S,  the  two  open  intervals  (1  9.2  9)  and  (7  9. 
8  9),  leaving  Sj  -  [O,  1  9]  j[2  9,1  3]  (2  3.7  9!  (8  9, 

1  |,  and  so  on.  The  Cantor  set,  S,  is 


S  = 


,S 


i  * 


(In  ,  we  could  Ih-l;iii  by  ri  n.h.  i;!,1.  air.  *  nite.  ^ i * >»- 

M  int  family  of  open  subinter.  aU  Jrtnu  t h«  unit  n.'*  n.tl. 
Provided  that  this  first  excision  d«>es  not  h  uv-  us  auL 
•*nlv  isolated  points,  lleiain  r.  the  pr ti  ss  indrf inn*  1 , 
uls  -  yields  ;i  Cantor  set.  ) 

Notice  that  !.S  f  [o,  3*^]]  -  3  1  S.  I'hut  is,  air,  ■  «i ;«  <  4 
tlw  closed  intervals  comprisinr  \  c<  nt-iins  a  cipv  ■  \  s 
i «  1 1  :ccd  by  the  factor  3"\  This  property  ol  X  *.-»  (  alle-i 
“rf  ale  invariance.  "  Noliri  al.v>  lk.it  t\ j»-  U*ru;tli  *1  s  is 
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tor  paijnu-ters  ehut.tck-iizing  the  Plallcvilk-  ioiii.cplit.jK  ht:  a.ng  l.Kilitx.  tl.i-  1  aapcaai  wave 
evolution  at  the  exact  tellectton  point  ot  the  ticalei  w a\c  involves  an  oscillating  t mi-ii ; e.itu  i.isiahitil  v 
followed  hy  a  collisionallv  damped  three-dimensional  soliton  sOll.ipse  1  lie  usu!'  provides  an 
allctn.itixe  exphin.uion  toi  cert.iin  experimental  ohseiv.itions 


1  In  1  rool  (  1  it  in 

Mollification  of  the  ionosphere  hv  intense  radio  waves 
launched  from  the  earth's  surface  continues  to  he  tin  active 
area  ot  experimental  and  1he01et1c.1l  icsearch:  reviews  can 
be  found  in  the  November  1974  issue  of  Kadio  Stience 
(volume  9,  number  11).  in  the  articles  by  Iejcr  1 1975.  1979). 
and  in  the  book  he  Gurevich  (1978]  The  important  role  of 
nonlinear  wave  etfecls  during  ionospheric  heating  is  by  now 
well  established,  and  these  effects  have  at  least  qualitatively 
explained  many  of  the  observational  phenomena. 

The  purpose  ot  this  report  is  lo  exploit-  the  possibility  that 
three-dimensional  Langmuir  soliton  collapse  occurs  during 
ionospheric  heating.  1  his  possibility  was  liist  introduced  by 
/Vn  iashvili  [  1975.  |9",6j.  w ho  emphasi/ed  the  importance  of 
the  geomagnetic  held.  Previous  analytic  theories  of  nonlin¬ 
ear  wave  interaction  during  ionospheric  modification,  as 
summarized  in  the  work  by  Iejcr  ||97s.  |979|  and  hy 
\ahol\on  [1977J.  have  mainly  concentrated  on  three-wave 
parametric  instabilities;  see.  for  example.  He::eride\  and 
Wcimhii  k  1 I972|.  Chen  and  I  ejcr  1 19?5|,  IhiHon  and  Gold¬ 
man  |  I97J],  Aimer  and  Valeo  1 1 97 3 1 .  and  I'eikiio  el  al 
1 1 974 1  Most  of  these  theories  have  neglected  the  four-wave 
parametric  instability,  also  known  as  the  modul.itional  insta¬ 
bility  or  oscillating  (wo-xtream  instability,  despite  the  fact 
that  this  instability  was  the  one  discussed  in  the  original 
pupa  of  Perkins  and  Kan  1 19’  1 1  introducing  the  significance 
ot  parametric  instabilities  lo  ionospheric  modification  f  he 
four-wave  interactions  were  usually  neglected  because  they 
are  quite  difficult  to  treat  analytically,  and  because  the 
nonlinear  saturation  mechanism  of  these  instabilities  was 
unknown.  The  latter  difficulty  was  remedied  bv  /akhann 
1 19721.  who  showed  that  the  modulatnnt.il  instability  leads  to 
the  formation  of  solitons.  regions  of  intense  localized  clecinc 
field,  which  in  the  unmognclized.  three-dimensional  siuta 
lion  can  collapse  catastrophically  to  a  singularity,  like  a 
black  hole.  In  this  paper  we  use  the  term  soliton  to  mean  a 
coherent,  nonlinear  entity;  this  contrasts  with  certain  strict 
mathematical  definitions  m  which  a  soliton  is  a  one-dimen¬ 
sional  object  which  can  pass  through  mother  soliton  with  no 
change  The  difficulty  in  analytically  treating  the  modula- 
tional  instability  has  been  circumvented  by  numerically 
solving  an  appropriate  nonlinear  wave  equation  1  his  numer¬ 
ical  work  has  been  pursued  by  Zakharov  and  co-workers 
l/tik/iarm  el  ill  .  1974;  Deynarcv  and  /akhann  1974.  1975, 
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Ih'Ulyurei  etui..  1975.  /akliaroi  ,  1  id  197';  Uudin  i«  . 

1975;  Devlyarev  el  a!..  I976J  and  by  others  {I  irud.  <  :  .. 
1974;  <;«/,  .  1  el  al..  1975;  Pereira  el  al..  1977;  \i,  in  !\.ni  .  : 
al..  1978;  \1chnl\0n  and  Goldman.  1978.  Guldn.ui. 
\uhohon.  1978;  Weutherad  el  at.  1981). 

In  this  paper,  we  treat  the  evolution  of  l.angnuut  w .0  ev  ,t 
the  exact  reflection  point  of  the  modifier  wave,  the  point 
where  the  modifier  frequency  is  exactly  equal  to  the  pi. ism. 1 
frequency  (.-  -  0  in  Figure  I).  At  this  spatial  point.  11  is  well 
known  |C7ie«.  1974)  that  only  the  four-wave  oscillating  two 
stream  instability  can  occur.  Previous  theories  using  three 
wave  parametric  instabilities  are  appropriate  It'  spatial  loca¬ 
tions  somewhat  closer  to  Ihe  earth,  including  the  location 
where  the  maximum  amplitude  of  the  standing  heater  wave 
occurs.  The  competition  among  three-wave  interactions, 
four-wave  interactions,  and  soliton  formation  at  these  lower 
spatial  locations  will  he  treated  by  us  in  future  work  lie  c. 
we  numerically  solve  a  nonlinear  wave  equation  for  parame¬ 
ters  appropriate  to  the  Platteville  modification  facility  We 
find  that  the  Platteville  modifier  wave  is  intense  enough  to 
excite  an  oscillating  two-stream  instability  which  evolves 
into  a  set  of  three-dimensional  collapsing  solitons.  Hccausc 
of  collisional  damping,  these  solitons  do  not  collapse  cata¬ 
strophically  lo  ;t  singularity,  but  rather  undergo  a  period  of 
virulent  collapse  followed  by  exponential  damping  due  to 
collisions. 

In  the  next  section,  wc  review  the  wave  equation  uh-.!; 
describes  nonlinear  Langmuir  waves  in  the  absence  ot 
magnetic  field,  and  solve  it  for  parameters  appropriate  to  1* , 
Platteville  facility  In  the  succeeding  section,  the  cllca  .  o; 
the  geomagnetic  field  are  adued;  this  results  in  a  significant 
change  in  the  shape  ot  the  collapsing  solitons  but  docs  not 
significantly  change  the  time  scale  for  collapse.  In  the  fin. a 
section,  conclusions  are  presented  and  the  possible  upphea 
tion  ol  the  results  10  explain  certain  obscrvaiion.il  l.u's  is 
discussed. 

2.  Sill  HON  Col  I  Al’SI  II. MINIM,  1  III  GlOMXr.N)  Hi 
fit  1  i) 

The  equations  describing  the  nonlineai  evolution  ol  I  .mg 
mutr  waves  were  introduced  by  / akhann  11972)  and  .tic- 
known  as  the  Zakharov  equations  From  .\nhoGon  a  ,.! 

1 1 97K 1 .  these  are 

/  .  ,  3/,  ,\  2  m-' 

ia,  •  '2  •  -  -—  V  V  Fix.  11  -  V  111  Li  ill 

\  2(a,  m,  j  ni.  in, 

(•V  *  i'.n,  (  -’T')t;(x.  n  '  -  t'  I.  '  o' 

4  —in 
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I  ij;  I  Slanging  wave  pattern  of  the  healer  eleelrtv  held  and 
direction  of  the  geomagnetic  field  ovei  I'lattevilie.  C  olorado. 


together  with  V  x  K  -  0.  where  Etx,  r)  is  the  low -frequence 
envelope  of  the  total  high-frequency  electric  held  t""u.  /) 

Etx,  0  x  exp  I  -  no,/)  plus  the  complex  conjugate;  m ».  ft  is 
the  dev  iation  of  the  ion  density  from  its  average  value  n„:  <u, 
-  1 4 mitt’'  h:,)'  '  is  the  background  electron  plasma  frequen¬ 
cy  .  m,  (m, I  is  the  electron  tion)  mass;  r  is  the  absolute  value 
ot  the  charge  of  (he  electron,  f.  if’,)  is  the  high  close ) 
frequency  phenomenological  energy  damping  rate  (twice  the 
amplitude  damping  rate),  the  sound  speed  < ,  icy,/  *  >./.)' 
m,|‘  where  y,  (•>,)  is  the  electron  (ion)  specific  heat  ratio 
characteristic  of  low -frequency  oscillations.  I.  ( /',)  is  the 
electron  (ton)  temperature;  and  x  t  v,  y)  and  i  represent 
dimensional  space  and  time,  while  V  is  the  dimensional 
giadient  operator.  Throughout  this  paper,  a  tilde  represents 
a  dimensional  variable  While  the  Langmuir  wave  evolution 
during  ionospheric  heating  is  expected  to  be  fully  three 
dimensional,  for  numerical  convenience  we  work  in  two 
spatial  dimensions.  We  discuss  below  the  diflerenccs  to  be 
expected  between  our  two-dimensional  calculations  and  the 
true  three-dimensional  wave  evolution.  Lquations  (I )  and  (2) 
have  been  derived  heuristically  by  Smith  anil  Ktiholson 

1 1  v79|. 

It  is  convenient  to  introduce  the  dimensionless  variables 


t 


(a.  v>  -  - 


n  - 


(3) 


\_  I  :  /  3£:  \ 

ij  /  \\bimoT,  J 


iy 


li’rJlO,.) 


where  the  electron  Debye  length  *  i  i.lm, <a,  'V  ’  and  the 
dimensionless  ratio  rj  »  (y rTr  -r  y ,T,)IT,  .  With  the  dehnitions 
(3).  (I)  and  (2)  become 


da,  +  tv,J2  *  V:)V  •  Etx.  t)  -  V  •  (nEI  (4) 


I  he  physical  etlects  contained  in  i4i  aiiU  i '/  have  Ken 
discussed  by  /.aklutrav  119/21.  by  V.  </i  i  ;  I1/  N 

and  by  many  others.  These  include  lac  thiee  w.ol  p.»i - 
tie  instability  often  called  the  decay  msi.ihililv  lo.i'-w... 
p.iiametiic  instabilities  calLo  the  Miinui.iiiv  modulation  ; 
mslahilitv  and  the  iiKHliil.ilioit.il  or  .'s> ili.ituu:  twosti.  ..•> 
mslabdi'v  .  and  solitou  I . n  illation  and  loll.ipM 

Wc  consider  parameters  |Vm)io/\o/i.  1  n  M  cli.t.  .k  lei  a  it. 
ol  ordinary-mode  nighttime  heating  by  the  i’latiev nlc  t  .so 
rado,  facility.  The  heater  frequency  is  taken  to  be  2- 
4.9  MU/  so  that  the  reflection  point  occurs  at  an  electron 
density  n„  -  }  x  10s  cm"'  approximately  30(1  km  above  un- 
earth's  surface;  7",  =  T,  0.1  cV;  electron  collision  ttequcii 
cy  clue  u>  ions  and  neutrals  (high-frcquenc  >  amplitude  damp 
ing  rate)  f-,.2iur  -  2  x  It)  '.  power  density  incident  at  the 
base  of  the  ionosphere  50  jiW-'nr;  ionospheric  density  sane 
length  50  km.  We  are  interested  in  the  electric  lield  ot  the 
ordinary -mode  healer  wave  at  the  exact  reflection  point 
where  iu,  -  lay  (;  =  0  in  Figure  1)  Here,  the  heater  electin 
field  is  along  the  geomagnetic  field  w  ith  an  eflectively  intuitu- 
wavelength.  The  formulas  of  Gin:  hurt;  I  I9b4|.  taking  into 
account  the  Airy  enhancement  ol  the  heater  wave  as  show;-, 
in  Figure  1 ,  predict  an  electric  field  of  1 .0  V  m  fo:  the  state,: 
incident  power  density.  A  natural  measute  of  the  intensity  l 
this  field  is  the  ratio  Vi  w  K'*.'4 rr-/i(,7 ,  ol  electric  held  enetgv 
density  to  background  electron  kinetic  energy  density .  loi 
these  parameters  we  have  W  -  Vi'„  -  4.4  ■  It)  4  at  the  initial 
time.  This  electric  field  acts  as  a  pump  ot  driver  lot 
parametric  instabilities.  For  the  paranvers  being  considered 
here,  we  shall  see  below  that  this  instability  is  an  oscillating 
two-stream  instability  involving  a  low  frequency  perturba¬ 
tion  which  is  purely  growing.  We  hnd  that  a  typical  electron 
traverses  many  wavelengths  of  this  low  frequency  perturba 
lion  in  one  growth  lime,  so  that  the  electrons  arc  isothcim.,1 
with  respect  to  the  low  frequency  response,  and  we  must  use 
y,  I  as  in  an  ion-acoustic  wave.  On  the  other  hand,  a 
typical  ion  does  not  move  a  substantial  fraction  of  a  wave¬ 
length  in  one  growth  lime,  so  the  ion  motion  is  adiabatic.  The 
ton  collision  time  is  much  larger  than  a  growth  time,  so  t he 
adiabatic  compression  is  one  dimensional  (if  -  Dandy,  u! 
+  2 )hl  -  3.  Thus  ij  =  4.  Finally,  we  need  the  low  frequency 
damping  coefficient.  In  an  equal  temperature  plasma,  this  is 
usually  quite  large  due  to  ion  Landau  damping  To  avoid  the 
complicated  expression  for  this  type  of  damping,  wc  adopt  a 
simple  model  damping  which  after  Fourier  transformation  ts 
F,(k)  -  2iklc,  or  lyfk)  =  2lki;  this  model  yields  a  damping  rate 
of  the  same  order  as  the  undamped  linear  frequency .  and  has 
been  shown  by  Bardwell  and  Goldman  [197b]  to  be  suffi¬ 
ciently  accurate  for  the  present  purposes. 

Choosing  the  heater  field  E«  in  the  v  direction  which  is  also 
the  direction  of  the  geomagnetic  field,  we  follow  Ni<  hol\,m 
c:  ul.  [1978]  and  study  the  stability  of  the  heater  field  by 
inserting  the  forms 

Etx.  /)  -  Eo  +  E|  exp  (  iutl  +  ik  •  x) 

i-  E;  exp  liio'i  -  ik  •  xl  lf>l 
and 

Mx,  I)  =  n’  exp  <-/iW  +  ik  •  x)  +  complex  conjugate 

Cl 


( h,  »  i>, it,  -  V:lri(x.  f)  =  V;iE  : 


(5)  into  (4)  and  (5).  There  results  the  dispersion  relation 
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where 

M;  -  (r  '  it"  <5» 

The  thicshold  for  a  purely  growing  instability  is  found  by 
setting  uj  0  in  (8);  this  yields  (for  k  -  Lx) 

-  vjl  (10) 

or  in  dimensional  units  for  the  present  parameters.  Eu  -  0.6 
V  m.  which  is  well  below  our  value  of  1:«  -  1.0  V.'m,  This 
conclusion  is  in  agreement  with  the  original  prediction  of 
Perkins  and  Ktiss  1 1*471). 

In  older  to  determine  the  nonlinear  evolution  of  the 
oscillating  two-stream  instability,  we  solve  (he  Zakharov 
equations  (4)  and  (5)  numerically  in  two  spatial  dimensions. 
The  numerical  technique  is  described  by  Sivhoison  el  at. 

1 10781  and  by  Xu  hnlson  and  (intdman  |  I078|.  it  uses  64  >  64 
grids  in  wave  number  space  and  in  conligutation  space.  The 
initial  elecine  held  consists  of  the  pump'  electric  held  with 
wave  number  zero  pointing  in  the  v  direction,  representing 
the  heater  held,  and  small  random  electric  helds  at  all  other 
wave  numbers  in  the  two-dimensional  wave  number  grid. 
The  initial  density  perturbation  is  zero.  All  electric  held 
components  are  subject  to  the  linear  damping  r,./2,  except 
for  the  pump  electric  held  which  has  zero  linear  damping. 
This  is  a  model  which  is  intended  to  represent  the  steady 
state  (in  the  absence  of  nonlinear  effects)  which  results  from 
the  linear  damping  of  the  healer  wave  balanced  by  a  continu¬ 
ous  flux  of  energy  from  the  heating  facility. 

At  early  times,  some  of  the  wave  number  components 
with  initially  small  amplitudes  grow  due  to  the  oscillating 
two-stream  instability.  The  contours  of  constant  growth  rate 
at  <o,.i  -  2.2  x  |0'  or  /  =  0.007  s  are  shown  in  Figure  2.  The 
maximum  growth  rate,  contour  3  in  Figure  2.  has  a  value  yi 
wr  ~~  1 .4  x  10  '  or  y  -  420  s  1  and  occurs  at  a  wave  number 
kyr  -  0.005  or  k  -  2 nlk  -  5.4  m.  These  values  are  in  good 
agreement  with  a  direct  numerical  solution  of  the  dispersion 
relation  (8).  If  we  were  treating  the  fully  three-dimensional 
problem.  Figure  2  could  be  rotated  about  the  k ,  axis  to  yield 
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Tig  3.  Contours  of  absolute  value  of  elect!. »  field  in  contiguru 
lion  space  at  to,. I  4  4  x  It)' or  /  -  0.014  s.  The  spatial  region  shown 
is  that  used  by  the  computer  program,  with  /.,  corresponding  to  / 

X,  7400  or  /..  -  32  m,  and  /.,  64  m.  Contour  2  coiiespond-  to 

the  initial  electric  field  energy  density  14 .  contour  I  is  VA  below  the 
initial  value,  and  contour  3  is  39r  above  the  initial  value 

the  full  three-dimensional  growth  contours.  The  maximum 
vertical  exieni  of  the  region  of  substantial  growth  can  be 
predicted  from  the  dispersion  relation  (8).  If  we  fix  k,  at  the 
value  of  maximum  growth  (contour  3  in  Figure  2i  and  study 
the  growth  rate  as  a  function  of  0  -  tan  1  {kjk,),  we  find 
from  (8)  that  growth  ceases  when  (very  roughly  )  0  45\  in 

agreement  with  Figure  2.  This  is  due  to  the  fact  that  >/■.,,  ’  is 
replaced  by  i£„(:  cos;  0  in  (8). 

At  a  later  lime  in  this  run.  <ort  -  4.4  x  !()'  or  t  -  0.014  s. 
the  unstable  modes  in  Figure  2  have  exponentiated  stiff) 
ciently  from  their  initial  noise  levels  that  Ihc  absolute  value 
of  the  total  electric  field.  Figure  3,  shows  regions  of  substan¬ 
tially  enhanced  field  and  regions  of  substantially  depress'd 
field.  The  lowest  contour  level  1  corresponds  to  a  value  of 
electric  field  energy  W  which  is  yc/<  below  the  initial  value 
IV„.  contour  level  2  corresponds  to  the  initial  value,  and 
contoui  3  corresponds  to  a  value  above  the  initial  value 
Figure  4  shows  the  contours  of  constant  absolute  value  ot 


Tig  2  Contours  of  constant  growth  rate  of  electric  field  ampli- 
mde  in  two-dimensional  wave  number  space  at  w.t  2.2  x  10'  or  / 
-  0  0(17  s  (irowih  rate  y  is  linearly  proportional  to  ihc  contoui  label, 
with  contour  3  indicating  ylw,  -  1.4  *  10  '  or  y  420  s  1  The 
poini  is  the  maximum  wave  number  retained  bv  the  computer 
program,  and  corresponds  to  f, -  0.(144  Likewise.  k,u  corre¬ 
sponds  to  k,  WX,  =  0  017  The  wave  number  corresponding  to  the 
highest  value  of  y  is  k,k,  -  *0  005. 


Tig.  4.  Contours  of  ahsolule  value  ol  clcelric  field  in  wave 
nunihei  space.  Ilie  other  parameters  have  the  same  values  as  m 
Tigure  3  Most  of  the  energy  is  still  in  the  k  0  mode,  not  show  n  in 
this  figure. 
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Fig  5  C  ontours  of  absolute  value  of  electnc  held  in  configura- 
non  space  at  <u,t  =  6  2  *  10s  or  I  =  0.020  s.  Contour  I  corresponds 
to  W  —  7.8a  10  4.  contour  2  to  W  -  9  0  a  10  4.  and  contour  3  to  W 
-  1.2  x  10  ‘.  Other  parameters  are  the  same  as  in  Figure  3. 

electric  field  in  wave  number  space  at  the  same  time  as  in 
Figure  3.  Those  modes  with  the  highest  growth  rates  in 
Figure  2  have  reached  substantial  amplitudes  in  Figure  4. 
Most  of  the  energy  still  resides  in  the  k  =  0  mode,  not  shown 
in  Figure  4. 

Figure  5  shows  the  absolute  value  of  electric  field  in 
configuration  space  at  w,t  =  6.2  x  I05  or  i  =  0.020  s.  Regions 
of  high  electric  field  energy  density  W  at  the  earlier  time  of 
Figure  3  have  become  even  more  intense  in  Figure  5,  while 
regions  of  low  W  m  Figure  3  have  become  even  lower.  The 
regions  of  intense  field  in  Figure  S  begin  to  collapse  at  this 
time,  so  that  at  ui ,/  =  7.9  x  I05  or  /  -  0.026  s  (Figure  6)  they 


Fig  6  C  ontours  of  absolute  value  of  electric  field  in  configura¬ 
tion  space  at  w,r  -  7  9  a  10'  or  /  -  0.026  s.  Contour  I  corresponds 
to  w  -  2  4  a  10  4.  contour  2  to  W  -  9.7  *  10  4.  and  contour  3  to  W 
2  2  ■  10  1  Other  parameters  are  the  same  as  in  Figure  3. 


' "  > 


Fig.  7  Low-frequency  density  variation  in  configuration  space 
at  time  iu,r  =  7.9  x  105  or  t  -  0.026  s.  Contour  I  corresponds  u  ,. 
zero  density  variation,  contour  2  corresponds  to  hln0  =  0  002  or  n 

=•  600  cm'*,  and  contour  3  tin  four  places,  unmarked  on  figure! 

corresponds  to  n/rto  -  -0  004  or  h  -  -1200cm  '  Other  parameters 
are  the  same  as  in  Figure  3. 


have  become  even  more  intense.  At  this  time,  the  low 
frequency  density  variation  n  (Figure  7)  has  minima  in  the 
same  spatial  locations  as  the  maxima  of  ihe  electric  held 
amplitude  in  Figure  6.  This  is  as  expected  for  the  oscillating 
iwo-stream  instability  and  the  subsequent  soliton  collapse 

At  the  final  time  of  this  run.  wrf  -  8.9  x  10'  or  I  =  0.029  s. 
the  collisionally  damped  collapsing  solitons  are  quite  promi¬ 
nent  (Figure  8),  and  have  absorbed  most  of  the  wave  energy 
from  other  spatial  regions.  The  absolute  value  of  the  electric 
field  amplitude  in  wave  number  space  ui  this  time  (Figure  9) 
shows  some  spreading.  However,  because  of  the  relatively 
large  collisional  damping,  the  soliion  collapse  in  configura¬ 
tion  space  and  consequent  spreading  in  wave  number  space 
is  much  less  pronounced  than  in  situations  with  no  collision- 
al  damping  [Nicholson  ei  at..  1978.  Nicholson  and  Goldman. 
1978). 

The  relative  electric  field  energy  density  W7W0  versus  time 
throughout  the  run  is  displayed  in  Figure  10.  After  time  u.,: 
~  7  x  I0\  the  unstable  modes  take  a  substantial  traction  of 
energy  from  the  original  k  -  0  pump  mode,  (his  energy  is 
subsequently  lost  due  to  collisional  damping  The  nel  damp 
ing  is  always  slower  than  the  collisional  damping  rate 
(dashed  line  in  Figure  10)  because  a  substantial  traction  ol 
the  total  wave  energy  continues  to  reside  in  the  undamped  k 
-  0  mode  at  each  lime.  The  collisional  damping  in  this  case 
acts. fast  enough  to  prevent  the  collapse  of  the  solitons  to 
such  small  spatial  regions  that  the  accuracy  of  the  computer 
code  is  lost.  Thus  the  computer  code  is  accurate  over  ihe 
entire  length  of  the  run,  in  contrast  to  previous  work  in  the 
undamped  regime  [Nicholson  cl  at..  1978). 

The  numerical  work  described  here  is  in  two  spatial 
dimensions,  while  the  actual  soltton  collapse  during  iono¬ 
spheric  heating  occurs  in  three  spatial  dimensions.  Thus  the 
spatial  dimensions  of  the  solitons.  and  the  maximum  energy 
density  in  the  center  of  the  solitons.  may  ditVcr  by  factors  ol 
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two  or  more  in  the  actual  physical  situation  from  those 
obtained  here.  However,  the  time  scales  involved  are  proba¬ 
bly  very  close  in  the  two-dimensional  and  three-dimensional 
cases. 

There  has  been  a  fair  amount  of  work  on  analytic  solutions 
describing  collapsing  solitons,  and  this  work  is  reviewed  in 
the  appendix.  Most  of  the  analytic  work  does  not  include  the 
effects  of  collisional  damping  (see.  however.  Degtyarev  ft 
al.  11976),  Pereira  et  al.  [1977),  and  Goldman  et  al.  (1980|). 
so  these  results  cannot  be  directly  compared  to  our  numeri¬ 
cal  results. 

Before  discussing  the  implications  of  these  results  for 
ionospheric  heating,  we  proceed  in  the  next  section  to  add 
the  effect  of  the  geomagnetic  field.  This  results  in  significant 
quantitative  differences;  the  overall  qualitative  scenario, 
however,  remains  unchanged. 

3.  Soliton  Collapse  Including  the  Geomagnetic 
Field 

The  earth's  magnetic  field  is  such  that  the  electron  gyro- 
frequency  11,  is  roughly  Cljwr  -  1/3.5  for  the  parameters  of 
interest  For  Langmuir  waves  along  the  geomagnetic  field, 
there  is  no  effect  of  the  geomagnetic  field.  However,  for 
linear  Langmuir  waves  with  a  wave  number  component  kv 
perpendicular  to  the  magnetic  field,  the  unmagnetized  dis¬ 
persion  relation 

til'  =  ui,-(  I  -r  ik'k,.')  (II) 

is  replaced  by 

or  —  to,'  ^1  +  3 k~h,‘  r  — -  sin'  (12) 

where  «  =  tan  1  ik.:k,i.  Thus  we  include  the  effect  of  the 
geomagnetic  field  in  our  numerical  calculation  by  making  the 
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Fig.  9  Contours  of  absolute  value  of  electric  field  in  wave 
number  space;  the  other  parameters  have  the  same  values  as  in 
Figure  8.  There  is  a  small  amount  of  energy  in  the  k  -  t)  mode,  not 
shown  in  this  figure. 

following  replacement  of  the  dimensionless  Fourier  repre¬ 
sentation  of  the  operator  -  V;  in  (4): 


k: 


k2 


3  11,-  m, 

— - —  —  sin-  D 

4t/  a),-  m, 


H3> 


There  is  also  a  more  complicated  effect  on  the  low-frequency 
equation  (5)  which  we  include.  In  previous  studies  [Weatlwr- 
all.  1980;  Nicholson  el  al..  1978;  Weatherull  et  til..  1981; 
Goldman  et  til..  1981).  we  have  found  that  this  low-frequen¬ 
cy  effect  is  substantial  only  in  a  very  limited  region  of  wave 
number  space,  with  a  negligible  contribution  to  the  overall 
wave  evolution. 

With  the  replacement  (13).  the  dispersion  relation  (X) 
becomes 


u>'  +  2 ikto  -  k~  =  k~ q. 


+  uy/2  -  k2  -  450  sin;  0 


in, .12  +  k2  450  sin  ti 
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Fig  *  (  omours  of  absolute  value  of  electric  field  in  conhgura 

lion  space  at  w.i  =89**  10'  or  t  -  I)  029  s  Contour  I  corresponds 
to  VS  14-  It)  4  soniour  2  to  W  -  5  4  <  It)  4.  and  contour  3  (in 
three  places  unmarkedl  to  IF'  *  1.2  *  10  '  Other  parameters  are 
the  same  as  in  Figure  i 


Fig  10  Logm  of  the  relative  electric  field  energy  density  VS  VS ,. 
versus  lime  for  the  entire  unmugneti/cd  run.  The  dashed  line  shows 
the  rale  of  energy  decay  which  would  occur  if  all  modes  were 
eollisionally  damped  The  actual  decay  is  slower  than  this  because  at 
each  lime  a  significant  fraction  of  the  wave  energy  is  in  the 
undamped  k  0  mode. 
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tig  I).  Contours  of  constant  growth  rale  ol  electric  held  ampli¬ 
tude  in  two-dimensional  wave  number  spate  al  w.l  ~  2  2  ‘  10  or  i 
-  0.007  s.  in  (he  magnetised  case.  Growth  rale  y  is  Imearl) 
proportional  to  the  contour  label,  with  contour  t  indicating  v  <a..  - 
1.4  a  It)  '  or  y  =  420  s  1  fhe  point  k,"  is  ihe  maximum  wave 
number  retained  by  the  computer  piogram.  .mu  corresponds  to 
k,uk.  -  0.034.  The  maximum  vertical  wave  number  is  k,KI  k,'1 
i)  02,  Sole  that  this  figure  has  been  stretched  by  a  factor  of  2'  in  the 
vertical  direction 

I  he  angular  effect  in  the  denominators  on  the  right  is  now 
much  more  important  than  the  n:  factor  in  the  numerators. 
T  he  growth  rates  for  k,  =  0  are  unaffected  by  the  magnetic 
held,  so  the  fastest  growing  mode  is  the  same  in  the 
magnetized  case  as  in  Figure  2  in  the  unmugnetized  case. 
Fixing  k,  at  this  value,  analysis  of  (U)  shows  that  growth 
ceases  at  an  angle  t>  =  it,/*,  -  0.05  radians  tx  V. 

With  the  modification  (13)  to  our  computer  program,  we 
repeat  the  calculation  of  the  previous  section.  Since  only 
wave  numbers  with  small  values  off,  arc  predicted  to  grow 
by  ( 14).  and  since  we  are  limited  b\  computer  resources  to  a 
grid  of  M  »  M  points,  we  resolve  the  behavior  in  wave 
number  space  hv  choosing  30.  with  /  ,  the  same  us  in 

the  unmugnetized  case.  T  his  implies  that  the  ratio  of  the 
sides  of  the  grid  in  wave  number  space  is  k,'1  k,'1  -  0.02. 
allowing  detailed  resolution  of  growth  rate  contours  in  wave 
number  space. 

With  all  other  parameters  the  same  as  in  (he  preceding 
section,  we  repeat  the  previous  calculation  Figure  II. 
analogous  to  Figure  2  in  the  unmugnetized  case,  shows 
contours  of  constant  growth  rate  of  electric  held  amplitude 
in  wave  number  space  at  i u,l  2.2  '  It)'  or  f  -  0.007  s 
Although  this  figure  appears  very  similar  lo  Figure  2.  note 
that  it  has  been  stretched  by  a  factor  of  23  in  the  vertical 
direction  T  hus,  growth  occurs  only  lor  angles  f ,/f ,  of  less 
than  a  few  degrees,  in  agreement  with  the  prediction  of  the 
dispersion  relation  ( 14). 

F  igure  12.  analogous  to  Figure  3  in  the  unmugnetized  case, 
shows  the  electric  field  in  configuration  space  at  io,i  -  6  2  * 
10'  or  l  0.020  s  The  formation  ,.f  collapsing  sol.t  -ps  is 
observed  Note  that  this  figure  is  compressed  by  a  factor  of 
2s  in  the  vertical  direction  At  the  later  time  ui,i  -  7.S  x  I  o' 
oi  t  0.026  s.  the  collapsing  solitons  have  intensified  (Figure 
13.  analogous  to  Figure  6  in  Ihe  unmugnetized  case)  The 
maximum  energy  densities  here  are  actually  twice  as  large  as 
in  the  unmugnetized  case.  We  mtetpret  this  as  follows.  In  the 
magnetized  case,  the  spatial  configuration  is  much  more  one 
dimensional  than  in  the  unmugnetized  case  It  is  well  known 
that  dispersion  is  more  effective  in  inhibiting  one-dimension- 
al  collapse  than  in  inhibiting  two-dimensional  collapse. 


Thus,  in  the  magnetized  case,  the  unstable  oss  dialing  two 
stream  modes  can  remain  in  phase  with  the  pump  for  a 
longer  time.  This  allows  them  to  absorb  more  of  the  pump 
energy  than  in  Ihe  unmagnetized  case;  at  a  slightly  later  time, 
when  the  waves  do  decouple  from  the  pump  and  begin  to 
collapse,  they  have  a  somewhat  greater  intensity  than  in  the 
unmagnetized  case.  T  his  effect  is  helped  by  the  fact  that  the 
magnetized  solitons  involve  the  collapsing  energy  from  a 
spatial  volume  roughly  30  times  larger  than  in  the  unmugne- 
lized  case;  thus  it  is  not  surprising  that  the  intensity  at  the 
very  center  of  a  collapsing  soliton  is  laigcr  in  the  magnetized 
case. 

Figure  14  shows  the  electric  held  amplitude  in  wave 
number  space  at  the  final  time  w,  i  S.9  x  It)  or  /  -  C  029 
s.  The  characteristic  spreading  in  wave  number  space  due  to 
the  spatial  collapse  is  again  observed 

Figure  13  shows  the  relative  electric  field  energy  density 
versus  time  for  the  entire  magnetized  run.  The  energy 
dissipation  at  late  times  is  even  closet  to  the  collisional 
damping  rate  than  in  Ihe  unmagnetized  case  (Figure  IUi. 
consistent  with  our  previous  interpretation  of  a  greater 
efficiency  in  the  conversion  of  pump  energy  to  unstable 
mode  energy  in  the  magnetized  case. 

There  are  two  major  differences  between  the  present  work 
and  the  actual  physical  situation  near  the  reflection  point  of 
the  heater  wave.  Fust,  the  present  calculations  arc  per 
formed  in  two  spatial  dimensions,  whereas  the  actual  phy  si¬ 
cal  situation  is  fully  three  dimensional.  We  do  not  expect  any 
of  the  scale  lengths  in  three  dimensions  to  be  different  than 
those  found  here.  Since  soliton  collapse  is  fawned  in  three 
dimensions,  the  time  scale  for  collapse  may  be  somewhat 
shorter  than  found  here,  but  probably  by  less  than  a  factor  of 


Second.  -Ihe  actual  physical  situation  involves  a  back¬ 
ground  ionosphere  which  is  inhomogeneous  with  scale 
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Fig  12  Contours  iW  absolute  value*  ol  electric  held  in  nmhci 
lion  space  al  6  2  -  I  O'  or  /  o  020  s.  Ibr  ihe  magnui/t  d  c. 
1.  corresponds  to  /.,  K,  7400  or  /  ,  * 2  m.  and  l  l 

Contour  1  corresponds  to  W  1  4  ■  to  4  ct-.-iour  '  u*  W  ^  ' 
10  4.  and  contour  *  to  W  -  I  7  •  10  \  Note  ih  .»  tho  fiemv 
been  compressed  h\  .i  factor  ol  2**  m  the  veiiic.ii  direction 
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length  St)  km  rather  than  homogeneous  as  assumed  here.  The 
effects  of  inhomogeneity  are  mueh  more  difficult  to  predict 
than  the  effects  of  three  dimensionality,  partially  because  the 
mhomogcnciiy  enters  in  three  ways:  the  heater  wave  prohle. 
assumed  to  be  an  Airy  function,  is  inhomogeneous  with  a 
scale  length  of  order  100  m;  the  heater  wave  frequency  is 
different  than  the  local  plasma  frequency  by  an  amount 
depending  on  the  distance  from  the  exact  rellection  point; 
the  l.angmuir  waves  excited  by  the  modulational  instability 
tind  themselves  in  an  inhomogeneous  plasma.  While  it  is 
beyond  the  scope  of  this  paper  to  attempt  even  a  semiquanti- 
tative  treatment  of  inhomogeneity,  we  can  make  several 
observations.  The  locally  homogeneous  dispersion  relation 
for  the  modulational  instability  at  all  levels  above  and  below 
the  exact  heater  reflection  point  can  be  easily  obtained  front 
(4),  (5).  and  (6)  of  V Uholson  cl  at.  (1978)  by  setting  -  0 
(since  the  heater  wave  is  a  dipole  held  if  the  Airy  inhomogen- 
eity  is  ignored)  and  by  letting  ayi  represent  the  difference 
between  the  heater  frequency  and  the  exact  local  plasma 
frequency.  The  solution  of  this  local  dispersion  relation  then 
predicts  that  the  threshold  fer  modulational  instability,  and 
the  growth  rate  above  threshold,  are  both  quite  insensitive  to 
the  distance  from  the  exact  reflection  point  However,  the 
range  of  unstable  wave  numbers  is  quite  sensitive  to  the 
height,  with  a  scale  length  of  order  10  m  Thus  the  fastest 
growing  wave  number  at  the  height  of  the  Airy  function 
maximum,  roughly  200  m  below  the  exact  heater  reflection 
point,  is  10  timet  larger  than  the  fastest  growing  wave 
number  at  the  exact  reflection  point.  Furthermore,  the 
fastest  growing  wave  number  at  the  exact  reflection  point  is 
not  growing  at  all  a  short  distance  of  order  10  m  (or  a  few 
wavelengths)  below  the  exact  reflection  point.  Of  course,  at 
any  location  below  the  exact  reflection  point,  the  four-wave 
modulational  instabilities  must  compete  with  the  three-wave 
parametric  decay  instabilities.  The  rapid  change  in  the 
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l  ilt  l  *  C  ontmirs  of  absolute  value  of  electric  lield  in  contigUKi 
non  space  at  w,r  7.¥  *  10*  or  t  0.026  \.  lor  the  magnet i/ed  case 
Contour  I  corresponds  to  W  W  *  10  4,  contour  2  to  W  2  2  * 
10  \  and  contour  \  to  W  4.Y  *  |0  \  Other  parameters  are  the 
same  as  in  Figure  12  Note  that  this  figure  has  been  compressed  by  a 
factor  of  in  the  vertical  directum 
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Fig.  14  Contours  of  absolute  value  of  electric  field  in  wave 
number  space  at  w,.i  -  N  9  *  It)  '  or  I  0.U2SI  s,  for  the  magnetized 
case  There  is  some  energy  in  the  k  -  0  mode,  not  shown  in  this 
figure  Other  parameters  are  the  same  as  in  Figure  1 1  Sole  that  this 
figure  has  been  stretched  by  a  factor  of  25  in  ihe  vertical  direction 

magnitude  of  the  fastest  growing  wave  number  with  height 
probably  means  that  the  collapsing  solitons  of  section  3  will 
not  maintain  the  coherence  over  scales  of  order  UK)  m  in  the 
v  direction  as  shown  in  Figure  12.  However,  this  would  in  no 
way  change  the  lime  scale  for  collapse,  as  section  2  showed 
similar  collapse  time  scales  for  solitons  with  initial  dimen 
sions  of  order  5  m  in  both  directions.  Thus  we  have  no 
reason  to  think  that  the  proper  inclusion  of  inhomogeneity 
will  affect  the  importance  of  collapse  or  the  time  scales  for 
collapse;  it  may  strongly  affect  the  variation  of  spatial  scales 
of  the  initial  collapsing  objects.  We  will  treat  this  subject, 
and  the  subject  of  the  competition  between  three-wave  and 
four-wave  processes,  in  future  work. 

Previous  work  on  the  analytic  study  of  collapsing  solitons 
is  summarized  in  the  appendix  Since  most  of  this  work  does 
not  include  collisional  dissipation,  we  cannot  directly  com¬ 
pare  it  to  our  numerical  results.  In  the  final  section,  we 
summarize  our  conclusions  and  discuss  the  implications  of 
our  results. 

4.  Conclusions  and  Impucaiions 

We  have  demonstrated  numerically  that  fhe  ordinary 
mode  Platteville  modifier  is  intense  enough  to  cause  an 


fig  IV  Log,,,  of  the  relative  electric  held  energy  density  W  W 
versus  time  for  Ihe  enlire  magnetized  run  The  dashed  line  shows  the 
rate  of  energy  decay  which  would  occur  if  all  modes  were  collision 
ally  damped  The  actual  decay  is  slower  than  this  because  ,ii  cash 
lime  a  significant  fraction  of  the  wave  energy  is  in  the  undamped  h 
t)  mode 
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oscillating  two-stream  instability  at  its  exact  idled  urn  point. 
)  his  instability  leads  to  regions  o!  spatially  localized  intense 
electric  held  which  become  collision.div  damped  collapsing 
solnons  1  he  time  scale  lor  collapse  is  a  lew  milliseconds, 
fhe  spatial  scale  of  the  collapsing  solnons  is  about  1  m  along 
the  geomagnetic  held.  and.  because  ol  the  geomagnetic  held, 
about  100  m  or  less  perpendicular  to  the  geomagnetic  held. 

Our  results  lend  an  intriguing  interpretation  to  tin  impoi- 
lant  observational  fact.  It  has  been  obseived  that  when  the 
modifier  at  Arecibo  is  tinned  on.  the  intensity  of  the  plasma 
line  echo  is  initially  quite  intense  [Mithlrcw  niul  Slum  i  n. 
1977;  Muldre ny  1978:  Showcn  and  Rclinke.  1978;  Slum in 
and  Kim.  1978;  h'ejir.  1979);  (his  phenomenon  ,s  called 
plasma  line  overshoot  '  According  to  linear  plasma  theory . 
this  result  is  difficult  to  understand,  since  it  requires  Lang¬ 
muir  waves  created  by  the  modifier  to  travel  up  or  down  in 
an  essentially  vertical  direction.  However,  the  unstable 
oscillating  two-stream  instability  of  the  present  paper,  and 
the  parametric  decay  instability  of  the  earlier  theories  of 
ionospheric  modification  reviewed  in  the  introduction,  both 
produce  Langmuir  waves  travelling  predominantly  along  the 
geomagnetic  field,  not  in  the  vertical  direction.  Howcvei. 
this  difficulty  does  not  occur  if  one  has  three-dimensional 
collapsing  solitons  These  nonlinear  entities  contain  all  wave 
number  components,  not  merely  the  ones  allowed  by  the 
linear  Langmuir  wave  dispersion  relation.  Thus,  at  least 
qualitatively,  the  three-dimensional  collapsing  solitons  of  the 
present  paper  could  'ead  to  a  substantial  plasma  line  intensi¬ 
ty.  Although  the  heating  powers  at  Arec/ho  are  lower  than  at 
Platteville.  they  are  still  quite  possibly  high  enough  to  excite 
collapsing  solitons.  We  note  that  the  collapsing  solitons  have 
a  frequency  spectrum  characterized  by  the  heater  frequency 
(local  plasma  frequency),  broadened  somewhat  by  the  sever¬ 
al  millisecond  collapse  time  scale.  An  alternative  explana¬ 
tion  of  the  origin  of  the  interne  plasma  line  using  linear  wave 
propagation  has  been  presented  by  Mnldrcw  |I978|.  It  is 
quite  possible  that  his  mechanism  and  our  mechanism  occur 
simultaneously  with  an  additive  effect.  We  do  not  attempt  to 
explain  here  the  fact  that  the  plasma  line  decays  after  its 
initial  overshoot:  although  the  dissipation  of  pump  energy 
due  to  soliton  formation  and  collisionallv  damped  collapse 
could  contribute,  the  complete  explanation  presumably  in¬ 
volves  all  ot  the  parametric  instabilities  and  nonlinear  effects 
occurring  at  the  reflection  point  and  below  it  \hjir,  1979j. 

In  future  work,  we  will  make  a  qualitative  prediction  oil  lie 
pi  isma  line  echo  to  be  expected  from  the  three-dimensional 
collapsing  solitons  predicted  by  the  present  work,  and 
compare  it  to  that  observed 

There  are  several  other  implications  of  our  work  which 
can  he  explored  First,  all  of  our  solitons  are  observed  to 
collapse  and  collisionallv  damp.  We  do  not  obseivc  the 
formation  of  steady  state  pancake  solitons  as  studied  by 
l,enia\h\ ill  1 1975.  |9lfi|  Second,  it  does  not  appear  that  our 
mechanism  will  help  to  explain  the  production  of  hot  elec¬ 
trons  and  the  resultant  airglow  observed  during  ionospheric 
heating  |  Vn  Imlum.  I977|.  The  smallest  spatial  dimension 
observed  in  the  present  work  is  about  I  in  or  700  A, .  Most 
theories  ot  electron  acceleration  due  to  collapsing  solitons 
require  the  localization  of  intense  fields  to  sizes  10  A,  or 
less  \Moruh\  and  /.<■<  1974,  lli::irid<\  and  lluRtns.  I975| 

It  is  not  al  all  clear  at  this  time  whether  the  change  from  two 
dimensions  to  three  dimensions  can  produce  a  localization 
hv  a  i.ictor  ol  70.  We  will  explore  this  question  in  future 


work,  both  lor  Platteville  parameters  and  tor  parameter  ol 
new  lacilities.  finally,  as  slated  above,  we  will  exploic 
future  work  the  effects  ol  the  lonopshcnc  inhomogcuciiv  >.n 
the  conclusions  of  this  papei.  together  with  a  detailed  sw.uv 
of  the  competition  among  three-wave  inleiactions.  Kna 
wave  interactions,  and  volition  sollapse  at  heights  below  the 
exact  heatei  reflection  point. 

/.'■i'i  Nt)i  .; 

Analytic  descriptions  of  collapsing  solitons  were  show  n  by 
y.akluirov  1 1 972)  to  take  the  form  of  self-similar  solutions 
(SSS).  Discrepancies  among  the  results  of  various  nuthois 
\y.akhurov.  1972:  Litvuk  t't  al..  1974;  Degtyarev  and  /i.A- 
haritv.  1974,  1975;  Degtyarev  i  t  id..  I97S;  fy'hlukimu  i  t  al 
I975|  have  led  to  some  confusion  in  their  application,  (ialer . 
<■(  al.  1 1 975 1  pointed  out  the  important  role  that  scaling  law  s. 
inherent  in  a  SSS.  play  in  determining  the  spectra  ot  strong 
Langmuir  turbulence.  Thus  it  is  imperative  to  use  a  SSS  in 
its  appropriate  context.  In  what  follows,  a  generalized  SSS  is 
developed  for  the  Zakharov  model  (equations  i4m5ii  with 
out  damping  tv,  =  r,  u  ())  for  both  the  magnetized  and 
unmagnetized  cases.  All  previously  obtained  results  arc 
regained  and  a  unified  perspective  is  possible  In  addition, 
directions  for  further  development  and  applications  to  re¬ 
sults  of  computer  simulations  are  suggested 
The  general  SSS  for  (4h5)  with  ly  -  r,  -  II  is  of  the  torn: 

H  -  (/«  -  /) "trttr.  >?)  exp  {/  /  fill)  dt> 

(,  (In  ~  f)'V 

7)  =  (f„  -  t)\  (Ail 

n  -  (/„  -  f  )**<£•.  i?) 

M  =  <fi,  -  t)' 

where  E.  l.  a.  v,  n  are  the  dimensionless  variables  defined  in 
tl).  In  the  unmagncti/cd  case,  previous  work,  mentioned  in 
the  preceding  paragraph,  assumed  the  soliton  collapses 
symmetrically.  This  is  equivalent  to  setting  c  With  tins 
assumption,  substitution  of  (Al)  into  (4)  yields  the  following 
relationships  between  exponents: 


This  leaves  two  exponents  to  be  determined,  a  is  used  bv 
the  dynamical  equation  used  for  the  ions,  depends  upon  how 
the  electric  field  envelope  changes  in  time. 

Ion  dvnainn  v.  The  form  assumed  for  the  ion-acoustic 
equation  (5)  divides  solutions  into  the  following  regimes 
I.  The  first  is  the  ‘supersonic'  regime.  I  oi  very  intense 
fields  ( W  o  rn,.  /n,).  (5)  is  approximated  as 

a, vi  V’  i  A  t) 

Substitution  of  (Al)  with  t A 2 )  into  (Ati  yields 


2.  The  second  is  the  trans-sonic'  regime,  l  or  less  in 
tense  fields,  the  lull  ion-acoustic  equation  is  used  Again,  the 
result  is  n  -  -I.  The  last  exponent  is  also  determined, 
however. 


I 
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Fig.  Ih  Relative  absolute  value  of  electric  Held  as  a  function  of 
w,St  •*  uj  (/„  n  for  the  magnetized  run  The  collapse  time.  i„.  is 
defined  as  the  lime  at  which  the  collapsing  soliton  would  have 
reached  singularity  if  there  was  no  damping  Si  decreases  toward 
the  right  so  that  real  time  is  increasing  toward  the  right  The  value 
uj, /,,  corresponds  to  w,t  6  (15  »  10' m  Figure  IV 

3  The  third  is  the  static'  regime.  For  wcukei  fields  <M 
-s  m.Jm,).  the  density  is  given  by 


In  this  case,  a  =  -  1/2. 

£/<•<  trie  field  envelope.  The  remaining  exponent  is  deter¬ 
mined  by  how  the  electric  field  envelope  changes  in  time:  1 1 1 
the  slow  ly  varying  envelope— if  the  time  dependent  equation 
(4i  is  used,  then 


This  solution,  however,  docs  not  conserve  the  first  integral 
of  motion,  plasmon  number:  (2|  the  adiabatic  envelope 
approximation — this  approximation  ignores  the  time  depen¬ 
dence  of  the  envelope;  the  first  integral  of  motion  must  be 
invoked  to  determine  6:  the  plasmon  number  is  given  by 

/,  /  E  -  </'Y  t  A  7 ) 

where  I)  is  the  dimensionality  of  the  system.  Substitution  of 
the  SSS  in  ( A7)  yields 


Thus,  assuming  the  time  rate  of  change  of  the  envelope  is  a 
constant  and  plasmons  are  conserved,  the  scaling  laws  for 
the  collapse  become  dependent  on  the  dimensionality  of  the 
system. 

The  introduction  of  an  ambient  magnetic  field  into  the 
model  breaks  the  symmetry  previously  assumed  /Yfwm/i 
vili  1 1975|  and  dale t  r  1 1975|  derived  a  modified  version  ol  (4l 
to  include  the  weak  dispersion  transverse  to  the  ambient 
magnetic  field. 
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For  the  asymmetric  collapse.  (A2)  is  replaced  In 
2/1  -  y  -  H  i 


I  he  shape  ol  the  solution  is  that  ol  a  pancake.'  I  he  rate  ol 
collapse  of  this  pancake  is  twice  as  fast  in  the  larger 
dimension  transverse  to  the  magnetic  field  line  than  along 
the  field  line  Thus,  during  the  asymmctiic  stage  ol  collapse, 
the  pancake  becomes  more  symmetric.  The  discussions  of 
ion  dynamics  to  determine  the  exponent  a.  and  the  envelope 
approximation  to  determine  a,  carry  over  from  before.  Note, 
however,  the  form  for  the  integral  in  (A7)  changes  to  include 
the  asymmetric  geometry.  In  this  case,  the  assumption  of 
conservation  of  plasmon  number  leads  to 

6  -  -4/(20  -  1)  (All) 

The  general  SSS.  (Al),  includes  all  previuslv  obtained 
results  as  special  cases.  T  hese  results  |e.g..  Zakharov.  I972| 
typically  assumed  spherical  symmetry  and  conservation  of 
plasmon  number.  Computer  simulations  [Lipatov,  1977) 
suggest,  however,  that  these  approximations  may  not  hold  in 
the  case  of  highly  distorted  structures  such  as  pancakes.  The 
asymmetric  collapse  parameters.  (A  10).  apply  to  solitons  in 
a  magnetic  field.  Interestingly,  the  asymmetric  collapse  may 
be  applicable  to  highly  distorted  wave  packets  in  unmagne- 
ti/ed  plasma  as  well.  Computer  simulations  by  I'crcira  vi  al. 

1 1977|  show  collapsing  pancakes  for  -  0  with  the  trails 
vcise  dimension  decreasing  at  twice  the  rate  of  the  long! 
tudinal  dimension.  Indeed,  this  presents  some  of  the  best 
evidence  to  date  for  differential  scaling  of  a  collapsing 
pancake. 

Comparison  of  the  SSS  with  simulation  results  presented 
m  this  paper  is  hampered  by  the  inclusion  of  damping 
Qualitatively .  we  can  see  the  production  of  highly  elongated 
pancakes  which  collapse  faster  lengthwise  than  along  the 
width.  Hus  is  observed  in  both  the  magnetized  and  unmtig- 
neti/ed  runs 

T  he  relative  absolute  value  of  the  electric  field  is  plotted 
on  a  double  logrithmic  scale,  as  a  function  of  St  I  /„  n. 
for  the  magnetized  run  (Figure  16)  Note  that  St  is  decreas¬ 
ing  toward  the  right  so  as  to  preserve  the  sense  of  real  time 
which  is  increasing  toward  the  right.  The  collapse  time.  r„.  is 
defined  as  the  lime  at  which  the  collapsing  soliton  would 
have  reached  singularity  if  there  was  no  damping.  The  slope 
of  the  line  in  the  log-log  plot  gives 


This  result  is  exactly  that  predicted  for  dynamic  tons  (equa¬ 
tion  (A4)).  A  breakdown  of  the  static  approximation  (equa¬ 
tion  (AMi  is  indicated,  as  expected  for  the  large  values  of 
electric  field  obtained.  It  is  interesting  to  note  that  results  in 
the  unmagnetized  case  | Pereira  cl  al..  1977)  compare  more 
closely  with  predictions  for  static  ions.  To  make  more 
detailed  comparisons,  the  theory  must  be  modified  to  in 
elude  the  ef’ect  of  damping. 
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A  laser  diagnostic  yielding  detailed  space  and  time  resolution  of  the  ion-velocity  dis¬ 
tribution  function  reveals  that  ions  ejected  by  electrostatic  instabilities  can  form  a  fre¬ 
quency-coherent  Dcam  circulating  diamagnetically  at  large  radii  around  the  unstable 
region.  This  results  in  anomalous  transport  with  fluxes  and  over  distance  scales  much 
larger  than  conventional  processes. 


PACS  numbers :  52.40. Mj,  52.25. Fi 

In  collisionless  (hot  or  rarefied)  plasmas, 
transport  and  dissipation  are  caused  by  wave- 
particle  interactions.  Such  processes  are  gen¬ 
erally  stochastic  (noncoherent),  as  in  current 
studies'  of  electrostatic  ion-cyclotron  waves 
(EICW),  eigenmodes  of  magnetized  plasmas  with 
wide  occurrence.2"'  Using  novel  diagnostics,  we 
have  observed  and  maximized  a  new  type  of  wave- 
particle  interaction  in  which  coherence  is  dom¬ 
inant.  It  causes  ion  transport  in  EICW  with  much 
larger  intensities  and  distance  scales,  totally 
unrelated  to  the  usual  parameters  (gradit  s  and 
wave  fields),  and  also  leads  to  secondary  wave 
excitation.  Besides  their  basic  interest,  our  re¬ 
sults  bear  directly  on  magnetospheric  transport,2 
fusion  physics,’  and  isotope  separation/ 

Elementary  physical  concepts  underlie  this  proc¬ 
ess.  In  electrostatic  oscillations,  half-cycles  of 
potential  rise  and  fall,  which  cause  particle  ac¬ 
celeration  and  deceleration,  alternate  and  nearly 
cancel.  Transport  and  dissipation  are  therefore 
caused  by  stochastic,  high-order  noncoherent 
processes.  Under  inhomogeneous  conditions, 
however,  particles  can  be  irreversibly  expulsed 
during  a  fraction  of  each  cycle  from  an  intense 
localized  potential  wave  channel.  If  the  orbits  of 
expelled  particles  close  on  themselves  in  a  time 
equal  to  the  wave  period,  feedback  and  reinforce¬ 
ment  can  occur.  Such  synchronization  is  possible 
in  EICW,  where  the  collective  mode  frequency  w 
is  very  close  to  the  free-particle  (orbital)  cyclo¬ 


tron  frequency  wc(. 

This  process  is  demonstrated  by  exciting  EICW 
within  a  narrow  channel  in  a  plasma,  and  measur¬ 
ing  the  details  of  the  ion  distribution  function 
At’,  y,t)  in  velocity  t>,  in  space  r,  and  time  t.  A 
single-ended  Q  machine5  generates  a  5-cm-diam 
Ban  plasma  column  In  a  uniform  magnetic  field 
1  <B  <6  kG  [  Fig.  1(a)].  Charge  densities  are  be¬ 
low  10®  cm"3,  and  neutral  pressure  <10*6  Torr, 
to  minimize  collisions.  Ion  background  tempera¬ 
tures  are  typically  3000  °K.  A  metal  electrode 
is  inserted  across  the  plasma  column.  When  an 
electron  current  to  the  hot  plate  exceeds  100  pA 
cm"2,  potential  oscillations  at  w«-*w£1  become 
excited.  The  very  small  electron-cyclotron  radii 
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FIG.  I.  Schematic  of  experiment  and  geometry. 
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1  mm'  ensure  that  the  current  channel,  ana 
consequently  the  source  potential  osculations, 
are  entirely  localized  within  the  electrode  radius 
r  3  mm. 

To  measure  f{i  .  /,  l !.  we  develop  an  extension 
of  selective  excitation  spectroscopy.  A  single- 
mode  dye  laser  is  beamed  across  the  plasma 
column  and  its  wave  number  k  is  electronically 
scanned  across  the  L>,  resonance  line  of  Ball  at 
4934  A.  The  emitted  fluorescence  intensity  F 
is  proportional  to  /  at  t’»k  • v/k ,  where  k  is  the 
laser  propagation  vector.  Velocity  resolution 
is  maximized  by  the  narrow  laser  hnewidth  (<1 
MHz):  ions  which  fluoresce  have  velocities  in  a 
range  less  than  10'J  of  the  mean  (thermal)  ion 
speed.  The  fluorescence  is  detected  by  a  long- 
focal-length  lens  mechanically  coupled  to  the 
laser,  so  that  both  can  be  indexed  simultaneously 
across  the  plasma  [  Fig.  1(a)  and  Fig.  Hb)j, 

T.nir  intersection  determines  a  diagnosed  volume 
with  resolution  of  order  1  mm1.  The  time  be¬ 
havior  of  f  is  obtained  from  a  frequency  analysis 
of  F\’ ,  > ,  t)  with  use  of  a  radio  receiver  and 
phase -sensitive  detector.  Bandwidth  and  phase 
resolution  are  iess  than  10~3  and  5  ,  respectively. 
In  summary,  we  obtain  the  Fourier  transform, 

F(t ,  r,  „■),  of  f(t ,  >  ,  t )  with  unprecedented  detail. 

Below  are  presented  examples  of  the  most  signif¬ 
icant  new  observations:  (1)  Generation  and  local¬ 
ization  of  an  ion  beam,  (II)  identification  of  co¬ 
herent  and  incoherent  beam  density  components, 
(III)  excitation  of  secondary  density  oscillations, 
and  (IV)  unfolding  of  the  ion-circulation  process. 

(I)  Figure  2  shows  the  behavior  of  the  time- 
averaged  value  of  F  -  F(t\  r).  In  the  absence  of 
E’7W,  F  is  the  same  at  all  positions  r,  as  in 
trace  (a).  Note  that  F  is  symmetric  in  r,  except 
for  a  flattening  at  high  velocities,  which  is  due 
to  hyperfine  structure.  At  finite  EICW  excita¬ 
tions,  traces  (/>)-(/),  T  becomes  strongly  altered, 
depending  on  position.  First,  at  the  center  of 
the  current  channel  (»-  -0),  trace  (h),  F  remains 
symmetrical  but  is  appreciably  broadened.  Tnis 
represents  heating  of  the  unstable  plasma  by  the 
localized  oscillating  fields.1  Traces  (c)-(e) 
follow  7  at  successively  increasing  radii  outside 
the  current  channel,  all  measured  along  the 
same  azimuthal  angle,  at  90  to  the  laser  axis. 

7  remains  narrow  as  at  (m),  but  becomes  strong¬ 
ly  asymmetrical,  a  velocity  space  resonance  is 
seen  to  emerge  (arrow).  The  resonance  is  cen¬ 
tered,  for  these  conditions,  at  the  speed  VA.  4 
*  1 0 1  cm  sec’1  in  velocity  space,  and  the  posi¬ 
tion  Hh  -  12  nim  in  configuration  space.  Finally, 


FIG.  2.  Evolution  of  the  ion  beam  in  velocity  .inn 
coordinate  space.  Vertical:  Hi  ,  >  ,  time  average  of 
ion  distribution  function,  linear  scale,  ami  arbitrary 
units.  Horizontal:  ion  velocity  >  ,  linear  scale  indi  • 
catod.  Trace  (u>,  no  excitation;  (*)-(/',  excitation  on, 
positions  (M  r  0;  (.  )  r  =  9  mm;  Id)  >  ‘  Hi  mm;  (1  r 
1C  mm,  on  same  azimuth;  (M  r  ■  12  nun,  opposite 
azimuth. 


trace  (  f )  shows  F  at  the  same  radius  as  trace 
(e),  but  on  the  diametrically  opposite  side  >f  tin 
channel  center  (i.e.,  opposite  azimuth).  Her» 
the  resonance  is  seen  (arrow)  to  occur  with  the 
opposite  speed  in  velocity  space,  r  =  -VA.  Sys¬ 
tematic  measurements  of  this  type  reveal  that 
EICW  excitation  creates  a  localized  ion  beam, 
with  azimuthai  circulation  in  the  direction  m  the 
diamagnetic  ion  current,  surrounding  and  con¬ 
centre  with  the  current  channel. 

(II)  We  now  study  the  time  dependence  of  /■  in 
the  region  where  the  ion  beam  is  localized,  e.g., 
r  -  12  mm.  First,  using  a  phase-sensitive  de¬ 
tector,  we  resolve  F\v,  r,  t)  at  discrete  phase 
points  1  (90  ),  2  (0  and  180  ),  and  3  (270  )  within 
an  individual  EICW  oscillation  period.  As  seen, 
the  bulk  (low -velocity  core)  of  F  undergoes  little 
change  in  comparison  with  the  velocity-space 
regime  centered  on  V  A.  Within  the  latter — the 
ion  beam  — the  distribution  function  is  almost  en¬ 
tirety  modulated  in  coherence  with  the  wave- 
potentia!  oscillations  of  the  source  region  at  » 

'  3  inni.  The  modulated  beam  density  amounts 
to  about  25‘t  of  the  background  plasma  density. 
Evidently  particle  transport  is  occurring  ori  a 
massive  scale,  and  over  a  distance  scale  otic 
order  of  magnitude  larger  than  the  thermal  -  phi 
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FIG.  o.  Evolution  if  the  ion  beam  in  time.  Vertical: 
Hi  ,r,i),  ion  distribution  function,  linear  scale,  and 
arbitrary  units.  Horizontal:  ion  velocity  .  ,  linear 
scale  indicated.  Position  is  >  =  12  mm.  (a)  Phase 
locked  with  reference  from  EICW  oscillation  and 
(Li  radio  signal.  O'  and  (3),  radio  tuned  to  excitation 
on  and  off,  respectively;  (2>,  radio  detuned  (-'),  ex¬ 
citation  on. 


Larmur  orbit  (~T  mm  for  these  conditions). 

At  larger  excitations  the  plasma  also  acquires 
an  appreciable  incoherent  component,  i . e. ,  non- 
oscillatory  distribution  function  changes,  induced 
by  the  EICW.  To  identify  these,  the  detector 
iPMT)  signal  is  fed  to  a  radio  receiver.  This 
can  be  tuned  to  the  EICW  center  frequency  a,  or 
to  another  frequency  '  outside  the  bandwidth  of 
the  EICW  oscillations.  In  Fig.  3(b),  traces  (1) 
and  (3)  show  F  w ith  (1)  and  without  (3)  EICW  oscil¬ 
lations,  at  the  ion  beam  position  >■  -  12  mm  with 
the  receiver  tuned  to  a..  As  seen,  these  exhibit 
a  net  difference  in  the  beam  region  I',,  and  cor¬ 
respond  to  traces  (1)  and  (3)  in  Fig.  3(a).  Trace 
(2)  represents  F(w',  r=  12  mm,  i  ),  in  the  pres¬ 
ence  of  intense  EICW.  The  sharp  resonance  at 
V'„  has  been  replaced  by  a  filling  m  of  the  dis¬ 
tribution  function  tail.  These  incoherently  ac¬ 
celerated  ions  comprise  about  10%  of  the  back¬ 
ground,  and  we  presume  they  represent  diffusion 
of  ions  heated  within  the  source. 

(Ill)  At  intense  excitation  levels  the  modulation 
extends  over  both  positive  and  negative  velocities, 
with  a  minimum  at  f  -0.  It  acquires  the  appear- 
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FIG.  4.  Ion-circulation  analysis  and  test,  (a)  Model 
of  ton  circulation,  (b)  Radial  scan  ofF(lR,  aj,r);  hor¬ 
izontal,  radius  (on  same  azimuth);  vertical,  intensity, 
and  linear  scale,  (c)  Measured  vs  calculated  ion  beam 
radius,  KH . 


ance  of  an  instability  driven  nonlocally  by  the 
coherent  ion  beam.  We  note  that  conventional 
(Langmuir)  probes  in  the  beam  region  yield 
signals  which  could  be  misinterpreted  as  denoting 
the  presence  of  a  local  destabilizing  current. 

(IV)  From  the  preceding,  we  obtain  a  physical 
model  for  the  creation  of  the  ion  beam  (  Fig.  4(a)  |: 
(i)  The  potential  oscillation  within  the  current 
channel  has  radial  gradients  which  accelerate  ion 
bunches  during  a  half-cycle  of  each  oscillation 
period,  (ii)  Ions  “falling”  down  this  potential 
“hill"  leave  the  channel  and  enter  into  ballistic 
(free)  orbits  with  a  gyromagnetic  radius  de¬ 
termined  by  their  exit  speed  v ' R  and  the  magnetic 
field  B  according  to  the  Lorentz  formula:  /<0 
-(VR  B)(Mc  c),  where  e  'M  is  the  ion  charge 
mass  ratio.  Two  adjacent  orbits  are  sketched 
in  Fig.  4(a),  with  open  circles  representing  ions 
being  expelled,  (ui)  One-half  an  EICW  period 
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later,  these  ions  reach  the  apogee  uf  their  orbit 
(closed  circles).  As  seen,  they  are  now  bunched 
and  nearly  collimated  in  both  configuration  and 
velocity  spaces,  (iv)  The  envelope  of  the  expelled 
ion  orbits  therefore  constitutes  an  ion-beam  cir¬ 
culation  in  the  azimuthal-diamagnetic  direction, 
with  radius  Rb  twice  the  size  of  the  gvromagnetic 
radius  Rc. 

To  verify  this  concept,  we  measure  Rb  as  a 
function  of  the  parameters  (  VR,  B)  which  deter¬ 
mine  «C=|/V  (i)  For  a  given  B,  the  laser  wave¬ 
length  is  tuned  to  excite  ions  with  a  selected  V'A . 
(ii)  their  fluorescence  is  fed  to  a  radio  receiver 
tuned  to  w,  (iii)  the  diagnosed  volume  is  scanned 
across  the  radius  r  of  the  plasma.  Records  of 
F(VK,  w,  r).  Fig.  4(b),  exhibit  two  resonances. 

The  outermost,  sharply  peaked  at  Rb,  represents 
the  spatial  localization  of  ion  orbits  determined 
by  the  choice  of  ( l'A ,  B).  The  inner,  confined  to 
the  wave  channel  region  r  *  3  mm,  represents  the 
return  circulation  of  ion  orbits  with  the  same  R0 
but  centered  on  the  opposite  azimuth.  Radii  Rb 
obtained  by  this  method  are  plotted  in  Fig.  4(c). 
The  straight  line  is  the  theoretical  value  Rb  =  2RC; 
no  fitted  parameters  are  involved.  A  possible 
intercept  at  2  mm  may  be  due  to  the  finite  radius 
of  the  source  (“3  mm),  not  considered  in  our 
simple  model. 

Our  observations  and  model  describe  a  station¬ 
ary  saturated  state  where  source -potential  oscil¬ 
lations  are  strongly  coupled  to  beam  ions,  which 
comprise  roughly  50%  of  the  source  density, 
"load"  the  potential,  and  maintain  a  balance  be¬ 
tween  mean  beam  energy  and  potential  excur¬ 
sions.  Probe -measured  potential  peaks  of  1  V 
max  are  consistent  with  peak  beam  speeds  of  10'1 
cm/sec  and  magnetic  field-determined  radii. 

Fig.  4.  Hence  beam  ions  retain  mean  energy  on 
successive  orbits,  while  ions  scattered  out  of 
phase  constitute  the  "incoherent’’  broad  back¬ 
ground  (above). 


Extrap-uating  to  magnetospheres'  with  poten¬ 
tials  i  v  k  J  - l  eV  at  lO’T,  cross-fitld  radii  are 
0.1-1  km.  In  fusion  plasmas3  with  10  kV,  radii 
range  from  1  cm  at  10  kG  to  *■  (machine  .size)  at 
critical  field-reversed  layers  (B  -0). 

In  conclusion,  we  present  a  new  mode  of  wave- 
particle  interactions  which  generates  anomalous 
particle  fluxes  and  ncnloc  ,1  field  excitations.  In 
multiply  filamented  plasmas, the  flux  driven  by 
one  filament  may  pass  through  another  filament, 
be  expelled  in  turn,  and  cause  multistage  trans¬ 
port  over  scales  independent  of  conventional  pa¬ 
rameters. 
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Modulational  interaction  of  nonlinear  waves  - 
and  recurrence 

B .  H  a  f  i  7.  i 

Department  of  Astro-Geophysics,  University  of  Colorado 
Boulder,  Colorado  80309 


Abstract 

Modulational  interaction  of  nonlinear  waves  is  modeled 
using  three-,  five-,  seven-,  nine-,  and  sixty-four- wave 
truncations  of  the  nonlinear  Schrodinger  equation.  A  de¬ 
tailed  description  of  the  phase-space  for  the  three-wave 
systems  is  given,  showing  the  various  modes  of  evolution.  It 
is  shown  that  under  certain  circumstances  the  saturation 
level  of  the  side-bands  is  computable  from  the  linear  dispersion 
relation  for  the  instability.  The  quantitative  accuracy  of  the 
three-wave  system  as  regards  the  recurrence-time  and  the  dis¬ 
tribution  of  energy  over  the  modes  is  verified  by  comparison 
with  the  other  truncations. 
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I.  INTRODUCTION 

The  collective  interaction  of  many  diverse  phenomena  in 

fluids  is  described  by  the  nonlinear  Schrodinger  equation;  for 

example,  the  modulational  instability  and  propagation  of 

Langmuir  waves  in  a  warm,  collisionless  plasma,"^  or  the  modulation 

interaction  of  progressive  waves  of  finite  amplitude  on  deep- 

2  3 

water  (Stokes  waves).  '  To  be  specific,  we  take  the  Schrodinqer 
equation  to  have  the  form 

i  -fcE  +  ,x2E  +  f  \E\2  -  ■  |  E !  2  E  =  0  ,  (1) 

where  E  is  proportional  to  the  complex  envelope  of  the  electric 

field  for  Langmuir  waves  and  denotes  a  spatial  average. 

,  ■  .  2 

Since  <|E|  is  a  constant  (see  Eq .  (3)],  by  a  suitable  change 

of  variables,  Eq.  (1)  can  be  transformed  into  the  form  given  in 
Ref.  2,  with  E  representing  the  freo-surface  elevation  of  Stokes 
waves  on  deep  water.  [All  the  variables  in  Eq .  (1)  are  in 

dimensionless  form.] 

Noting  that  a  spatially  and  temporally  uniform  field  E^ 
satisfies  this  equation,  the  stability  of  this  solution  is 
determined  by  examining  perturbations  of  the  form  E  exp(t+ikx) , 
leading  to  the  well-known  dispersion  relation  for  modulational 
instabi 1 ity 

\  =  k (2 1 eq ; 2  -  k2j1/2  ,  (2) 


as  plotted  in  Fin.  1. 


waves 
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In  an  interesting  set  of  water-tank  experiments  on  Stokes 
3  4 

,  '  it  was  discovered  that  following  the  modulational ly 
unstable  stage,  the  waves  showed  a  remarkable  behavior 
in  that  after  the  saturation  of  the  instability,  the  original 
form  of  the  wave-packet  was  reconstituted  over  and  over  again. 

The  small  deterioration  in  the  process  of  reconstituting  the 
original  form  of  the  packet  along  the  length  of  the  water  tank 
was  attributed  to  effects  such  as  the  viscous  dissipation  of 
surface  waves. 

To  understand  the  essential  physical  mechanism  underlying 
this  process  of  recurrent  temporal  behavior,  we  show  in  this 
paper  that  it  is  imperative  to  note  that  the  boson  number  B,  given 
by 


B  J  | Ej 2  dx 

is  a  constant  motion  of  Bq .  (1).  In  k  space  one  has 


k  | k j >0 


We  thus  find  that  as  the  perturbation  grows,  | Eq !  must  decrease. 
Provided  |k|  is  not  too  small  (compared  to  >'2[EqI),  we  show  that 
the  instability  is  quenched  when  the  pump  mode  has  been  depleted 
to  such  an  extent  that  the  radicand  in  Bq.  (2)  becomes  negative. 

The  subsequent  development  of  the  system  involves  a  periodic 
interchange  of  energy  amongst  the  modes.  (See  also  Fig.  3,  Pef.  2. 


For  small  values  of  k1,  this  picture  fails  since  such  perturbation 
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cause  considerable  depletion  of  the  pump  and  the  linear  analysis 
upon  which  Eq .  (2)  rests  breaks  down.  Notwithstanding,  for  these 

perturbations,  too,  the  system  evolves  periodicallv . 

A  detailed  picture  of  the  phase  flow  is  constructed  for  the 
three-mode  system,  classifying  the  fixed  points  and  determinina 
the  periods  of  oscillation  (when  applicable)  about  them.  This 
analysis  is  not  limited  to  small  amplitude  perturbations  unlike 
the  case  in  a  recent  study^  where,  in  addition,  the  pump  ampli¬ 
tude  was  not  allowed  to  vary. 

The  results  of  the  three-mode  system  are  then  compared  with 
those  of  five-,  seven-,  nine-,  and  sixty- four-mode  systems.  We 
find  that  the  recurrence-time  is  almost  exactly  the  same  in  all 
cases.  Further,  the  distribution  of  energy  over  the  modes  for 
the  three-mode  and  the  sixty- four-mode  systems  are  in  fair  accord 
and  as  more  and  more  modes  are  added  to  the  three-wave  sys¬ 

tems  there  is  a  rapid  approach  to  the  results  of  the  sixty-four- 
wave  truncation. 

II.  THREE-WAVE  TRUNCATION  OF  SCHROEDINGER  EQUATION 

Our  aim  is  to  examine  only  the  case  of  "simple"  recurrence. “ 
Thus,  we  neglect  the  harmonics  of  the  perturbation.  In  particular, 
we  choose 

E  =  E  exp(i;o)  +  E  exp(ikx+i!)  +  E  exp(-ikx+i;)  , 

(k-C;  E  ,  E,  l,  vQ  are  real) 
subsitute  into  Eq .  (1),  and  separate  real  and  imaginary  terms 

to  obtain  (using  a  super  dot  to  denote  the  time  derivative) 


J 


E  =  EEq2  sin:'- 

•  2 

E  =  -2E  E  sin  ■ 
o  o 

8  =  "2Eq2  ( 1  +cos" )  -  4E2  cost)  -  2E2  -  2k2  ,  (6) 


where 


3  =  2w  -  2i>  .  (7) 

o 

Note  that  in  the  expression  for  E,  we  have  chosen  the  amplitude 
for  the  perturbation  at  k  to  be  equal  to  that  for  -k.  This  is 
done  because  if  these  amplitudes  are  the  same  initially,  as  in 
the  computations , ~  one  can  show  their  equality  for  all  lime. 

Eq.  (3)  then  becomes 

B  =  E  2  +  2E  =  constant  .  (8) 

o 

Using  B,  we  need  only  consider,  in  lieu  of  Eqs.  (4)- (6), 

E  =  - (B-E  2) E  sinO  ,  (9) 

o  o  o 

6  =  2Eq2  ( 1+cos1' )  -  2(B-Eq2)cos'  -  (B-EQ2)  -2k2  .  (10) 


There  exists  another  constant  of  motion 


H  -  k2(B-l!02)  -  |(B-i:o2) 


i(B-E  2)  +  2E  2  (1+cos  ) 

~  O  e 


,  n  i ) 


which  is  the  Hamiltonian  of  the  system. 


o 


III.  PHASE-FLOW  OF  THE  TRUNCATED  EQUATIONS 
6 

As  usual,  wc  regard  Eqs.  (9)  and  (10)  as  determining  a 
vector  field  in  the  two-dimensional  phase-space  (E  ,■  );  i.e., 
defining  a  unique  direction  along  which  the  system  evolves. 
However,  there  are  exceptions  to  this:  at  the  fixed  points  of 
the  flow,  where  the  right-hand-sides  vanish,  there  is  no 
defined  direction.  The  fixed  points  are 


3B+2k‘ 


-  0  ,  ±2r, 


r. 

o 


V 


B-2k 


+  :\ 


E  =  0 
o 


> 


-  arc 


(B  2k2) 
(B  2k2) 


( 1 2i ) 


(12ii) 


( 1 2  i  i  i  ) 


( 1  2  i  v ) 


Since  physically  the  phase  difference  of  Eq  and  E^  is  restricted 
to  -u  ■  <  n  ,  the  condition  on  0  is  —  2 n  ■  0  ■■  2",  where 

is  defined  by  Eq .  (7).  Using  the  fact  that  Eq  •  v'B'  [see  Eq .  (8)[, 

we  see  that  the  phase-space  of  Eqs.  (9)  and  (10)  is  a  cylinder  of 
length  >TT  and  radius  2,  obtained  by  identifying  the  lines  <'•  =  2" 
and  n  =  —  2  n  . 

We  now  determine  the  nature  of  the  phase  flows  close  to  the 
fixed  points  by  studying  their  stability;  i.e.,  linearize  Eqs.  (9) 
and  (10)  about  each  of  the  fixed  points  in  turn  and  substitute 
in  perturbations  of  the  form  1  Eq  ,  '■>  exp(At).  The  following 

characteristic  exponents  a’*e 


k. 


then  obtained: 
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„„  o  2B  sin- 

'  =  2B  sin'1  , - =  - -y — —  — — 

Eq[(  4k  / B)  - 1  ] 


(l  si) 


a  =  -2B  sin*1  ,  ’  E  =  0 

o 


>  =  ±i 


4 (3B+2k2) (2B-k2) 


1/2  ,  E 


14E 


(13ii! 


2  1/2 

+i2k (B-2kz)  ' 


E 


o 


2E 


o 


( 1 3  i  i  i  ) 


1  =  -B  sin!’’  ,  •'!  =  0  , 


A  =  2Bsin’>  ,  '  E  =  0 

o 


( 1 3  i  v ) 


corresponding  to  the  fixed  points  given  in  Eqs.  (12i) - ( 12iv) , 
respectively.  In  these  equations,  we  have  also  given  the  eigen¬ 
vectors.  The  exponents  given  by  Eqs.  ( 3. 3  i )  and  (13iv)  show  that 
the  fixed  points  given  by  Eqs.  (12i)  and  <12iv)  are  saddle  points 
with  a  one-dimensional  stable  manifold  (corresponding  to 

■  •'  0),  a  one-dimensional  unstable  man i  fold  +  (corresponding 
to  >  ■  0) ,  and  with  the  phase  curves  having  a  hyperbolic  structui 

as  shown  in  Fiqure  2.  The  exponents  given  by  Eqs.  (13ii)  and 
( 1 3 i i i )  show  that  the  fixed  points  given  by  Eqs.  ( 1 2 i i )  and  (12ii 
are  centers  with  elliptical  phase  curves,  as  shown  in  Figure  2. 
Note  that  the  sense  of  rotation  of  the  phase  curves  around  these 
fixed  points  are  opposite  to  each  other,  as  is  easily  checked 
from  the  linearized  forms  of  Eqs.  (9)  and  (10). 


k. 
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IV.  EXAMPLES  OF  RECURRENT  FLOW 

Let  us  first  consider  the  results  of  Ref.  2.  Tn  these 

computations,  the  initial  fields  are  real-valued  and  the 

perturbation  is  of  an  amplitude  much  smaller  than  that  of  the 

(uniform)  pump.  Thus  we  begin  at  0  =  0  and  near  the  top  of 

the  phase-space,  below  the  line  Eq  =  .03  in  Fig.  2.  The  trajectory 

then  moves  clockwise  parallel  to  the  stable  manifold  R“*  for 

i 

awhile,  sharply  bends  downwards,  moves  towards  »'■  =  0,  turns 
upwards,  and  then  returns  to  the  vicinity  of  where  it  started 
from,  parallel  to  the  unstable  manifold  R^+.  Fig.  3,  obtained 
by  solvinq  Eqs.  (9)  and  (10)  numerically  for  k  =  1.2  and  the 
initial  conditions  E  -  1  and  E  -  0.05,  shows  clearly  the  structure 
just  described.  Thus,  initially,  as  seen  from  Eq .  (2)  the 

system  is  unstable  and  the  modulation  of  the  uniform  field  qrows. 
From  Fig.  3,  wo  see  that  the  pump  decays  to  an  amplitude  of 
=0.828,  at  which  point  the  instability  is  quenched,  since  the 
radicand  in  Eq .  (2)  now  equals  2x(0.828)2  -  1.22  =  -0.069.  The 

subsequent  periodic  flow  is  obvious  from  the  phase  curve. 

In  Fig.  4  we  show  a  phase  curve  that  comes  under  the  influence 
of  most  of  the  fixed  points  as  it  transverses  the  phase-space.  In 
this  figure,  we  have  indicated  the  relative  positions  of  the 
fixed  points,  which  induce  the  particular  form  of  this  phase  curve. 

V.  EFFECT  OF  HIGHER  HARMONICS  ON  3-MODE  SYSTEM 

In  order  to  evaluate  the  r»;  tent  to  which  our  results,  based 


on  the  solution  of  Eqs.  (9)  and  (10) ,  faithfully  capture  the 
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essence  of  the  actual  problem,  we  have  solved  Eq .  (1)  usino  five  , 

seven  ,  nine  ,  and  sixty-four  modes.  For  rel erence  we  qivo  the 
equations  for  the  five-mode  system  only: 


E1  =  E^sin-'  +  2E1E2  [EQsin  (■  -q) -E2sin  (2p--l)  ]  ,  (14) 

Eq  =  -2Eq  (E2siiv'+E2sin2’, )  -  2E2E2  [  2sin  g+sin  (’-.)],( 1  5 ) 

9  F.2 

"  =  2  f-k2  +  E2-E2  +  4E.,  (E  --i)  oos;+ (E2-2E?)  cos  --2E^cos2  . 
o  1  2  o  E  ol  2 

E2  ° 

+  2E_  (E  ~)cos(  -f)+2E2cos(2  ,-:  )  ]  ,  (16) 

2  o  Eq  2 

C  =  -  4  k  2  +  E  2  -  K  2  +  2  E  7  (  ~  ~  2— ^')  cos  v-2E2cos‘  +  (E“-2E2)  cos2  . 
O  Z  1  I  O  Z 

+  e:(^  -  2--)  cos ( ■  -C )  +2E'cos  (2  y-9)  ,  (17) 

1  e2  eo  1 


where 


2  2  2 

Dr  =  E^  +  2i<  +  2E, 

5  o  1  2 


is  the  conserved  boson  number  for  the  five-mode  system,  and  the 
Fourier  expansion  of  the  electric  field  in  Eq .  (1)  has  the  form 


E  =  Eq  exp(i:Q)  +  E^ [exp (ikx  +  icq  )  +  exp (-ikx-i f ^ ) ] 

+  E2  [exp  (  i2kx  +  i  l2  )  +  exp  (-i2kx-i;)  2 )  ]  , 

and  we  have  re-defined  the  following  linear  combinat ions  of  ohase- 
angles  for  the  five-mode  system  (cf.  Eo .  (7) 
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As  in  the  case  of  the  three-mode  system  one  can  try  to 
determine  the  fixed  points  of  Eqs.  (14)- (17).  As  an  example, 
the  fixed  point  corresponding  to  that  given  in  F.q .  ( 1 2  i )  is 

E  =  -  B,  •  =  arc  cos  (t^-  -  1)  ,  y  =  ^  arc  cos  (-—  -  1)  , 

O  15  Z  d 

E1  =  E2  =  °2' 

L1 

provided  one  uses  —  =  0  in  Eqs.  (id)  and  (17) . 

h2 

Unfortunately  considerable  difficulties  are  encountered 
in  determining  some  of  the  other  fixed  points.  To  illustrate, 
we  note  that  r  -  =  0  are  fixed  points  for  Eqs.  (14)  and  (15)  . 

Substituting  these  into  Eqs.  (16)  and  (17)  one  ends  up  with  the 
following  bi-quartic  algebraic  equation 

927  2  2  7  7  7  7777 

12  (E--E7)  (2E  -4)c  )  (k  -2F/  +  3E7  )  +216E7  (E  -E7  V 

ol  o  of  iof 

77  2  7  a  7?  •>  '>277 

-E^  (k^-2E^  +  3Ep  ■>-12E^  (kz-2K“  +  3E“)  ^  (E^-Ep  =  0  . 

7 

Although  there  is  a  formula  that  expresses  the  roots  of  this 

equation  in  terms  of  combinations  of  radicals  of  rational 

functions  of  the  coefficients,  the  result  is  so  messy  that 

not  much  can  be  qair.ed  from  it. 

In  order  to  make  further  progress  as  regards  the  effects 

of  higher  harmonics  on  the  three-mode  system,  we  have  numerically 

solved  the  five-,  seven-,  nine-,  and  sixty- four-mode  truncations 

of  Eq .  (1).  In  all  cases  we  find  that  the  system  behaves 

2 

according  to  wha^.  Yuon  and  Ferguson  termed  "simple"-recurrencc , 
with  almost  identical  recurrence  times.  Table  1  gives  the  distri¬ 
bution  of  energy  over  the  modes  at  half  the  recurrence  time,  when 


1 1 


t  he  e 

norgy  content 

or 
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respect  to  the  purm 
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t  abl 

Lv 

cl  i'll 
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the  ravin  ai'tirfud; 

-  ( •- 

"a  svm-ut  or  l  c  " 

O ' '. 

v 

d  i 

st  :  . 

but  ion  as 

t  he  • 

used  in  the  computations  increases.  This  behavior  is  shown 
more  graphically  in  Fig.  5,  where  wo  have  plotted  R(  i_/2) 

9  9 

K,  (  / 2)  /  F.  ( t  —  o )  as  a  function  of  number  of  modes 

k  r  o 

Ik. 

retained  in  the  computations;  here  .  .  denotes  the  recurrence 
time  in  the  system.  Fig.  6(a)  shows  R(t)  as  a  function  of 
time  for  the  system  with  64  modes  and  Fig.  6(b)  shows  the  k 
spectrum  of  Langmuir  waves  obtained  from  Eq .  (1)  at  the  time 

when  the  maximum  value  of  R  is  attained.  At  this  time  there 
are  a  number  of  very  intense  solitary  waves  in  x  soace  [sec 
Fig.  3  in  Ref.  1  and  Fig.  1(a)  in  Ref.  2).  Fig.  6(b)  is  shown 
here  in  order  to  give  an  indication  of  the  extent  to  which  out 
three-model  truncation  of  the  Schroedinger  equation  is  a  valid: 
description  of  the  process.  The  solitary  waves  formed  in  x 
space,  although  very  intense,  are  smooth  structures.  To  form 
these,  one  needs  the  high  mode-number  parts  of  the  spectrum, 
with  appropriate  phases,  in  addition  to  the  low  wave  number 
components.  In  Fig.  6(b),  we  see  that  at  their  peak  the 
amplitudes  of  the  former  group  arc  at  least  a  factor  of  four 
smaller  than  those  of  the  latter  group. 

It  is  important  to  note  the  following.  The  finite  separa 
of  the  modes  that  inevitauly  arises  in  any  numerical  expenmen 
and  shown  graphically  in  Fig.  6(b)  might  lead  some  to  suspect 


1 


that  by  ineledinq  more  a. id  more  modes ,  as  in  a  real  experiment, 
the  phenomenon  of  recurrence  would  give  place  to  irreqular  mo¬ 
tion.  We  have  two  comments  against  this  presumption.  First, 
the  very  nonlinear  coupling  that  transfers  energy  in  between 
the  modes  strongly  couples  nearby  modes  to  each  other,  thus 
causing  some  degree  of  ever-present  coherence  among  them. 

Second,  the  phenomenon  of  recurrence  has  already  been  observed 
in  actual  water-tank  experiments  of  Stokes  waves  on  deep  water . J 

VI.  CONCLUSION 

We  have  presented  here  a  detailed  description  of  the  chase 
space  of  the  nonlinear  Schroedinger  equation,  describing  the  mo¬ 
dulations!  interaction  of  three  waves.  It  is  shown  that  one  can 
determine  the  nonlinear  saturation  level  of  the  modes  from  the 
linear  dispersion  relation  of  the  system  provided  the  wavenumber 
of  the  pump  is  not  too  small.  We  have  also  shown  that  the  three¬ 
mode  model  is  fairly  accurate,  by  comparing  its  predictions  for 
the  recurrence  time  and  the  distribution  of  energy  over  the  modes 
with  those  of  five-,  seven-,  nine-,  and  sixty-f our-modc  truncations 
After  the  completion  of  this  work  we  were  made  aware  of 

Q 

similar  work  on  the  three-wave  systems  by  Rabinovich  and  Fabrikant 

9 

and  the  integration  of  the  three-mode  equations  by  Infeld  . 
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FIGURE  CAPTIONS 

Fig.  1.  Growth  rate  1  of  modulation  E  exp(t+ikx)  on  uniform 
pump  field  Eq,  as  a  function  of  wavenumber  k.  Dashed  line  show? 
effect  of  pump  depletion:  an  initially  unstable  mode  k  causes 
instability  to  be  quenched  by  extracting  energy  from  the  Dump. 

2 

Fig.  2.  Phase-space  for  k  B/2.  Note  that  this  is  a  cylinder, 

obtained  by  identifying  lines  G  =  -2  and  =  2  tan  »  = 

2  -1 

2Bsin  7 [E  (4k  /B  ) 1 .  Dot-dash  curve  shows  relative  position 
of  phase-curve  of  Fig.  3. 

Fig.  3.  Phase-curve  for  initial  conditions  =  1,  E  =  0.5,  and 
k  =  1.2.  Location  of  hyperbolic  fixed  points  is  shown. 

Fig.  4.  Example  of  phase-curve  traversing  phase-space.  Initial! 

E  --  .531,  E  -  .86,  k  =  .6,  and  <■  =  .  9  87  .  Location  of  fixed 
o 

points  is  indicated. 


Fig.  5.  R  (  t  r  /  2  )  )  j  E^(i  r/2)  '  “  /  i  E  (t=o)  j  as  a  function  of 

k/o 

number  of  modes  used  in  computations;  i  denotes  the  recurrence 
time . 


F  i  g .  6  .  ( a )  R 


It) 


7 iE  <t=0) 
o 


as 


function  of  time, 


k/0 

using  64  modes.  (b)  Spectrum  of  Langmuir  waves  in  k  space  at 
instant  when  R  is  maximum. 
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TABLE  CAPTION  1 

Table  1.  Distribution  of  energy  amongst  the  modes  for  various 
levels  of  truncation  of  the  nonlinear  Sehrodinger  equation  at 
half  the  recurrence  time.  Mode  number  n  corresponds  to  the 
term  E^exp(inkx)  in  a  Fourier  representation  of  the  electric 
field;  n  =  o  being  the  pump  mode. 
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Modulational  Interaction  of  Lanqmuir  Waves 
in  One  Dimension 

B.  Hafizi* 

Department  of  Astro-Geophysics 
University  of  Colorado 
Boulder,  Colorado  80309 


Abstract 

The  modulational  interaction  of  Langmuir  waves  in  the 
absence  of  forcing  and  of  dissipation  is  studied  by  pertur¬ 
bation  theory  and  by  numerically  solving  4-mode  and  128-mode 
truncations  of  the  Zakharov  equations.  In  the  128-mode  sys¬ 
tem,  following  the  usual  weak-turbulence  process  of  inverse 
cascade  a  Langmuir  condensate  forms  whose  self-modulations 
lead  to  the  formation  of  intense  Langmuir  wave  packets  which 
propagate  with  fluctuating  amplitudes  and  velocities.  The 
behavior  of  the  4-mode  system  follows  that  of  the  128-mode 
system  for  a  brief  time  interval  before  the  formation  of  the 
condensate  in  the  latter.  In  both  cases  several  diagnostics, 
such  as  the  two-time  autocorrelation  function,  indicate  a 
partially  stochastic  rate-rime  behavior.  It  is  shown  that 
this  behavior  is  consistent  with  the  rigorous  perturbation 
theorem  of  Kolmogoroff,  Arnol'd  and  Moser,  and  that  the  non- 
integrability  of  Zakharov's  equations  is  due  to  the  presence 
of  everywhere  overlapping  resonances. 

♦Permanent  address:  Science  Applications,  Inc.,  Boulder,  Colorado 
80302. 
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I.  Introduction 

The  efficacy  with  which  a  powerful  laser  or  relativistic 
electron  beam  may  be  used  to  heat  a  plasma  is  intimately  con¬ 
nected  with  the  problem  of  Langmuir  turbulence.  The  under¬ 
standing  of  the  latter  was  greatly  advanced  by  Zakharov1  who 
derived  a  self-consistent  pair  of  equations  describing  the 
interaction  of  Langmuir  and  sound  waves.  These  fluid-like 
equations  provide  a  succinct  description  of  many  phenomena, 

including  the  modulational  interaction  and  incipient  collapse 

,  .  1,2,3, 4 

of  plasma  waves. 

5 

Recent  progress  in  the  study  of  plasma  turbulence  based 
on  the  direct  interaction  approximation  uses  externally-generated 
sources  of  noise,  and  damping  in  the  Zahkarov  equations.  The 
application  of  the  dynamical  renormalization  grouo  is 
also  based  on  an  open  system. ^ 

In  view  of  the  tremendous  excitement  that  has  been  generated 

by  the  studies  of  intrinsic  stochasticity  exhibited  by  a  number 

7  8  9 

of  nonlinear  evolution  equations  '  '  it  would  appear  worthwhile 
to  examine  the  Zakharov  equations  in  a  similar  vein.  In  parti¬ 
cular,  there  is  already  some  evidence  that  the  Zakharov  equations 
are  not  solvable  by  the  method  of  the  inverse  scattering  problem 
and  that  they  do  not  possess  any  symmetries  (and  therefore  con¬ 
stants  of  motion)  apart  from  those  associated  with  the  invariance 
group  of  their  Lagrangian  density  [namely  the  Hamiltonian,  the 
momentum,  and  the  boson  (or  plasmon)  number].  The  evidence  alluded 
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to  in  the  foregoing  -  and  this  is  only  circumstantial  evidence  - 

comes  about  in  computational  studies1*1  in  which,  rather  than  the 

more  well-known  elastic  collisions  of  the  solitons  described  by, 

say,  the  Korteweg-deVries  equation1 *  ,  the  solitons  of  the 

Zakharov  equations  under  certain  circumstances  fuse  on  collision . 

It  is  well-known  that  the  nonlinear  Schrodinger  equation 

(which  is  a  limiting  form  of  the  Zakharov  equations)  is  solvable 

by  the  method  of  the  inverse-scattering  problem  and  that  it 

12 

possesses  an  infinite  set  of  constants  of  motion.  Thus  a  trajec¬ 
tory  of  this  equation,  lying  at  the  intersection  of  the  level- 
surfaces  of  all  these  motion-invariants,  is  severly  constrained 
in  its  topology  and  its  disposition  relative  to  nearby  trajectories. 
One  thus  finds  that  waves  of  finite  amplitude  on  deep  water  (i.e., 
Stokes  waves)  described  by  this  equation  show  such  remarkable 
properties  as  recurrence  and  phase-coherence  over  long  distances.1'* 
Then,  if  it  is  true  that  the  Zakharov  equations  have  only  a  few 
integrals  of  motion  one  might  expect  non-recurrent  behavior  . 

In  the  present  work  we  describe  some  initial-value  solutions 
of  the  Zakharov  equations  in  one  spatial  dimension.  Starting  from 
a  single  monochromatic  wave  and  small-amplitude  noise  in  the  other 

modes  we  find  that  a  Langmuir  condensate  forms  through  the  process 

14 

of  inverse-cascade  (or  parametric  instability) .  The  self- 
14  15 

modulational  '  interaction  of  the  condensate  then  develops  intense 
Langmuir  waves1  that  propagate  in  x  space  with  fluctuating  velocity 
and  amplitude.  Based  on  these  and  other  information,  such  as  the 
behavior  of  the  autocorrelation  functions  for  the  various  modes. 


it  is  concluded  that  the  Zakharov  t-quut  ions  can  show  intrinsic 


stochasticity .  The  theoretical  foundation  for  this  behavior 

is  provided  by  the  rigorous  perturbation  theory  of  Kolmogoroff, 

7  8 

Arnol'd  and  Moser.  '  it  turns  out  that  the  Hamiltonian  of  the 
Zakharov  equations  is  degenerate  and  the  the  tori  of  the  zero- 
order  Hamiltonian  are  destroyed  under  the  influence  of  arbitrarily 
small  perturbations.  Further,  the  presence  of  everywhere  over¬ 
lapping  resonances  accounts  for  the  noninteqrability  of  these 
equations . 

II.  Parametric  instability  and  4-wave  interaction 

There  are  basically  two  processes  involved  in  reaching  the 
late-time  behavior  of  the  solutions  of  the  Zakharov  equations: 

First,  there  is  the  parametric  instability  of  a  (large-amplitude) 

1  4 

wave  leading  to  the  formation  of  a  Langmuir  condensate  in  k  space 

14  15 

and  second,  the  self-modulational  interaction  '  of  the  conden¬ 
sate,  which  results  in  the  appearance  of  flutuating,  intense 
Langmuir  waves  in  x  space. 

As  noted  in  the  Introduction  both  of  these  processes  find 
a  self-consistent  description  in  the  form  of  Zakharov's  equations: 

[i»£+(3Te/2mu>  )  ^|]E(x,t)  =  (2ire2/mu>D)NE, 

=  (1/4itM)  r» £  j e  | 2 , 

where  E(x,t)  is  the  low-frequency  envelope  of  the  Langmuir  field: 
^Lang**'*^  =  ( 1  /3E  (x ,  t)  exp  (-iu>pt)  +c .  c . ;  N(x,t)  is  the  perturbation 
in  the  background  ion  density,  NQ;  m  =  (4TrNQe2  /m)  1  !7  is  the  plasma 
frequency,  m(M)  being  the  electron  (ion)  mass  and  e  the  electronic 
charge;  C,.  f  (>eTc  +  >  iTi> /M)  1  is  the  sound  speed,  T^fT^)  being 
the  temperature  and  (  •)  the  adiabati:ity  index  of  electrons  (ions)  . 
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Defining  dimensionless  variables  through 


2n  m 

1  =  3~  M  U>pt  ' 


„  _  2 (HE\ 1/2  B_ 

x  "  3'M  1  rD 

„  _  3M  N 

N  "  4mn  nq 

p  -  1/2  (_3E2  x 

E  n  V  16uN  '?  ’ 
o  e 


1/2 


the  equations  become 


(i3t+3£)E  =  NE 


<3t-3x>N  = 


(1) 

(2) 


here  rQ  =  (Te/4TtN^e2 )  1  /2  is  the  Debye  radius  and 


H  =  (YeTe+YiTi) /Tg 


In  Eq.  (2)  the  term  3^|e|2  is  (proportional  to)  the  pressure 
force  of  the  Langmuir  oscillations  on  the  sound  waves.  The  com¬ 
pletely  integrable  nonlinear  Schrodinger  equation  is  obtained 


31nE* 2 


when  (rD'"f%~)  2  <<:  0n  the  other  ^and»  the  validity  of 

o  © 

the  Zakharov  equations  is  guaranteed  provided 


87TN0Te 


<<  1 


(3) 


and 


kr_  <<  1 


I 


(4) 
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in  the  last  inequality  k  represents  the  dominant  wavenumber  in  the 
spectrum.  In  general,  the  wavenumber  is  given  by  wheie 

is  an  integer  sept  rsen!  i  ng  the  mode  miin'.vi  an.!  i.  is  the  pei  i.-.it.  ii  >. 

length . 

We  now  derive  a  set  of  evolution  equations  for  4  wave  processes, 

of  chose  diagrams  is  shown  in  Fig.  1,  where  two  pump  waves  of  anplitude  E0  and 

wavenumber  kQ  interact  via  an  intermediate  sound  wave  of  amplitude 

N.  and  wavenumber  k,  producing  a  Stokes  (down-shifted)  and  an  anti- 
K 

Stokes  (up-shifted)  Langmuir  wave  of  amplitude  Ej  and  E2  and  wave- 
number  kQ+k  and  ko~k,  respectively  (k<0);  i.e., 

E  (x,t)  =  i!Eoexp(-ikox)+E,exp[-i(ko+k)x]+E?exp[-i(k0-k)x]  }  , 

N  =  i [N^exp (-ikx) +N£exp (ikx) ]  , 

V  =  ^  [V^exp  (--ikx)  +V*exp  (ikx)  ]  , 

where  V,  the  "hydrodynamic"  velocity,  satisfies 

O.N  +  :»  V  =  0 

t  x 

Substitution  of  these  expressions  into  Eqs.  (1)  and  (2)  yields 

+  £ (e2  siniji+e  j  sinO )  =  0  ,  (5) 

ne 

-  -j—  sine  -  0  ,  (6) 

ne_ 

k2  -  — j—  sinij/  =  0  ,  (7) 


or.r 


ti-kv  sin<£  =  0 


(8) 
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v  +  k(nsin<f  +  -r^[e  sin  (<l<+<p)  -e  sin  ( 0  — ^> )  J  }  =  0  , 

Lt  2  1 

.  e  e  e 

0  -  k(k+2k  -f-^cos<|>)  +  ^ cos\p  +(— -  -  —  )cos8] 

on  6_ 

o  o  1 


•  ,  2  2  t- 

<J>  -  ^(-V  ~n-  cos4>  -  ^Le2cos  (^+4>)  +  excos  ( 6-4> )  ] } 

.  e  e  e 

tfj  +  k(k-2k  -~  cos<J>)  +  £[— -  cos0+(~-  -  —  )cosiji] 
on  l.  eQ  eQ  e2 


wherein  a  super  dot  denotes  a  time  derivative,  and 


=  0 

=  0 

=  o 


(9) 

,  (10) 
,  (11) 
,  (12) 


Eo  =  e0exp(ic{>0) 
Ex  =  e^xpli^l 
E2  e  e2exp(i<t2) 
Nk  E  n  exp(i<J>n) 
Vk  =  v  exp  <  i <i> v) 


0  E  V^+*n 


*  E  W*n 


<D  =  V*v 


4>  ,  4>  ,  and  <f>  being  real-valued 
2  n  v 


with  eQ,  ej#  e? ,  n,  v,  <pQ,  4>i 
functions  of  time. 

Examining  Eqs.  (5) -(12)  one  can  extract  the  following 
constants  of  the  motion 
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b  =  e2  +  e2  +  e2  , 

o  i  2 

p  =  k  e2+ (k  +k) e2+ (k  -k) e?-2nv  cos<J>  , 

O  O  O  i  O  2 

2ne 

h  =  k2e2+ (k  +k)  2e2  + (k  -k)  2e2+n2+v^ — - — -(e  cos8+e  cos'|<)  , 

U  O  U  lO  2  1  2 

(13) 

representing  the  boson  number,  the  momentum  and  the  Hamiltonian, 
respectively. 

The  corresponding  invariants  of  the  untruncated  Zakharov 
.  .  .  10,16 

equations  are  proportional  to 
B  =  dx|E(x,t)|2  , 

P  =  i  dx  (El  E*-E?3  E)+  dxNV 

Z.  \  XX 

H  —  f  dx  [  ;  •  E  |  2+N  !  E  |  ?+(]/2)(N2+V2 )  ] 

J  x 

in  the  integral  representation. 

14 

As  is  well-known,  a  monochromatic  pump-mode  of  wavenumber 
kQrD  >  -j/m/M  is  unstable  to  the  inverse-cascade  process  whereby 
it  decays  successively  into  daughter  waves  until  a  Langmuir  con¬ 
densate  is  formed  in  the  region  o  _<  jkrD|  <  -|/nv/M.  With  the 
formation  of  the  condensate  there  arises  the  question  of  the 
means  by  which  to  dissipate  this  energy  in  a  region  of  phase- 
space  where  the  usual  process  of  Landau  damping,  radiation,  etc. 
are  ineffective.  (By  dissipation  we  mean  the  transformation  of 
the  electrostatic  energy  residing  in  the  condensate  to  other  forms, 
via  processes  lying  outside  the  scope  of  Eas.  (1)  and  (2).) 
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The  way  out  of  this  difficulty  was  first  pointed  out  by 

Vedenovand  Budakov*"*  who  showed  that  the  Langmuir  conden- 

sate  is  unstable  to  spatial  modulations  when  —  >  (Akr.J  2 

8ttN  T  't  D  ' 

o  e 

where  Ak  is  the  average  spread  in  the  wavenumbers  of  the 
condensate.  It  was  later  shown  that  the  self-modulation 
can  lead  to  the  formation  of  intense  solitary  waves,  thus 
transferring  energy  into  the  dissipative  region.* 

III.  Computations 

17 

The  computations  were  performed  by  the  Galerkin  method 

of  using  a  finite  number  (128)  of  Fourier  modes  spanning  the 

solution  space.  The  integration  of  Eqs.  (1)  and  (2)  was  carried 

out  by  splitting  the  evolution  operator  into  its  linear  and 

nonlinear  parts.  The  linear  part  of  the  integration  was  carried 

out  exactly  in  k  space  and  the  nonlinear  part  by  implicit  methods 

18 

in  x  space.  Aliasing  errors  were  avoided  by  the  usual  method. 

The  errors  sustained  in  B,  P,  and  H  were  less  than  1%. 

Landau  damping  is  neglected  since  krD  <<  1  and  >>  T^ ; 

further,  following  the  definition  given  after  Eq.  (2) ,  n  ?  Ye  =  1 
since  the  electrons  are  isothermal  on  the  ion-sound  time-scale. 

The  periodicity  length  used  in  these  computations  is  L  =»  ‘ 

The  initial-value  problem  was  set-up  with  kQrD  =  2.4  x 

•|»/m7M(Ek  H  Eq  -  45.2)  ,  (kQ+k)rD  =  -0.6  x  i/m7M(Ek  +k  =  E1=  0.021) 
o  o 

and  all  the  other  modes  at  round-off  amplitudes  (— 10— 1 5 ) .  The 

Stokes  mode  chosen  (kQ+k)  is  the  one  with  the  fastest  parametric 

growth  rate,  obtained  by  solving  the  usual  dispersion  relation* ^ 

for  parametric  instabilities  for  constant  E.  =  E  : 

ko  ° 

u.‘,-4kko!0,+  (4k^-k2-l)k7m7+4k3ko(ii-(4k^-k2+2!Eo|  VL^k"  =  0  ; 


(14) 
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with  the  imaginary  part  of  u>  determining  the  growth-rate. 

Fig.  2  shews  the  spectrum  of  Langmuir  waves  at  w  t  =  192 (M/m). 

Ir 

In  this  figure  we  see  the  pump-mode  and  a  strongly  driven  Stokes 
mode.  Since  the  magnitude  of  the  wave  number  of  the  latter, 

0.6  x  -|/m7M,  is  less  than  -|»m/M  it  cannot  decay.  As  usual,  one 
can  also  see  a  prominant  anti-Stokes  (up-shifted)  mode.  The 
standard  normal-mode  analysis  determines  the  ratio  of  thf 


Stokes  mode  Ej  to  the  anti-Stokes  E2  to  be 


„o-l0*-(ko-k)> 

,o+v  -(k0+k)» 


I 


where  u)Q  is  the  frecuency  of  the  pump-mode.  Note  that  this  ratio 
is  independent  of  the  pump- amplitude,  Eq.  The  ratio  of  the  ampli¬ 
tudes  determined  from  Fig.  2  is  within  a  factor  of  three  of  that 
given  by  this  exoression.  Of  course,  this  agreement  is  very  rough 
because  the  above  formula  is  obtained  from  a  normal-mode  analysxs 
with  a  fixed  pump  amplitude,  whereas  the  computations  refer  to  a 
system  (and  in  particular  a  pump-mode)  that  changes  considerably. 

Although  the  Stokes  component  cannot  decay  into  another 
Langmuir  wave  with  the  emission  of  a  sound  wave,  it  is  still 
unstable  with  respect  to  the  4-wave  instability  shown  in  Fig.  1. 

We  have  checked  that,  making  a  rough  estimate  for  the  amplitude 
of  the  Stokes  mode  (as  the  pump-mode),  the  unstable  modes  pre¬ 
dicted  by  Eq.  (14)  correspond  to  the  sub-satellites  of  the  Stokes 
mode,  designated  ss  in  Fig.  2.  The  sub-satellites  on  the  right¬ 
size  of  the  pump-mode  and  the  right-side  of  the  anti-Stokes  mode 
could  possibly  be  generated  by  parametric  interaction  with  the 
sub-satellite  on  the  right-side  of  the  Stokes  mode.  Thus,  the 
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20 

wavenumber  and  frequency  selection  rules  for  the  3-wave  process 
(neglecting  the  anti-Stokes  mode)  Langmuir-^Langmuir+Sound  are 
respectively 


o  -  <Vkl  -  k 

9 

(15) 

O  *  (Vk|!-!k1 

9 

(16) 

in  dimensionless  units. 

One  can  now  excite  a  sub-satellite  of  the  pump-mode,  with 
only  a  small  mis-match  for  the  frequency  selection  rule  using 
the  existing  sound  wave: 


(  (ko+k)+6k]-k  •*  kQ+6k 

9 

(17) 

[  (kQ+k)  +<5k]  2- |  k  |  -*■  (kQ+6k)  2 

• 

(18) 

If  Eq.  (15)  is  satisfied  then  so  is  Eq.  (17) ;  if  Eq.  (16)  is 
also  satisfied,  then  Eq.  (18)  has  a  frequency  mis-match  o(Sk). 

In  Eqs.  (17)  and  (18)  (kQ+k)+6k  is  the  wavenumber  of  the  sub¬ 

satellite  on  the  Stokes  mode  and  k  +6k  that  for  the  sub-satellite 

o 

on  the  pump-mode. 

One  can  also  generate  sub-satellites  to  the  sound  waves 
(as  observed  in  the  computations)  by  beating  a  sub-satellite 
of  the  Stokes  mode  with  the  pump-mode: 

kQ  -*  l  (kQrk) +£k]  -  (k+6k)  , 

ko  ■*  [  <Vk,+*k> 2  "  lk+5k! 


in  obvious  notation. 
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As  reqards  to  the  sub-sub-satellites  and  the  sub-sub-sub- 
satellites  we  believe  that  they  are  excited  through  the  modula- 
tional  (4-wave)  instability  of  the  Stokes  mode,  and  harmonic 
generation  . 


This  is  suggested  by 

the  disposition  of  the  sub-sub-satellites  and  the  sub-sub-sub¬ 
satellites  with  respect  to  the  Stokes  mode  and  its  sub-satellites 
in  k  space. 


Fig.  3(a)  shows  the  k  spectrum  of  the  Langmuir  waves  at 

u>  t  =  624  (M/m).  The  Langmuir  condensate  has  already  been 

formed  and  its  self-modulational  interaction^  has  led  to  the 

development  of  an  intense  solitary  wave  as  shown  in  Fig.  3(b). 

Fig.  4  shows  a  plot  of  R(t)  =  £  !  E.  ( t )  |  7  /  [  E.  (t=0)  ]  as 

Wk  k  o 

a  function  of  time.  After  a  period  or  recurrent  energy  exchange 

-  principally  between  the  pump  and  the  Stokes  mode  -  an  apparently 

time  -  asymptotic  state  is  reached,  with  fluctuations  of  about 

5%  on  the  mean  value  of  R.  In  this  late-time  stage  the  pump 

mode  is  almost  completely  depleted  and  most  of  the  plasmon 

energy  resides  around  the  origin  of  k  space. 

At  this  juncture  it  must  be  pointed  out  that  a  picture 

similar  to  that  in  Fig.  3  is  obtained  if  one  starts  with  a 

broad-band  pump,  since  in  both  cases  the  Stokes  wave  and  its 

2 1 

sub-satellites  form  a  broad  spectrum  around  k  =  0. 
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IV.  Theory  and  Discussion 

We  now  proceed  to  examine  Fig.  4  in  more  detail  in  order 
to  gain  an  understand inq  of  its  two  main  features,  namely  the 
initial  periodic  behavior  and  the  final  random  oscillations 
suoerimposed  on  a  mean  level. 

Examination  of  the  1;  spectra  of  the  Langmuir  oscillations 
reveals  that  in  the  initial  stages  most  of  the  energy  resides 
in  the  pump  and  the  decay  mode,  which  exchannes  energy  in  a 
neriodic  manner.  Eos.  (5) -(12)  for  the  four-wave  system  have 
been  solved  for  the  same  set  of  initial  conditions  as  that  for 
the  many-mode  computations.  Fig.  5  shows  the  amplitude  of  the 
oum  mode  as  a  function  of  time,  which  can  easily  be  compared 
with  Fig.  4.  From  Fig.  5,  the  pump  is  depleted  to  a  value  -  12.6, 
at  which  time  R  =  — '  ^  ^  -j,-2  ‘ 6  =  0.92,  compared  to  0.725,  0.9  ,  and. 

0.73  for  the  first  three  maxima  of  R  in  Fig.  4,  for  the  128-mode 

.  M  - '* 

system.  The  oscillation  period  for  the  pump  in  Fig.  5  is  37  — ^ 

M  —  x 

and  that  for  the  initial  oscillations  in  Fig.  4  is  44  — w 

m  p 

We  note  that  the  oscillatory  part  can  also  be  accurately  described 

20 

by  a  3-wave  system  m  which  the  anti-Stokes  mode  e2  is  neqlected 
in  Eqs .  (5) -(12);  this  being  due  to  the  fact  that  this  mode  has 

relatively  small  amolitude. 

We  now  proceed  to  examine  the  late-time  behavior  of  our 
solutions.  After  the  formation  of  the  Langmuir  condensate 
and  its  self-modulation ,  there  appear  intense  Langmuir  waves 
in  x  space  which  propaqate  with  fluctuating  amplitude  and  velo¬ 
city.  It  is  well-known  that  the  decay  instability  is  subsonic 
1 4 

provided 
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8-N  T  V  M  ' 
o  e 

wherein  E  is  the  peak  value  of  the  electric  field  in  x  soace. 

°  Eo  i 

For  the  parameters  of  our  problem  we  find  n  —  at  t  =  0. 

c  8  t:  N  T  3  M 

o  e 

Further,  due  to  the  decay  process  and  the  associated  emission  of 
sound,  weak  turbulence  is  accompanied  by  sound  turbulence.  Under 
these  circumstances  one  observes  break-up  and  fusion  of  Langmuir  wave 
packets.^  Fig.  6  show's  the  space-time  path  of  the  fluctuating  wave 
packets.  One  can  see  that  as  it  progresses  its  speed  on  occa¬ 
sions  approaches  that  of  sound  and  then  abruptly  slows  down.  Its 
terminal  speed  is  close  to  0.4Cg  with  small  fluctuations  about 
this  value  and  little  emitted  sound  energy.  However,  the  ampli¬ 
tude  of  the  wave-packet  varies  within  a  factor  of  3  in  this  time 

interval,  630  —  <  w  t  <  720  — .  It  must  be  noted  that  at 

m  —  p  —  m 

M 

about  a,  t  =  636  — ,  for  example,  one  observes  the  wave  packet 
p  m  1 

to  slow-down  considerably  and  to  break-up  into  two  wave-packets 
one  of  which  then  intensifies  and  moves  away  from  the  other.  (In 
o:t  nple  of  break-up  is  given  later,  Fia.  10).  The  displacement 
plotted  in  Fig. 6  is  that  of  the  dominant  wave  packet  observed. 

(In  the  snap-shots  obtained  in  our  computations  there  has  always 
been  one  dominant  waveoacket  even  when  two  wavepackets  have  collided 

lr'  i 2 

O' 

or  one  has  broken  ud.)  The  largest  value  of  0  —  in  this 

o  e 

problem  is  4  ^  in  the  course  of  computation.  Fig.  7  shows  the  sound 
momentum  [=fjjvdx,  as  given  in  the  expression  for  P,  following 
Eq.  (13)),  indicating  a  fluctuating  interaction  with  the  Lanqmuir 
oscillations  in  the  late  stages. 
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Let  f(t)  be  one  of  the  variables  characterizing  the  system. 
The  two-time  autocorrelation  function  for  this  variable  is  giver, 
by 

1  rT- 

C(t)  =  I  dt  [  f  *  (t+i )  -  <f*>][f(t)  -  <f>]  ,  (19) 

1  1  J 
o 

where  denotes  the  time  average.  We  have  computed  the  (real- 

part  of  the)  two-time  autocorrelation  function  for  the  Langmuir 
modes  zero  through  fifteen,  two  of  which  are  shown  in  Fig.  8. 

The  integral  in  Eq .  (19)  was  performed  for  the  time  interval 

M  K 

630  —  <  a'  t  <  720  — .  The  decay  of  the  autocorrelation  function 

m  —  p  —  m  1 

-  ~>~> 

to  zero  as  t-*-*  is  regarded  asj  a  signature  of  stochastic  flow.““' 

> 

Bearing  in  mind  the  limited  time-lengtft  of  our  cqnroutations ,  Fia . 

8  indicates  that  our  particular  problem  is  partially  stochastic: 
The  definition  of  autocorrelation  function  given  in  Eq .  (19)  is 

that  usually  used  in  real  experiments  as  opposed  to  idealized 
mathematical  systems  where  the  time-averaqing  is  performed  over 
an  infinite  time  interval.  The  finite  number  of  sample  points 
implies  that  relatively  large  errors  are  incurred  in  evaluating 
the  autocorrelation  function,  which  error  increases  as  t  increases 
due  to  the  reduced  number  of  sampling  points.  Por  the  eigth  mode, 
Fig.  3(a),  the  error  at  w  f  =  5  is  3%,  that  at  u)pf  =  25  is  20% 
and  that  at  u  t  =  40  is  60%.  We  have  referred  to  the  state  of 
the  i28-mode  system  as  partially  stochastic  since,  qiven  the  errors  in¬ 
volved  and  the  limited  time  over  which  the  system  has  evolved, 
once  cannot  conclude  that  the  two-time  autocorrelation  function 
decays  to  zero.  In  fact,  the  very  presence  of  one  or  more  in¬ 
tense  Langmuir  waves  implies  that  there  is  a  certain  coherence 
amongst  the  Fburier  components  that  make  up  the  wave  packet (s) .  Particularly 
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in  the  late-time  staqes  of  the  computations  we  have  observed  that 
the  wave  packets  propagate  for  distances  corresponding  to  at 
least  a  few  decorrelation-times  (i.e.,  the  time  duration  in  which  the 
correlation  function  falls  by  a  factor  e)  while  maintaining  their 
integrety,  albeit  with  fluctuating  amplitudes  and  velocities.  Thus, 
although  the  autocorrelation  functions  decay  to  about  1/3  of  their 
peak  value,  there  is  certainly  the  remanent  of  organized  behavior 
in  the  128-irDde  system,  for  the  particular  parameters  used  here.  Wb  refer 
to  such  behavior  as  partially  stochastic.  The  autocorrelation 
functions  for  the  other  modes  have  a  similar  behavior  except  that 
the  numer  of  oscillations  per  unit  time  interval  increases  as  the 
mode  number  increases.  We  have  also  analyzed  the  temporal  spectrum 
of  the  Langmuir  oscillations  (at  a  fixed  point  in  x  space) ,  obtainina 
a  continuous,  broad-band  spectrum  over  a  decade  and  half  of 
frequency . 

The  next  obvious  Question  is  how  these  results  are  altered 

as  one  increases  the  initial  pump  amplitude?  For  this  purpose 

we  need  to  rewrite  the  four-wave  Hamiltonian  in  action-angle 

variables  so  as  to  be  able  to  use  the  Kolmogorof f-Arnol 'd-Moser 

2  3 

stability  theorem  and  some  of  the  numerous  numerical  studies 

performed  to  investigate  the  stochastic  behavior  of  Hamiltonian 
7  8  9 

systems.  '  '  The  details  of  the  calculations  are  given  in  the 
Appendix;  the  four-wave  Hamiltonian  has  the  form 

h  =  [k»  Jo+(ko+k)aj1  +  (ko-k)Ma]  +  |k|(J3+J4) 

|  k  |  J  ,  . 

+  2( — r— ^ -)  ^  (J3cos2<(>  +J4  sin*4>,, )  ^  [  J*  cos  ( 0 0  —  $1  “<J>  ) 

3  n 

■  +  Jj  COS  (0o-<l>?+bn)  ] 


(20) 
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wherein  the  J's  denote  the  action  variables  and  the  <j>'s  the 
angles,  with 


E  j  =  <LJi)^  exp  ( —  i  j  )  ,  (j  =  0,  1,  2) 


N,_  = 


V  l' 

( L  i  k  ]  )  2  ( J3  cos4>3  +  sirvK)  , 


4>  = 


n 


Ju .  sind.  , 

arc  tan{(  ~)  _ — p.]  , 

j3  cosi3J 


(21) 


V,.  = 


i(Llk!)^(J3  sin<|>3  +  ij;  cos  )  ; 


note  the  change  in  the  sign  of  the  exponential  for  the  electric 
field  as  compared  to  that  given  followinq  Eq.  (12)  (For  the  trans¬ 
formation  to  action-angle  variables  it  is  natural  to  use  the  vari¬ 
able  U  defined  in  the  Appendix,  Eq.  (A 2) .  However,  for  our  compu¬ 
tational  work  for  reasons  of  symmetry  we  have  found  it  natural  to 
use  the  "hydrodynamic"  velocity  V,  defined  just  before  Eq .  (5); 

they  are  related  via  V+9xU=0.) 

The  basic  question  is  if  the  Kolmogorof f-Arnol 'd-Moser  theorem 

can  guarantee  the  preservation  of  the  tori  of  the  unperturbed  sys- 

7  8  2~\ 

tern.  The  basic  requirements  of  this  theorem  for  stability  are  '  ' 
i)  The  nondegeneracy  condition 


det|weini  ^  0  /  =  0,1,.. .,4 

ii)  The  condition  for  isoenergetic  nondegeneracy 


det 


i.m 


m 


*  0 


£  ,m  =  0,1,. ..,4 
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iii)  Absence  of  low-order  resonances,  i.e.,  no  relations 
4  4 

y  l.  u).  =0  with  integers  l-  such  that  0  <  ]  If- -I  <  4. 
i=0  1  1  i=0  1  ~ 

In  these  formulas  w  is  the  frequency  corresponding  to  the 

3hQ 

action  variable  J„ ;  i.e.  ~  =  — —  =  (k  -k)2,  h  being  the 

t  2  ?  3  J  2  o  o  ^ 

zeroth  order  Hamiltonian 


h  =  k2 J  +  (k  +k) 2 J,  +  (k  -k) 2J  +  I k I ( J  +J  ); 
o  OO  o  1  0  2  '  ‘  3  it 

in  addition,  denotes  the  derivative  of  m.  with  respect  to  J  . 

f.m  C,  m 

Straightforward  calculations  show  that  conditions  i)  and  ii) 
fail  for  this  Hamiltonian. 

Now  consider  the  decay  mode  corresponding  to  the  perturbation 
term  cos  ( 4>0— ^  i  ~<+’ri  )  •  BY  definition,  and  using  Eq  .  (21). 


tf’i  - 


3h 
_ o 

3Jo 

^o 

3Ji 


=  k2 
o 


=  (k  +k) 2 
o 

COS  (  4)  k -<P  3  ) 


cos24>3+  (J4  /J3)  sin2't'J 


where  in  the  last  step  we  have  specialized  to  a  diagram  of  the 
kind  shown  in  Fig.  1  in  which  J3=J4  and 
The  decay  is  resonantly  driven  when 

k2  +  ("D  <*+*)*  +  ("DIM  =  0  ,  (22) 

and  the  coefficients  of  this  relation  give 


1  +  ; - 1 1  +  1 -1 [  =  3<4 
whence  condition  iii)  fails. 

The  other  angle  dependent  term,  cos  >  +$  ),  leads  to  another 


resonance 
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k2  +  (-l)(ko-k)2  +  (+l)|k|  =  0  (23) 

which  again  fails  to  satisfy  condition  iii) . 

7  8  9 

As  is  well-known,  '  '  the  presence  of  two  or  more  resonances 
is  the  basic  ingredient  required  for  chaotic  behavior.  A  graphic 
confirmation  of  this  is  shown  in  Fig.  9,  which  is  discussed  in  the 
sequel.  But  first  we  wish  to  point  out  some  of  the  pecularities 
of  the  Zakharov  system. 

In  general,  the  resonance  conditions  for  a  Hamiltonian  system 
depend  on  the  action  variables,  with  the  result  that  the  resonance 
is  satisfied  on  a  certain  subspace  of  the  phase  space.  Given  two 
or  more  resonance  conditions  the  proximity  of  the  resonant  subspaces 
is  a  crucial  factor  in  determining  the  threshold  for  stochastic ity , 
which  will  be  limited  to  the  region  formed  by  the  union  of  the 
resonant  subspaces.  But,  the  resonance  conditions  given  by 
Eqs.  (22)  and  (23)  are  independent  of  Jq,  Jx,  and  J^.  Thus,  in 
the  action  space  spanned  by  ( J  , J. , Ja , J ^ , J4 ) ,  these  two  resonances 
overlap  on  the  hypersurface  J3=J4  for  all  JQ,  J  ,  Ja  (provided 
these  arc  small  enough  for  the  validity  of  perturbation  theory) . 

We  therefore  reach  the  important  conclusion  that  the  Zakharov 
equations  may  be  stochastic  for  arbitrarily  small  values  of  JQ,  J i  , 
and  J2  (but  not  zero) .  It  should  perhaps  be  pointed  out  that  the 
extent  to  which,  for  example,  the  temporal  behavior  of  the 
electric  field  would  appear  to  be  irregular  or  random,  is  deter¬ 
mined  by  the  absolute  value  of  the  nonlinearity,  and  the  randomness 
would  grow  as  the  nonlinearity  increased. 


20 


It  must  bo  remarked  that  the  presence  of  a  sinqle  resonance  and 

the  failure  of  the  Kolmogorov-Arnol ' d-Moser  theorem  means  that 

the  tori  of  the  zero-order  Hamiltonian  are  severly  distorted, 

but  the  system  is  still  integrable.  As  soon  as  two  or  more 

resonances  overlap,  the  global  invariants  (or  constants  of 

motion)  of  the  system  are  destroyed,  leading  to  a  nonintegrable 
7  8 

motion.'  In  otherwords,  the  speculation  that  the  Zakharov 
equations  are  nonintegrable,  which  arose  from  numerical  studies10 
in  which  Zakharov  solitons  were  observed  to  fuse  on  collision,  or 
breakup,  has  its  fundamental  basis  in  the  presence  of  (everywhere) 


over laDpino  resonances.  should  also  be  pointed  out  that  the 

Kolmosorof f-Arnol 'd-Moser  theorem  is  basically  a  theorem  of  sta¬ 
bility;  i.e.,  it  guarantees  the  preservation,  under  perturbation, 
of  the  tori  on  which  the  unperturbed  flow  takes  place  when  certain 
conditions  are  satisfied.  When  these  conditions  are  not  satisfied, 
the  destruction  of  the  tori  is  possible.  The  numerical  results 
presented  are  therefore  necessary  in  order  to  confirm  this  possi¬ 
bility,  as  is  the  usual  practise.^'*1 

Now  consider  the  subspace  J  =  J  =  j  on  which  the  Hamiltonian 

*  4 
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where  an  c  has  been  appended  to  the  nonlinear  term  to  indicate 
smallness,  and  the  followinq  (time-dependent)  canonical  trans¬ 
formation 


PUVWW  =  +  j(<J)n'wnt) 
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The  new  angle  variables  are,  by  definition. 


a£  3  j  e  *Z  '  U'it 


Z  =  0,  1,  2 


a  =  =  <P  -  (A)  t 

n  3d  n  n 

and  the  new  Hamiltonian  is 

new  np  I  !  3  -.3  e  v  i 

ho  =  ho  +  If  =  2c( - — )^[j,cos(a0-a1-an)+j]cos(a0-a2+an) 


In  consequence  of  this  expedient  we  find  that  if  h^  governs  a 
stochastic  motion,  this  stochasticity  will  persist  for  e+o+,  since 
is  just  a  multiplicative  factor  which  only  affects  the  time  scale. 
Eqs.  (5)- (12)  for  the  4-wave  system  have  been  derived  with 

no  assumption  as  reqards  the  value  of  kQ;  thus,  the  resonance 
overlap  in  Eqs.  (13)  and  (20)  exists  also  for  interactions  involving 
four  waves  in  the  condensate,  and  therefore  the  condensate  itself 


can  be  stochastic. 

Without  going  into  details,  we  report  that  as  the  pump  amplitude 

is  increased,  the  4-wave  system  becomes  (more  and  more)  chaotic;  that 

is,  the  two-time  autocorrelation  functions  for  the  variables 

decay  to  zero  (approximately)  in  a  very  short  time  x  [See  Eq. 

(19)].  Fig.  9  shows  the  chaotic  temporal  behavior  of  the  pump 

mode  for  the  four-wave  system,  starting  from  a  pump  amplitude 

e  =  88.6,  all  other  parameters  being  the  same  as  for  Fig.  5. 
o 

A  similar  behavior  is  true  of  the  many-mode  system.  Starting 

|  E  |  7  _ 

from  a  state  in  which  -x after  the  formation  of  the 

o  n  N  x  J  m 
o  e 

I.angmuir  condensate  and  its  self -modulation ,  there  appears  a 


12. 


very  intense  Langmuir  wave  and  one  much  less  so,  both  of  which 
propagate  with  fluctuating  amplitude  and  velocity.  Fig.  10  shows 
an  example  in  which  a  wave  at  x  -  13  breaks-up  into  two 

and  two  at  x  -  35  and  38  merge  into  one  another; 

M  M 

Fig.  10(a)  is  at  t  =  140  — ,  Fig.  10(b)  is  at  m  t  =  144  — . 

Pi_  i ?  m  d  m 

I  Eq  I 

The  peak  value  of  0  — -  -=-  equals  70  in  the  course  of  compu- 

d’lN  I  M 

o  e 

tation.  The  two-time  autocorrelation  functions  for  the  Langmuir 

modes,  Fig.  11,  have  a  form  similar  to  that  shown  in  Fig.  8, 

with  the  difference  that,  foi  each  mode,  the  decorrelation  time 

is  decreased  as  compared  to  the  previous  one  in  Fig.  8.  The 

decorrelation  time  is  defined  to  be  the  time  seoaration  w  t  at 

P 

which  the  correlation  function  falls  to  a  value  1/e.  Comparing 
Figs.  8  and  11  one  can  descem  a  somewhat  more  rapid  fall-off  in  the  auto¬ 
correlation  functions  in  the  latter.  If  one  imagines  fittinq  an 
envelope  of  the  form  exo(-T/ic)  to  these  curves,  with  t  being 
the  decorrelation  time,  the  envelopes  would  hug  the  vertical 
axis  in  Fig.  11  more  tightly  than  in  Fig.  8,  because  of  the  more 
rapid  fall-off  in  the  former.  Futher,  the  first  "recovery"  of 
the  autocorrelation  function  after  its  first  dit>  towards  zero 

is  smaller  in  Fig.  11.  (The  errors  involved  in  Fig.  8  and  11 
are  about  the  same.)  This  indicates  (but  not  prove  )  that  the 

degree  of  stochasticity  increases  with  the  intensity  of  the  ini¬ 
tial  Langmuir  field.  This  result  and  the  suggestions  that  the 
many-mode  system  is  chaotic  should  not  be  surprising  in  view  of 
our  foregoing  arguments  as  regards  to  the  presence  of  overlapping 
resonance  in  the  4-wave  system.  Thus  for  the  many  mode  system 
one  might  expect  a  large  number  of  overlapping  resonances  whose 

simultaneous  "pulling"  on  a  phase-space  trajectory  leads  to  com- 

7  8  9 

plicated  and  stochastic  flow,  '  '  specially  in  view  of  the  in¬ 
dications  that  the  Zakharov  equations  possess  very  few  constants 
of  motion. 
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For  simplicity,  let  us  now  consider  the  following  form  of 
Zakharov's  equations 


(i3t+A)E  =  NE 

f 

(24) 

( 3^-A) N  =  A i E | 2 

t 

(25) 

wherein  A  =  +  3^  +  3  2 ;  similar  equations  have  been  used  to 

study  the  stability  of  solitons  [which  are  special  solutions  of 
the  one  dimensional  Zakharov  equations,  Eqs.  (1)  and  (2)],  to 

o  A  2  S  ?  £ 

perturbations.  '  '  Using  the  Lagrangain  density 

|[E*3tE- E  (3tE*)  3  -VE**VE  +  ~(3tU-|E|2)2  -  J(VU)2  , 

the  Fourier  expansions 

E  =  iy  l  E^exp (-ik  *  r) 
k 

Hspl  Nkexp(-ik-r) 
k  ~ 

(N=  |  E  |  2  beinq  the  momentum  conjugate  to  U)  and  followinq  the 

Drocodure  outlined  in  the  Appendix,  the  Hamiltonian  for  Eqs.  (24) 
and  (25)  in  action-angle  variables  is 

H  =  Itk=.y|k|(yyi  +  tlkciqjrvri‘i 

x  (Ikcos2f.k+Kksin2ck)i5exp[-i  (4»k ^-4>k+k >-«k)  3 


(26) 


24 


wherein  . 

Ek  =  (L3JkPexp(-i<f>k) 

2L3I  i  2L3K,  . 

U,  =  ( - *)  'sin  r  +  i  (-  ■$)^cos{> 

’i  Ik!  i  1*1  * 

N  =  (2Ls|k|lk)'icosCk  +  i(2L»|k|Kk)‘>sim;k  , 

K.  ,  sin^, 

ak  =  arc  tan[{_J~) - S-]  , 

\  cos^k 

and  L3  is  the  volume. 

The  linear  dependence  of  the  zero-order  part  of  Eq .  (26)  implies 
the  violation  of  the  nondegeneracy  conditions.  Consideration  of 
decay  processes  of  the  type  i£k  '-<^k+k  >_Ctk  =  ^9*  U  for  exanple,  will 

bring  in  overlapping  resonances  and  the  consequent  stochastic  flows. 

It  must  be  mentioned  that  in  all  the  computations  presented 
here  the  maximum  wave  number  (or  the  number  of  modes  used)  have 
been  chosen  in  such  a  way  that  a  negligible  fraction  of  the  energy 
lies  in  the  large  wave  number  region.  Indeed,  this  is  a  necessary 
condition  for  the  accuracy  of  the  code  [as  measured  by  the  (semi-) 
conservation  of  the  Hamiltonan  and  of  the  momentum.] 

In  closing  we  note  that  several  computations  have  been 
performed  with  different  periodicity  lengths  L,  using  the  same 
(initial)  boson  number  per  unit  length  and  the  same  modes  with 
no  change  in  the  results  obtained.  Further,  we  have  also  per¬ 
formed  computations  in  which  modes  -32  through  +32  (c.f.  Fig.  2) 

were  initially  at  the  same  level  (=0.021),  the  pump  mode  at  Ek  = 

- 1 5  ° 

45.2  and  modes  33  through  64  and  -33  through  -64  at  -  10 
(c.f.  Section  III).  In  this  case  the  late-time  behavior  was 
stochastic  and  similar  to  the  previous  cases,  except  that  the 
transition  to  the  time-asymptotic  (in  the  context  of  our  compu¬ 
tations)  state  was  faster.  This  is  because  there  were  fewer 
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large -amplitude  oscillations  initially  (c.f.  Fig.  4,  for  w  t  <  150) 

P  % 

The  reason  is,  of  course,  that  with  so  many  modes  in  the  condensate 
region  at  relatively  large  amplitudes  and  the  fact  that  for  a  given 
pump  mode  there  is  band  of  modes  that  are  parametrically  unstable, 
the  condensate  forms  much  faster. 
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V.  Conclusions 

The  results  of  computations  on  wave-wave  interactions  in  a 
plasma  described  by  the  Zakharov  equations  have  been  reported. 

A  number  of  diagnostics, such  as  the  two-time  autocorrelation 
function, used  in  those  experiments  indicate  that  the  interaction 
of  plasma  waves  in  the  absence  of  forcing  and  of  dissipation 
leads  to  partially  stochastic  flow,  wherein  there  remains,  in 
the  parameter  range  reported  here,  remanents  of  organized  be¬ 
havior,  such  as  intense,  large  amplitude  Langmuir  waves. 

It  is  argued  that  the  fundamental  theoretical  basis  for 
such  behavior  lies  in  the  fact  that  the  Hamiltonian  Zakharov 
equations  are  degenerate  (in  the  sense  of  the  rigorous  pertur¬ 
bation  theory  of  Kolmogorov,  Arnol'd  and  Moser)  with  everywhere 
overlapping  resonances.  Herein  lies  the  reason  for  the  non- 
integrability  of  the  Zakharo1  •  quations,  a  conclusion  which  is 
independent  of  the  dimensionality  of  the  system.  For  the  para¬ 
meter  range  of  interest  to  this  work  the  effects  of  Landau 
damping  are  negligibly  small.  If  the  width  of  the  wave-number 
spectrum  is  sufficiently  large  so  that  the  influence  of  dissipation 
need  be  included  it  is  possible  that  with  appropriate  amounts  of 
forcing  the  wandering  phase  point  corresponding  to  a  solution 
of  Zakharov's  equations  falls  into  the  basin  of  an  attractor 
introduced  by  the  dissipation.  In  this  case  it  is  possible  that 
the  chaotic  motion  would  take  place  on  a  strange  attractor. 
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Appendix 


The  purpose  of  this  Appendix  is  to  cast  the  four-wave 
Hamiltonian,  Eq .  (13),  in  the  form  required  for  stability 

analysis  via  the  Kolmogorof f-Arnol ' d-Moser  theorem.  To  do 
this  we  must  determine  the  action-angle  variables  for  the 
Langmuir  and  for  the  sound  waves. 

It  can  easily  be  verified  that^'^ 

J^=  |[E*3tE-(3tE*)E]-(3xE*)  ( 3XE)  +J  ( 3fcU-  I  E  |  2 )  2- ~  OxU)  2  (Al) 

is  a  Lagrangian  density  for  Zakharov's  equations,  Eqs.  (1)  and  (2), 

where  U  is  related  to  the  density  perturbation  N  (which  is  the 
momentum  conjugate  to  U) 

N  =  3tU  -  I  El,  2  #  (A2) 


We  need  to  consider  a  single  mode  only. 


E  =  -  E^expf-ik::)  , 


U  =  YjtU^exp  (-ikx)  +  U£exp(ikx)]  , 


and  the  bare  Lagrangian  densities  for  the  Langmuir  wave,  LT , 

Li 


and  for  the  sound  waves,  Lg, 


LL  -  k'^V^V  - 

\  iflXkl*  -  ' 


(A3) 

(A4) 


in  obvious  notation.  The  respective  Hamiltonians  are,  following 
the  usual  procedure. 


H  = 


—  I  E  !  2 

L  1  k1 


Hs  =  r <  I N k i 2  ♦  ^|ok|>) 


(A5) 

( A6 ) 
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We  first  determine  the  action-angle  variables  for  the 
Langmuir  waves.  This  is  particularly  simple  since 

ER  =  (LJ)'*’  exp(-i^)  (A7) 

with  J  being  the  action  variable  and  4>  the  angle  variable  is  the 
required  transformation.  To  see  this  note  that  the  Langmuir 
Hamiltonian  (a5)  in  terns  of  J  and  $  is 

hl  =  k^J 

which  is  independent  of  q,  justifying  the  designation  of  (J,4>) 

as  the  action-angle  variable.  We  now  need  to  show  that  the  trans- 

27 

formation  (A7)  is  canonical  ,  i.e., 

dJ  -  do  =  dpk~dEk  +  c.c.  (A8) 

iEk* 

where  -  is  the  symbol  of  wedge  product  and  p,  =  — =■= —  is  the 
momentum  conjugate  to  the  coordinate  Ek ,  as  follows  from  Eq. 

(A3) .  The  right-hand-side  of  this  expression  is 

dPk  dEk+  dVdEk  =  2&EfrdEk  ■  fr^k'^k 

=  id  [  J^exp  (i<j> )  ]  ~  d  [  J^exp  (-i4> )  ] 

.  exp  ( i  4*  )  ^ 

=  f - — -  dJ  +  u  !exp  (i<(>  )  d<f] 

2J^ 

exp(-i«H  k 

-  [ - - -  dJ-  iJ^exp  ( —  i<J>  >  d<j>  ] 

2 

=  -i-f-idJ  "do  -idJ  ~d<H 
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-  dJ  -'do. 


which  equals  the  left-hand-side  of  Eq .  (A8),  showing  that  Eq .  (A7) 

represents  a  canonical  transformation.  (In  manuoulating  the  above 

27 

wedqe  product  we  have  used  the  usual  rules  ,  such  as  dx~dx  =  0, 
dx-dy  =  -dy  dx ,  for  any  x  and  y.) 

Next  we  examine  the  sound  waves  and  write  the  Hamiltonian 
( A6 )  as 


Hg  =  ^[Q=+k2P2)  +  (QJ+k^P*)] 


( A9 ) 


where  U,  =  P  +iP„;  and  N.=0  +iQ  .  The  Hamiltonian  is  now 

K  3  K  3  11 

similar  to  that  of  two  simole  harmonic  oscillators,  whose  action- 
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angle  variables  are  well-known" 


P 

3 

P._ 


<nr3r>',8inV 


,LJ 4  .  *5 

<TkT)  cos*u ' 


(LJ3 

h 

1  k  I  )  COS<}  3 

(A1  0) 

(LJu 

|  k  j  )  ^sirnf  „ 

(All  ) 

NOW , 


N, 


=  U3  +  iQt,  -  (L I  k  |  )  ^  (J ^cos^  ,+iJ^sin4'l, ) 
=  n  (cos n+isindn)  , 


wherein  the  expression  for  given  following  Eo .  (12)  has  been 

used  in  the  last  step.  It  follows  that 
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,n  =  arc  (A12) 

n  =  (L  |  k  |  ) 15  (  J3cos24<  3+J4  sin2<}>4 )  ^  (A13) 

Using  Eqs.  (A7) ,  (A9) ,  (A10) ,  (All),  and  (A13)  we  have  the  four- 

wave  Hamiltonian,  Eg.  (13) ,  in  action-angle  variables: 


h  =  [k*J  +  (k +k)2J.  +  (k  -k)2j  ]  +  |k|(J  +JJ 

OOO  1  O  2  3 

i  k  |  J  v  ,  , 

+  2  2  ( J3cosa(J) 3+J^  sin24,4)S5[j^cos((j)o-01-5n) 

+  J^cos  ( <?  c -<+) 2  +4>n )  ] 


in  obvious  notation. 


(A14) 


bi 
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Figure  Captions 
Fig.  1. 


Fig.  2. 


Scattering  of  two  Langmuir  waves  (kQ)  into 
a  Stokes  (k0+k)  and  an  anti-Stokes  (kQ-k) 
mode,  mediated  by  a  (virtual)  sound  wave 


Spectrum  of  Langmuir  waves  versus  mode  number 
at  a)  t  =  192  jj.  (If  k  =  —■  n  is  a  wavenumber, 
the  integer  n  is  the  mode  number.)  p:  pump 
mode;  s:  Stokes  mode;  as:  anti-Stokes  mode; 
ss:  sub-satellite  to  Stokes  mode;  pss:  sub¬ 
satellite  to  pump  mode;  sss:  sub-sub-satellite 
to  Stokes  mode;  ssss:  sub-sub-sub-satellite  to 
Stokes  mode. 


Fig.  3. 


(a) 

(b) 


_  .  ~  M 

Spectrum  of  Langmuir  waves  at  u  t  =  624  -. 

pm 

Corresponding  electric  field  distribution 
in  x  space,  showing  an  intense  packet  of 
Langmuir  oscillations  (dashed  line)  trapped 
in  a  local  rarefaction  in  ion  density 
(full  line) . 


Fig.  4. 


Plot  of  R  ( t )  e  l  |  E,  ( t)  |  2  /  | E,  (t=0)  |  2  as 
k*k0  k  k° 

a  function  of  time.  (Values  on  the  abscissa 

M 

must  be  multiplied  by  the  mass  ratio  —  to 

m 

obtain  actual  «Dt.)  k  labels  the  wavenumber 
of  the  pump-mode. 


Fig.  5. 


r 


Fig.  6. 


Fig.  7. 


Fig.  0. 


Fin.  9. 


Amplitude  of  pump-mode  versus  time  for  the  four- 

wave  system.  (Values  on  the  abscissa  must  be 

M 

muliolied  by  the  mass  ratio  —  to  obtain  actual 
1  m 


Displacement  versus  time  for  the  solitary 

wave  shown  in  Fig.  3(b)  (Values  on  the 

abscissa  must  be  multiplied  by  the  mass 

V 

.  M  .  s 

ratio  —  to  obtain  actual  u  t.)  -x~  denotes 

m  P  CS 

speed  of  the  solitary  wave  in  units  of 

sound  speed  Cg . 


Momentum  in  the  sound  waves  as  a  function 
of  "time".  (The  values  on  the  abscissa 

M 

must  be  multiolied  by  the  mass  ratio  — 

m 

to  obtain  actual  u  t.) 

p 


Real  part  of  two-time  auto-correlation  function 

C(t)  versus  time  separation  ox  (values  on  the 

P 

abscissa  must  be  multiplied  by  the  mass  ratio 
M 

—  to  obtain  actual  to  x.)  (a)  Eigth  mode; 

P  E2  _  , 

(b)  eleventh  mode.  At  t  =  0  2  . 

cTTN  _  O  M 
O  n 

Amplitude  of  pump-mode  versus  time  for  the 

four-wave  system,  in  the  chaotic  regime. 

(Values  on  the  abscissa  must  be  multiplied  by 
M 

the  mass  ratio  —  to  obtain  actual  <o  t.) 

m  p 
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Fig . 


Fig  • 


10. 


11. 


Electric  field  (dashed  line)  and  density 
perturbation  (full  line)  in  x  space,  showing 
solitary  wave  break-up. 

(a)  ,pt  -  140  S,  (b)  „pt  -144  |5  . 


Real  part  of  two-time  auto-correlation  function 
C(;)  versus  time  separation  u  t  (values  on  the 
abscissa  must  be  multiplied  by  the  mass  ratio 


M 

—  to  obtain  actual  w 
m  p 


(a)  Eighth  mode; 
At  t  =  0, 
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Ion  trajectories  in  a  space  charge  wave 
on  a  relativistic  electron  beam 

D.  A.  Russell 
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Boulder,  Colorado  80309 
and 

E.  Ott 
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University  of  Maryland,  College  Park,  Maryland  20742 


Motivated  by  the  possibility  of  collective  acceleration  of  ions 
trapped  in  an  accelerating  space  charge  wave  on  a  strongly 
magnetized  electron  beam,  the  ion  trajectories  in  such  a  configura¬ 
tion  are  studied.  The  motions  perpendicular  and  parallel  to  the 
beam  direction  are  coupled  by  a  nonlinear  term  in  the  ion 
Hamiltonian  that  is  proportional  to  the  wave  amplitude.  Because 
of  this  coupling,  the  motion  deviates  markedly  from  that  of  a 
linear  harmonic  oscillator  in  certain  resonant  regions  of  phase 
space.  A  sequence  of  canonical  transformations  is  used  to  study 
the  motion  in  these  regions.  It  is  shown  that  wave  amplitudes 
that  are  too  small  to  trap  beam  electrons  are  too  small  to  cause 
these  resonances  to  overlap.  In  the  absence  of  such  overlap,  the 
motion  is  not  discernably  ergodic  in  any  three-dimensional  sub¬ 
space  of  the  energy  hypersurface  because  there  exists  a  third 


0 


constant  of  the  motion  in  addition  to  the  total  energy  and 
anqular  momentum.  These  conclusions  are  verified  using 
sur f ace-of-section  techniques  to  study  numerically  integrated 
ion  trajectories.  It  is  observed  that  the  third  constant  of 
the  motion  constrains  an  ion  initially  trapped  in  a  potential 
well  of  the  wave  to  remain  trapped  in  that  well.  Therefore, 
within  the  bounds  of  the  physical  model  presented  here, 
ergodic  behavior  poses  no  threat  to  attempts  at  collective 
ion  acceleration  in  space  charge  waves  on  an  electron  beam. 
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I .  INTRODUCTION 

We  consider  the  motion  of  an  ion  in  a  space-charge  wave 
on  a  strongly  magnetized  electron  beam.  In  cylindrical  geometry, 
the  wave  has  both  radial  and  axial  potential  variations 
which  couple  the  ion  motion  parallel  to  the  beam  to  that 
perpendicular  to  the  beam.  Due  to  this  coupling,  there  is 
not,  in  general,  a  constant  of  the  ion  motion  in  addition 
to  the  total  energy  and  angular  momentum.  The  absence  of  a 
third  constant  of  the  motion  could  permit  the  ion's  radial 
osc i 1 lat ional  energy  to  be  converted  into  axial  translation¬ 
al  energy  and  thus  defeat  attempts  to  trap  the  ion  in  the 
potential  wells  of  the  wave.  For  example,  if  ions  are 
loaded  with  zero  velocity  from  the  edge  of  an  electron  beam, 
then,  when  they  reach  the  center  of  the  beam,  they  have 
kinetic  energy  in  radial  motion  approximately  equal  to  the 
radial  electrostatic  well  depth.  This  kinetic  energy  will 
typically  exceed  the  axial  well  depth  since  the  amplitude 
of  space  charge  waves  cannot  be  larger  than  a  critical  value 
at  which  wave  breaking  (overturning)  occurs.  Thus,  if  at 
some  time  during  the  particle's  orbit  a  large  enough  frac¬ 
tion  of  the  kinetic  energy  of  the  particle  is  converted  to 
axial  kinetic  energy,  then  the  particle  will  no  longer  be 
trapped  in  the  potential  well  of  the  space  charge  wave. 

In  §  II  we  derive  the  ion  Hamiltonian.  A  canonical 
transformation  to  action-angle  variables  is  introduced  in 
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§  III. A  which  allows  us  to  study  the  ion  motion  in  a  con¬ 
venient  toroidal  representation.  In  §  m.B  we  prove  the 
existence  of  an  approximate  third  constant  of  the  motion 
using  perturbation  methods.  These  analytical  findings  are 
supported  by  studying  the  numerically  integrated  ion  tra¬ 
jectories  using  sur face-of -sect ion  techniques.  Summarizing 
remarks  and  conclusions  appear  in  §  IV. 


II.  THE  ION  HAMILTONIAN 

Consider  a  cyl indr ical ly  symmetric  electrostatic  wave 
perturbation  of  a  cold  electron  beam  of  uniform  density, 
nQ,  which  fills  a  conducting  cylinder  of  radius  a  (cf. 

Fig.  1).  A  strong  magnetic  field  in  the  z-direction  is 
assumed  to  constrain  the  electrons  to  move  only  parallel  to 
the  z-axis.  In  the  beam  f r ame  (i.e.,  a  reference  frame  at 
rest  with  respect  to  the  beam  electrons)  we  take 

<f>e(r,z,t)  =  <5>q  ( r )  +  <p1  (r)exp[i  (k  z  +  wt)]  , 
ve(r,z,t)  =  v^(r)exp[i(k^  z  +  tot)]  , 

and 

n  e  ( r  ,  z ,  f  )  =  n0  +  n1  (r  )exp[i  (k  z  +  wt)]  , 

where  is  the  electric  potential  due  to  the  electrons,  vp 
is  the  electron  velocity  in  the  z-direction,  and  n£  is  the 
electron  number  density.  4>^,  v^  and  are  small  quantitic 


To  zeroth  order,  Poisson's  equation 


2 

7  =  4nen  , 

e  e 

implies  that 

2 

4>0(r)  =  7Tnoer 

where  e  is  the  magnitude  of  the  charge  of  an  electron. 
Linearizing  the  electron  continuity  equation, 


in 


3n  - 

+  ±_ 

3t  3z 

the  small  q 


(n  v  )  =  0 
e  e 

uantities  n 


1 


and  v  2 , 


we  find  that 


iun1  +  ik(|n0v1  =  0  .  (1) 

The  linearized  electron  equation  of  motion 

3  v  9$ 

e _ e 


implies  that 


i^v1  =  ikne<*>i/me  * 


(2) 


me  is  the  mass  of  the  electron.  Eliminating  between 


(1)  and  (2)  v:e  find  that 


-ek,2n 


ni  = 


m  cj 

e 


~2  *1  ' 


which,  when  substituted  into  Poisson's  equation  for  $,(r), 


6 


yields 


dr 


•l  j 

i  (r)  +  —  ■= —  <t>  (r)  +  K 
1  r  dr  Ti'  It 


(5  -  ')*. 


(r)  =  0 


(  3) 


2  1/2 

where  e  (4TTnoe  /m^ )  is  the  background  electron  plasma 
frequency  measured  in  the  beam  frame. 

Equation  (3)  is  to  be  solved  subject  to  the  condition 
that  ^(r)  vanish  at  r  =  a,  so  that  the  electric  field, 

-V<p  ,  has  no  component  tangent  to  the  wall  of  the  conducting 
cylinder.  Furthermore,  0  ^  ( r )  must  be  non-singular  at 
r  =  0.  We  find  that 


(r)  = 


-»nJ0(Pnr/a) 


n  =  l 


where  Jq  is  the  Bessel  function  of  the  first  kind  of  order 
zero.  pn  is  the  n-th  zero  of  JQ,  and  we  demand  that 


k 


2 

il 


(4) 


(4)  is  the  dispersion  relation  of  the  wave  with  amplitude 

2  2. 

<t>  .  Obviously  w  >  u  if  the  wave  is  to  propagate  (i.e., 
n  1  p 

k  must  be  real).  For  simplicity,  we  retail  only  one  wave, 
that  having  the  lowest  radial  wavenumber,  so  that 


<t>l  (r )  =  <$>LJ0  (p^/a)  .  (5) 

Here  and  henceforth  we  suppress  the  subscript  1  on  <t>1#  p^, 
and  ‘  and  assume  that  »  -> 


0  . 
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In  the  wave  frame  [  z  -*•  z  -  (u>/k  )t],  the  electric 
potential  is  independent  of  time: 

2 

4>e  ( r  #  z )  =  irn0er  -  4>JQ  (pr /a  )  cos  (icz/a )  .  (6) 

An  ion  (charge  =  Ze ,  mass  =  m^)  in  the  wave  has  potential 

energy  Ze$e(r<z).  Since  <t>  is  independent  of  the  angle  a, 

2 

the  angular  momentum  about  the  z-axis,  L  =  mr  (da/dt), 

a  i 

is  a  constant  of  the  ion  motion,1  and  the  ion  Hamiltonian  i 


H(r ,z;Pr,Pz) 


1 


2m . 

l 


+ 


P 

z 


2m..  r 


a  A  _  2  2 

2  +  Z7rn0e  r 


-  Ze4>JQ  (pr/a  )  cos  (xz/a)  . 


(  7) 


(Pf»pz)  are  the  canonical  momenta  conjugate  to  (r,z). 
Since  H  does  not  depend  explicitly  on  the  time,  the  total 
energy,  E,  is  also  a  constant  of  the  motion: 


H(r,z;Pr,Pz)  =  E  . 


Let 

wQ2  =  Z4T,n0e2/2mi  =  ZWp2m(?/2mi  . 

2  2 

We  divide  the  Hamiltonian  (7)  by  m^a  ojq  and  make  the 
following  suLstitut ior^ : 

r  -*•  r/a  ,  z  -*■  z/a  , 

Pr  -  Pr/(miWoa)  ,  Pz  -  Pz/(miWoa)  , 


8 


and 


t 


t  . 


Now  the  ion  motion  is  described  by  the  dimensionless 
Hami 1  ton ian , 


H(r »z;Pr.P2) 


2 


r 


-  cjQ (pr )cos (kz)  ,  (8) 

where 

2  2  2  4  2 
ft  i  L  /  (m .  )  , 

Ol  1  U 

f  =  e4>/(hmea2u)p2 )  ,  (9) 

and  (r,z;P  ,P  ;t)  are  dimensionless  dynamical  variables. 

Wo  take  (8)  to  bo  the  fundamental  ion  Hamiltonian. 

However,  we  have  neglected  the  magnetic  field  JB  =  Boez,  which, 
we  have  assumed,  constrains  the  electrons  to  move  only  paral¬ 
lel  to  the  z-axis.  In  Appendix  A  we  show  that  including  the 
magnetic  field  in  the  ion  dynamics  only  adds  a  constant  term 

to  the  ion  Hamiltonian  (8)  (and  requires  us  to  redefine  the 

2 

parameters  r  and  <L  ).  Therefore,  the  motion  described  by  the 
Hamiltonian  (8)  is  qualitatively  identical  to  the  ion  motion 
including  the  effects  of  the  magnetic  field  so  that  our 
conclusions,  based  on  an  analysis  of  (8),  are  easily  generalized. 

The  ion  moves  along  a  trajectory  in  the  four-dimensional 
(r , z ; , Pz) -phase  space  described  by  Hamilton's  equations! 
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l  =  in.  =  P  \  =  M_  =  p 

3Pf  Pr  '  3Pz  z  ' 

2 

•  ^  h  0  ^ 

-Pr  =  3y  = - 3  +  r  +  ePJi  (pr  )cos  ( tc z )  , 

and 

-Pz  =  ff  =  tKJ0(pr)sin(<z)  . 

(The  dot  denotes  differentiation  with  respect  to  t.)  Each 
trajectory  is  constrained  by  the  conservation  of  energy  to 
lie  on  a  three-dimensional  subspace  of  the  four-dimensional 
phase  space.  This  subspace  is  described  by  Eq .  (8)  and  is 

called  the  energy  hyper sur face .  If  there  were  a  third  con¬ 
stant  of  the  motion,  the  trajectories  would  lie  on  a  two- 
dimensional  surface  in  phase  space. 

For  definiteness,  we  take  £  and  &  to  be  greater  than 
zero.  These  two  parameters  are  then  bounded  above.  £  is 
bounded  by  requiring  that  there  be  at  least  one  point  of 
stable  equilibrium  with  r  <  1.  This  must  be  so  if  an  ion 
is  to  be  trapped  in  a  potential  well  without  striking  the 
walls  of  the  cylinder.  For  our  purposes  it  is  sufficient 
to  monitor  this  constraint  on  l  numerically. 

e  is  bounded  by  requiring  that  the  wave  not  trap  beam 
electrons.  Trapped  electrons  would  violate  the  assumptions 
made  in  deriving  the  expression  for  the  Hamiltonian  (8). 
Using  the  dispersion  relation  (4)  we  find  that 
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e0 


c  = 


m  _  _  _ 

e  2  ,  2^2, 

2~  vp  (P  +IC  ) 


where  Vp  is  the  phase  velocity  of  the  wave  in  the  beam  frame 
But,  to  zeroth  order,  Vp  is  the  velocity  of  a  beam  electron 
in  the  wave  frame.  Thus,  the  requirement  that  the  wave  not 
trap  beam  electrons  is 


2  2  "  1 

£  <  (p  +  k  )  =  £ 


max 


(10) 


The  primary  conclusion  of  this  paper  is  that,  with  the 
wave  amplitude  £  so  bounded,  the  kind  of  ergodic  behavior 
that  would  discourage  attempts  to  trap  and  accelerate  the  ion 
does  not  occur.  This  conclusion  is  also  valid  when  the  effects 
of  the  magnetic  field  on  the  ion  motion  are  considered  (cf. 
Appendix  A) . 


III.  ION  TRAJECTORIES 


A .  e  =  0:  Conserved  Action  Variables 

It  is  convenient  to  study  the  ion  motion  in  a  coordinate 
system  different  from  the  cylindrical  system  of  §11.  To 
introduce  this  new  coordinate  system  we  first  consider  the 
case  £  =  0.  In  this  case,  there  is  no  wave  on  the  beam, 
and  the  ion  motion  is  described  by  the  Hamiltonian 


H  g  ( r  ,  z  ;  P  r  ,  P  z ! 


1  2  2 

2  <Pr  +V> 


(11) 
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We  specify  a  canonical  transformation  to  action-angle 
variables 


(r ,z;Pr,Pz) 


(0r,  W'V 


using  Hamilton's  character  is  tic  function  W (r , z ; J  , Jz ) .  W 
is  defined,  to  within  an  additive  constant,  by  the  relations 


P 


r 


3W 

at 


and 


(  12a) 


From  (11)  it  follows  that  W  must  solve  the  Hamilton- 
Jacobi  equation. 


1 

2 


(12b) 


The  dependence  of  W  on  the  action  variables  is  given 

by  the  defining  relations 


and 


Jr  5  f,  /Prdr  ’  h  /If  dt  • 

Jz  H  iii  f p zdz  *  is  dz  ■ 


(  12c) 


(  12d) 


where  the  integrals  are  over  a  complete  period  of  r  and  z. 

(We  adopt  the  contention  that  Hq  is  periodic  in  z  with 
period  2n.)  Notice  that  >  0  because  the  motion  is  bounded 
in  r.  Once  Eqs.  (12b)- ( 1 2d )  have  been  solved  for  W, 
the  angle  variables  ( © r , ® z )  are  defined  by 


aw 

aj 


and  6 


aw 

aa; 


L 


(  12e) 
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W  is  called  the  generating  function  of  the  canonical  trans¬ 
formation  given  by  Eqs.  (12a)  and  (12e). 


We  easily  find  (cf.  Appendix  B)  that 


l  2  -*-/ 

W(r,z;Jr,Jz)  =f( 2E  -  J ^  ~  s2  -  ds  +  zJz  , 

(13) 

where 

E=ij2+2J  +  l  .  (14) 

2  z  r 

It  follows  from  (14)  that  in  the  action-angle  variables 
the  Hamiltonian  is 


K0(Jr 'Jz)  =  2  Jz  +  2Jf  +  £  .  (  15) 

Since  Kq  is  independent  of  0r  and  &z,  both  actions  are 
conserved  : 


Jr (t)  =  Jr  ( t  =  0 )  5  Jr° 

and 

Jz(tl  .  Jz(t=0)  =  Jz°  . 


Therefore, 


Hamilton's  equations  for 


0  and  0  , 
r  z 


9 

r 


2  and  0 

z 


(  16a) 


(  16b) 


are  trivial  to  integrate: 

0  (t)  =  2t  +  0  0 

r  r 


(  16c) 


and 
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0  (t)  =  tJ  +  0  0  .  (16d) 

z  z  z 

Using  (13),  Eqs.  (12a),  (12c),  and  (12d)  are  easily 

solved  for  (r,z;Pr,Pz)  in  terms  of  ( 6r , ©z ; Jr , J? )  (cf. 
Appendix  B )  : 


Z  =  0  ,  P  =  J  , 

z  z  z 


(17a) 


r  =  |6  +  /S 


A2  -  l2 


cosfl 


1/2 


(17b) 


and 


(62-£2)  1/2sin('r 


(17c) 


where  6  5  2Jr  +  &. 

It  is  convenient  to  think  of  the  motion,  Eqs.  (16), 
as  taking  place  on  a  torus  (cf.  Fig.  2).  For  given  initial 
conditions,  (0 f 0 , 0Z° ; 0 , Jz° ) ,  the  ion's  trajectory  subse- 


0 


0 


quently  will  be  confined  to  the  torus  with  radii  (Jf  , IJz  I) 
The  two  character istic  frequencies  of  this  motion, 


0 

ta)r  5  ^  =  2  ,  (18a) 

r  0  J 

and 

3K0 

wz  =  3j~  =  Jz  '  ( 18b) 

z 

are  constant  on  each  trajectory.  Clearly  this  motion 
consists  of  simple  harmonic  oscillation  in  (r ,P  ) -space 
and  uniform  translation  in  (z , Pz ) -space . 


as  sea 


At  this  point  we  introduce  a  technique  that  will  be 


used  in  §  lll.B  to  study  the  trajectories  o£  the  full 
Hamiltonian  (8)  numerically.  We  record  the  points  of 
intersection  of  a  given  trajectory  with  the  plane  kz  =  0 
(mod  2  tt  )  .  This  plane  is  our  surface  of  section.  For 
definiteness,  only  those  points  with  >  0  will  be  recorded. 
(Obviously,  taking  z  equal  to  any  constant  would  do  for  a 
surface  of  section  if  e  =  0,  and  the  same  pattern  of  inter¬ 
sections  would  result  no  matter  what  constant  we  chose, 
z  =  0  is  a  good  choice  if  c  /  0  because  this  plane  contains 
all  points  of  stable  equilibrium;  all  of  the  trajectories 
that  we  observed  punctured  this  plane  repeatedly  as  the 
equations  of  motion  were  advanced  in  time  numerically.) 

In  the  case  e  =  0 ,  we  know  from  Eqs .  (17b)  and 
(17c)  that  the  points  in  the  surface  of  section  lie  on 
the  curve 

2  2  2  2  2  2 

Pr  r  +  (r  -6)  =  8  -  t ,  ( 19) 

corresponding  to  the  torus  determined  by  our 

choice  of  initial  conditions.  Of  course,  in  the  toroidal 
( 6r » 0Z ;Jr ) -representation  any  trajectory  will  puncture 
the  surface  of  section  (<0z  =  0,  mod  2tj)  along  a  circle  in 
the  ( 0^ , ) -pi ane  . 

If  there  exist  non-zero  integers  (m,n)  such  that 
mw^  +  nu>z  =  0,  where  u>r  and  u)  are  defined  by  Eqs.  (18)  , 
then  the  motion  is  periodic,  and  the  trajectory  will  intersect 
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the  surface  of  section  in  finitely  many  points.  (The  period 
of  the  motion  is  the  least  common  multiple  of  2n/iu  and 
2Vtoz-)  If,  on  the  other  hand,  mcur  +  nu)  =  0  implies  that 
n  =  m  =  0,  then  the  trajectory  never  intersects  the  surface 
of  section  in  the  same  point  twice.  The  intersections  fill 
in  the  circle  in  the  ( 6^ , ) -pi ane ,  and  the  curve  (19)  in 
the  (r ,P  ) -plane,  densely  as  time  increases  without  bound. 
Such  motion  is  called  "conditionally  periodic."  On  the 
(Jr,Jz)  torus  it  is  known^  that  conditionally  periodic 
motion  is  ergodic :  as  time  increases  without  bound,  the 
fraction  of  the  total  elapsed  time  spent  by  the  phase  point 
in  a  small  neighborhood  of  any  point  on  the  torus  approaches 
the  fraction  of  the  total  area  of  the  torus  contained  in 
that  small  neighborhood. 

We  have  seen  that  if  e  =  0  the  ergodic  motion  is  con¬ 
fined  to  the  surfaces  of  two-dimensional  tori  whose  charac¬ 
teristic  frequencies  (ou r , cu  )  are  not  rationally  related. 

If  e  >  0  there  may  exist  three-dimensional  regions  of  phase 
space  in  which  the  motion  is  ergodic  and  a  third  constant 
of  the  motion  does  not  exist.  In  this  case,  a  single  tra¬ 
jectory  would  intersect  the  surface  of  section  densely  in  a 
region  of  finite  area.  For  our  purposes  it  is  necessary  to 
determine  whether  or  not  such  three-dimensional  chaos  exists 
and  the  effect  such  behavior  would  have  on  our  ability  to 
trap  an  ion  in  the  potential  wells  of  the  wave. 
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B.  c  >  0 :  Resonant  Island  Over  lap 

If  c  >  0,  there  exist  trajectories  for  which  t  <  z  ( r )  I 
<  tt  ,  and  such  mot  ion  is  observed  to  be  oscillatory  in  both 
r  and  z.  If  the  energy,  E,  is  sufficiently  large  (E  >  f.  +  c ) 
there  also  exist  trajectories  for  which  the  motion  is  un¬ 
bounded  in  z.  Both  types  of  trajectories  are  illustrated 
in  Figure  3.  Notice  that  these  trajectories  puncture  the 
surface  of  section  along  simple  closed  curves  that  are  in 
fact  very  close  to  the  curves  given  by  Eq .  (19) .  Thus, 

these  trajectories  must  lie  on  two-dimensional  surfaces 
embedded  in  phase  space.  We  conclude  that  for  these  trajec¬ 
tories  there  exists  a  third  constant  of  the  motion. 

If  E  and  e  are  held  fixed  and  <  is  increased,  some  of 
the  simple  closed  curves  of  Figure  3a  are  distorted  into 
chains  of  islands,  as  shown  in  Figure  4.  A  single  trajectory 
generated  the  chain  of  two  islands,  while  a  different  tra¬ 
jectory  generated  the  chain  of  three  islands.  Yet  all 
observed  trajectories  intersect  the  surface  of  section  in 
simple  closed  curves,  so  there  still  exists  a  third  constant 
of  the  motion  for  these  trajectories.  Both  island  chains 
correspond  to  unbounded  motion  in  z.  Only  those  simple 
curves  nearest  the  energy  curve  (i.e.,  the  outermost  curve 
in  Figure  4,  where  all  of  the  energy  is  in  radial  oscilla¬ 
tions)  correspond  to  bounded  motion. 

If  new  E  and  k  are  held  fixed  at  the  values  they  have 
in  Figure  4  and  c  is  increased,  the  two-island  chain  is 


k 
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where  KQ  is  given  by  Eq .  (15), 

2  TT 

Ci  ( Jr  )  H  ~  f  J 0  [ p  ( 0  +  /$^-SL2  cos0r)  ]cos  (ier  )der 

■'o 

(21) 

and  6  =  2J^_  +  Jl.  Clearly  |C^(Jr)l  £  1  so  that  from 
Hamilton's  equations, 


i  3K  ,  •  3K 

-Jr  =  _  and  -Jz  =  gg- 


•  • 

we  see  that  J  and  J  are  of  order  £;  that  is,  J  and  J 
r  z  r  z 

are  conserved  to  zeroth  order  in  the  small  parameter  £. 

(Jr  and  Jz  are  the  actions  of  (8)  only  if  £  =  0.] 

We  specify  a  canonical  transformation  to  new  dynamical 
var iables , 


(0  ,0  }  j  ,  j  ; 

r '  z  r  z 


( 'I', 


Vjr 


using  a  generating  function,  T: 


T  (  0  ,0  ;  j  ,  j  )  E  j  0  +  j  0  +  eS(0  ,0  ;  j  ,  j 

r  z  Jr  Jz  Jr  r  J  z  z  r  z  Jr  , 


The  transformation  equations  are  given  by 


(22) 


*  =  |2-  =  e  +  c  . 

r  ?Dr  r  a3r  ' 


(23a) 


K  = 


9T 

w. 


•.♦■If: 


(23b) 


J  = 


3T 


r  30 


3S 

3r  +  c  70^  ' 


(23c) 
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and 


(23d) 


Replacing  the  old  variables  with  the  new  ones  in  (20)  gives 
us  the  transformed  Hamiltonian,  K': 


=  K0(3r,jz)  +  e 


I  ^5  as_  +  ^0  _ss__ 
I  3Jr  ^r  5JZ  °^z 


-  Ci  (jr  )  (cos  <  i  ivr -<^z  )  +  cos  ( i  v^r  +  z  )  ] 

i  =0 

+  O ( e 2 )  .  (24) 

(Here  we  have  used  the  Taylor  expansion  of  KQ  and  are 
treating  S  as  a  function  of  (tyr,vz),  correct  to  lowest 
order  in  c . ] 

If  the  term  proportional  to  c  in  (24)  vanishes, 

then  j  and  j  are  conserved  to  oraer  e2.  Furthermore,  if 

9S/80  does  not  become  large,  then  Eqs.  (23c)  and 
r  r  z 

(23d)  imply  that  j f  and  j  differ  from  Jf  and  Jz  by 
terms  of  order  e.  In  other  words,  if  we  can  find  a  suf¬ 
ficiently  smooth  function  S  for  which  the  term  in  brackets 
in  (24)  vanishes,  then  the  ion  trajectories  will  lie  on 
surfaces  that  differ  very  little  (~e)  from  the  tori  of 
S  III. A.  Such  trajectories  would  puncture  the  surface  of 
section  along  simple  curves  as  in  Figure  3a. 


Equation  (24)  suggests  that  we  take  S  to  be  of  the 


form 


£ 


S(9r'VVV  -  jLl  AJl/m(jr'jz)sin^er+mK0Z)  ' 

L±i  <25> 

Substituting  (25)  in  (24)  we  easily  discover  a  suitable 


definition  for  A 


i,  m- 


X±i 


if  lC.(j  )l  £  |£u  ±  ico) 

S,w  ±<ui„  l  r  r  z 

r  z 


otherwise 


(26) 


Here,  (u^,..^)  -  (  •  K0 7  ■  j r ^ K0 7 ^ j 2 >  =  <2,jz> 


In  those  regions  of  phase  space  where  no  denominator 
(2£±<jz)  is  small,  we  may  expect  the  trajectories  to  lie 
on  surfaces  similar  to  the  tori  of  §  ill. A.  In  this  case, 
the  motion  is  described  by  the  Hamiltonian 

Ko<W  niz2*2],*1- 

Therefore,  jf  and  j  are  constants  of  the  motion  (up  to 
2 

terms  of  order  e  which  we  are  neglecting).  But,  according 
to  Eqs .  (23),  J-  and  J  differ  from  and  j  by  sinusoidal 

L  Z  L  Z 

functions  of  6^  and  0z  that  are  of  order  c.  The  trajectories 

are  therefore  constrained  to  lie  on  surfaces  in  (0  ,0  :j  ,j  ) 

r  z  r '  z 
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space  resembling  slightly  rippled  tori.  Because  these 
rippled  tori  are  topologically  equivalent  to  the  tori  in  the 
case  e  =  0,  they  are  said  to  La  preserved  by  the  transforma¬ 
tion  T.  (Two  surfaces  are  topologically  equivalent  if  one 
can  be  continuously  deformed  into  the  other.)  A  preserved 
torus  intersects  the  surface  of  section  in  a  simple  closed 
curve.  The  curve  is  approximately  described  by  Eq .  (19), 

up  to  sinusoidal  wiggles  which  are  imperceivable  ' n  the 
numerically  generated  surface  of  section  plots  shown  in 
Figure  3a. 

Let 

1ZN  5  ±  2N/k  ,  (27a) 

and 


We  cannot  expect  the  ion  trajectories  in  regions  of  phase 
N  N 

space  near  (]  ,jz  )  to  lie  on  surfaces  closely  resembling 

.  N  N 

ton.  Those  tori  corresponding  to  (jr  , j  )  (i.e., 

JN  =  \  [E-8.-  (2N2/k2 )  3  and  J  N  =  ±  2N/k)  ure  said  to  be 

resonant  under  the  transformation  T.  [Tori  close  enough 
N  N 

to  (Jc  ,Jz  )  to  be  strongly  distorted  by  T  are  considered 
to  be  resonant  as  well.] 

Recall  that  is  by  definition  positive.  Jr  and  j 

M 

differ  by  terms  of  order  £.  Therefore  j 
up  to  terms  of  order  e.  Clearly,  if 


must  be  positive, 
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2  2 
K  < 


E-H 


then  there  are  no  resonant  tori  (N  >  1)  present.  This  result 
depends  only  on  the  form  of  HQ  in  Eq.  (11)  and  on  the  fact 
that  there  is  a  single  k  on  the  beam. 

(I 

Near  the  N-th  resonance,  AN  =  0,  according  to  Eq . 

(26),  and  the  motion  is  described  approximately  by  the 
Hamil tonian 

=  WJZ>  "  ECN(jr)cos(N^r-K:ijJz)  .  (28) 

(Our  conclusions  do  not  depend  on  which  sign  is  chosen  for 
jzN  in  (27a).  we  have  taken  the  +  sign  for  definiteness.) 
From  Hamilton's  equations, 


-J 


3K 


N 


and 


-J 


r  ‘  3^T  =  NeCNsin<Ni|>r-ic<l>2) 


3K 

z  "  Tijr  =  -<GCNsin  (N^-ic^)  , 


it  is  clear  that 


.N 


1  5  ^r  +  Niz 


(29) 


is  a  constant  of  the  motion  for  Hamiltonian  KN.  Let 


N 


3r  "  V  +  6^r  ' 


eliminate  jz  from  Eq .  (28) 


using  (29)  and  set  i \>z 


0 
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to  see  how  resonant  tori  intersect  the  surface  of  section. 
Solving  Eq .  (28)  for  6j  we  find  that 


l 


4N  N 

+  +  2eC.,  (3  )  cos  (N'V 

2  N ' J  r  r 


1/2 

(30a) 


(We  have  neglected  the  dependence  of  CN  on  63  and  have  set 
N 

K  =  E  to  get  this  approximate  result.) 

N 

For  given  I  the  radicand  in  Eq .  (30a)  may  be  positive 

only  for  values  of  ^  in  one  of  N  intervals  between  0  and 

2 7i .  The  corresponding  resonant  torus  would  intersect  the 

surtace  of  section  in  a  chain  of  N  islands  as  in  Figure  4. 

N 

Since  we  have  kept  only  terms  of  order  e  in  K  ,  the  islands 
are  called  "first  order  resonant  islands."  (Higher  order 
perturbation  techniques  would  reveal  chains  of  much  smaller 
second  order  resonant  islands  surrounding  the  first  order 
chains,  etc.)  If  the  radicand  is  positive  for  all  v ,  the 
corresponding  torus  is  not  resonant  but  is  only  rippled  by 
the  transformation  T,  in  accord  with  the  description  of 
preserved  tori  given  above.  Between  the  preserved  and 
resonant  tori  there  is  a  separatrix  given  by  Eq .  (30a)  when 
IN  is  chosen  so  that 


C 'CN<JrN>  1 


(30b) 
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Since  in  this  case 


«jr  =  -  |  ICN(jrN)  I  ±  |  [ 2c |CN  ( j  rN)  I  (licosN^)] 1/2  , 
we  see  that  the  maximum  island  width  is 


If  the  motion  can  be  described  to  order  e  by  either 
N 

KQ  or  by  K  ,  for  some  N,  then  in  all  of  phase  space  there 
exists  an  approximate  third  constant  of  the  motion  which, 
we  observe,  keeps  the  ion  from  escaping  from  a  potential 
well  once  it  is  trapped.  If,  however,  there  are  regions  of 
phase  space  in  which  two  or  more  denominators  (2N±icjz)  are 
simultaneously  small  this  may  not  be  the  case. 

5 

It  is  well  known  that  for  conservative  dynamical 
systems  of  two  degrees  of  freedom  the  motion  is  ergodic  in 
those  three-dimensional  regions  of  phase  space  where 
resonant  island  overlap  occurs.  For  our  purposes  it  is 
sufficient  to  determine  whether  or  not  the  motion  is 
observably  ergodic  due  to  the  overlapping  of  first  order 
resonant  islands.  Resonant  island  overlap  occurs  approxi¬ 
mately  when  the  distance  between  two  resonant  tori  is  less 
than  the  sum  of  the  half-widths  of  the  corresponding  island 
chains.  That  is,  when 


j 


N 

r 


N  +  l 


1 

1 


(W 


N 


WN+1> 


(32) 


we  should  expect  trajectories  to  puncture  the  surface  of 
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section  chaotically  in  a  roughly  annular  neighborhood  of 
and  Using  Eqs.  (27b)  and  (31)  we  obtain 

from  (32)  the  resonant  islant  overlap  criterion: 


2N+1  <  2N< (c I CN ( j  c  N)  I ] 17  +  2(N  +  l)<[e|CN+i(3rN+1)  |] 


This  is,  of  course,  an  approximate  condition. 

It  is  interesting  to  notice  that  if  8>  =  0,  is  zero 
if  N  is  odd,  and 


=*0  -  jr")V2l  - 


m  =  0,1,2,... 


where  now 


•  m  _  „  2m 
3  E  t 

r  2 

< 

and  J  is  the  Bessel  function  of  the  first  kind  of  order 
m 

m.  (See  Appendix  C  for  a  discussion  of  the  case  i  =  0 . ) 
Thus,  the  m-th  resonant  torus  intersects  the  surface  of 
section  in  a  chain  of  2m  islands.  The  overlap  criterion 


corresponding  to  (33)  is 


2m+l  <  2m<c1//2  J 


Hi  ;rm)1/2ll 


+  2  <m+l)  ke:1/2  J 


•x|p(Umtl>1/2l  • 


and  it  is  easy  to  see  that  this  inequality  cannot  be 
satisfied  if  c  <  e  unless  m  =  0.  This  corresponds  to 


1 
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overlap  of  the  2-island  chain  and  the  energy  curve  in  the 
surface  of  section.  This  overlap  and  the  chaotic  motion  it 
engenders  are  shown  in  Figure  6  for  c  >  emax.  (We  took  a 
large,  forbidden  value  of  e  to  produce  apparent  chaotic 
behavior  .  ) 

If  &  >  0,  our  numerical  calculations  reveal  no  resonant 

island  overlap  for  N  2  1  and  e  <  e  .  Presumably  this  is 

because  the  overlap  criterion  (33)  cannot  be  satisfied. 

The  only  observed  chaotic  behavior  for  e  <  e  .results 

max, 

from  overlap  of  the  energy  curve  and  the  1-island  chain. 

This  overlap  and  the  chaotic  motion  it  produces  are  shown 
in  Figure  7  for  t  >  c  .  (Of  course  it  is  possible  that 
this  chaos  is  a  product  of  the  overlap  of  higher-order, 
smaller  resonant  islands  whose  theoretical  origins  we  have 
ignored  in  our  first  order  perturbation  analysis  and  whose 
existence  we  were  not  able  to  document  numerically.  Never¬ 
theless,  the  observed  chaos  appears  to  result  from  overlap 
of  the  1-island  chain  and  the  energy  curve.) 

All  N-island  chains  (N  >  1)  are  observed  to  be  produced 
by  motion  that  is  unbounded  in  z  if  £  <  emax*  We  may  under¬ 
stand  this  observation  as  follows.  Using  the  constant  of 
the  motion,  Eq .  (29)  to  eliminate  j  from  the  resonant 

Hamiltonian,  Eq .  (28)  we  find  that  on  the  separatrix, 

Eq.  (30b), 

=  ir  *  |2c|CN(JrN"  l1  1  cos(N*r-K*2,]|1/2  . 
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Thus,  the  most  negative  value  of  j  z  in  the  N-island  chain 
is  approximately 


2N 


N, 


,  1  1/2 


-  2le|CN^r  ) 


which  cannot  be  less  than  zero  if  e  <  emax  and  N  >  1  bocau£e 
ICN!  -  1.  Because  che  energy  curve  is  a  resonance  of  no 
width,  the  1-island  chain  must  get  very  close  to  it  to 
produce  chaotic  behavior.  But  then  there  are  few,  if  any, 
bounded  trajectories  left  to  protect.  (Obviously,  the 
energy  curve  itself  cannot  be  destroyed  by  overlap.)  Thus, 
the  Hamiltonian  (8)  manifests  no  chaotic  behavior  that 
would  discourage  attempts  to  trap  the  ion  and  keep  it 
trapped . 


TV.  CONCLUSIONS 

We  have  considered  the  motion  of  an 
ion  in  an  electrostatic  wave  on  a  cold,  uniform  electron 
beam.  We  find  that  if  the  amplitude  of  the  wave,  e,  is 
insufficient  to  trap  beam  electrons  then  there  exists  a 
third  constant  of  the  ion  motion,  in  addition  to  the  angular 
momentum  and  total  energy.  This  third  constant  of  the  motion 
constrains  the  ion  trajectories  to  lie  on  two-dimensional 
tori  embedded  in  the  four -dimensional  ion  phase  space.  The 
motion  on  these  tori  may  be  either  periodic  or  doubly 


periodic.  If  e  exceeds  the  critical  value  for  wave  break¬ 
ing,  the  ion  motion  is  observed  to  be  chaotic  in  certain 
three-dimensional  regions  of  phase  space  where  resonant 
tori  overlap  and  a  third  constant  of  the  motion  does  not 
exist.  Were  this  chaotic  behavior  physical  (i.e.,  if  the 
wave  were  not  broken)  it  would  undermine  attempts  to  trap 
and  accelerate  the  ion  in  the  potential  wells  of  the  space 
charge  wave.  However,  if  e  is  less  than  the  critical  value 
for  wave  breaking,  the  existence  of  the  third  constant  of 
the  motion  throughout  all  of  phase  space  ensures  that  radial 
oscil lat ional  energy  cannot  be  converted  to  axial  transla¬ 
tional  energy  so  as  to  liberate  an  ion  initially  trapped  in 
the  potential  wells  of  the  wave. 
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APPENDIX  A 

magnetic  Field  Effects  on  the  Ion  Motion 


Since  we  have  assumed  that  a  uniform  axial  magnetic 
field,  B  =  B  e  ,  constrains  the  electrons  to  move  only  paral- 
lei  to  the  z-axis,  we  must  include  the  effects  of  this  field 
on  the  ion  motion.  We  do  so  using  the  vector  potential. 


A (r )  B  r  e 
— -  o 


such  that  J3  =  7*A.  Including  this  vector  potential,  the  ion 
Hamiltonian  analogous  to  (8)  is:^ 


H(r,z;Pr,Pz) 


2m . 


<P  ‘+P..  >  + 


2m 


/  Pa  ze 

.  '  r  c 


B  r 
o 


+  Ze£  (r , z )  . 

Here  c  is  the  speed  of  light  in  vacuo  and  (P  ,P  ,P  )  are  the 

r  z  a 

canonical  momenta  conjugate  to  (r,z,a),  respectively: 


P  -  m . r  ,  P  H  m . z  ,  and 
r  i  z  i 

„  _  2 .  Ze 

P  -  m .  r  n  +  —  r  B 
a  l  co 

Because  the  Hamiltonian  is  independent  of  a,  is  a  con¬ 
stant  of  the  motion. 

Introducing  the  ion  cyclotron  frequency. 


o 

c 


ZeB  /m.c  , 
o  1 
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and  a  frequency  .0  , 


2  2  2 
w  -  i?  +  Z m  /2m.  , 

o  c  pei 


2  2 


we  divide  H  b}  m..a  ^  and  make  the  following  substitutions: 


r  -+  r/a  ,  z  -*■  z/a  , 


P  ->  P  /(m.  ..  a)  ,  P  •*  P  /(m.ic  a)  , 
r  rio  z  zio 


and 


t  -*■  Ui  t  . 

o 


Under  this  change  of  variables,  the  dimensionless  Hamiltonian 
is 


H(r ,z;Pr,Pz) 


r 


2 


-  cJq  (pr) cos (kz) 


where 


„ 2  _  2  ,  .  2  4  2, 

J.  -  P  /(m.  a  di  )  , 
a  1  o 


and 


2  2 

e  =  Z  e4>/  (nr  a  .0  )  , 


2  2 

P  /  (m.a  (o  )  . 

c  a  1  o 


6  , 


Since  this  Hamiltonian  and  (8)  differ  only  by  the  added 
constant  <5,  the  motions  they  generate  are  qualitatively 


identical . 
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Using  the  dispersion  relation  (4)  we  may  rewrite  ,  us 


:  1  ( l*-moVrT  > 


2  2  2  ">  2 
p  +.  -t-m  •  a  ’  /  (z  *-2m  v  ) 

^  l  cop 


where  v  is  the  phase  velocity  of 
P 

In  order  that  the  wave  not  break, 
than  1 ,  or : 


the  wave  in  the  beam  tram'  . 
the  numerator  must  be  less 


an .  a 
i 


(Z 


im  v 
e  p 


-1 


2  0  - 1 

This  upper  bound  on  .  is  even  smaller  than  c  „  [?“*  +  -' *" J 

used  to  bound  when  the  magnetic  field  is  neglected. 

Therefore:  if  wave  amplitudes  that  are  too  small  to  trap  bean, 

electrons  are  too  smal 1  to  foil  attempts  to  trap  and  acceler¬ 
ate  an  ion  when  the  effects  of  the  magnetic  field  on 
the  ion  motion  are  neglected,  then  (because  the  respective 
Hamiltonians  are  of  the  same  form)  the  same  is  true  when  the 
effects  of  the  magnetic  field  are  included  in  the  ion  dynamics. 
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APPENDIX  h 


Action-Angle  Variables 


We  assume  a  solution  of  the  Hami 1  ton -Jacobi  equation, 


/aw\2  +  i  /jw\2  ,  i 

\3z  /  2  \  3z  /  2 


2  £ 

2c' 


r  +  — ^  ~  E  ' 


of  the  form 


W  (r  , z  )  =  Wx  (r  )  +  W2  (z)  . 

It  follows  that  dW2/dz  =  a  constant  =  Jz,  say.  Notice  that 
2tt 


hf 


3W 


dz  , 


0 


in  agreement  with  the  definition  of  action,  Eq.  (12d), 
The  action  in  the  (r,Pr) -plane  is 

.1/2 


r  "  2*  J  dr  2tt  J  -  y 


^<f+|2E-J2-r2 

z 


dr  , 


(Bl) 


where  we  must  take  the  plus  sign  for  increasing  r  and  the 
minus  sign  for  decreasing  r.  It  is  convenient  to  rewrite 
the  action  integral  (Bl)  as 

.1/2 

,  C  f  It  i^-r 

'h  }\ 

cj 


2  2  2  2 
2  -z  )  (z  -r  L  ) 


dz 


(B2) 


and  to  evaluate  this  integral  in  the  complex  plane.  The 
integrand  i=I(z)]  in  ( B 2 )  is  singular  at  the  origin  and  at 
the  point  at  infinity.  There  are  four  branch  points:  +r^ 
We  choose  one  branch  cut  between  r^  and  and  another 
between  -r ^  and  -r 2,  both  along  the  real  axis.  The  action 
is  given  by  the  integral  along  the  contour  C-^2,  as  shown  i 
Figure  8,  where  the  integrand  is  taken  to  be  positive 
above  the  cut  and  (therefore)  negative  below.  Deforming 
the  contour  around  the  origin,  the  point  at  infinity, 

and  the  cut  between  -r 1  and  -r^,  we  find  that 


Here  we  have  used  the  fact  that  the  integral  around  Cj2  1  ;i 
equal  to  -J  and  hove  transformed  the  integral  around  the 
point  at  infinity  to  one  around  the  origin  using  the  sub¬ 
stitution,  z  -*  1/z.  In  evaluating  both  integrals  in  (B3) 
we  take  care  to  choose  the  signs  of  I(z)  and  I  (1/z)  con¬ 
sistent  with  the  choice  in  (B2).  We  find  that  the  residue 
at  z  =  0  of  I(z)  is  i£{£  >  0).  The  residue  of  I(l/z)/z2 

at  z  =  0  is  -i (E  -  *  J  2)  .  Applying  the  residue  theorem, 

2  z 

we  find  that 


1  2 
■£  +  E  -  ^  J  * 
2  z 


that  is, 
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E  =  \  3z2  +  2jr  +  1  •  (B4) 

To  determine  the  old  variables  (r,z;  pr»Pz)  in  terms 
of  the  new  variables  ( 6r , ; Jr , Jz )  we  first  note  that 
W2<z)  =  zJz  +  a  constant,  which  we  take  to  be  zero. 
Therefore 


2  1/2 

W  ( r  ,  z  )  =  zJz  +  j(4  Jt  +  2l  -r’2  -  j  dr'  , 


where  we  have  used  (b4).  Two  of  the  transformation 
equat ions , 


0 

z 


3W 

Ij- 


z 

are  trivial  to 


and  P 

z 

solve  : 


3W 

3z  ' 


0  =  z  and  P  =  J 

z  z  z 


We  also  have 


tw 

0r=^T 


2dr 


[  4  J  +2l- 
r 


fs5; 


Changing  the  variable  of  integration  in  (B5)  from  r1  to 
where 

, _ _  _  r  ’  2-B 

*  =  7775775 


and  B  3  2Jr+d,  we  find  that 


,  2  2  1/2  1/2 
r  =  (B+(8  -d  )  costal 


(B6) 


..  i 
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Finally,  substituting  this  expression  into  the  Hamiltonian, 
Eq.  (11),  we  find  that 

p  2  -  je2-t2)i.in;er  _ 

r  r 

Because  is  positive  for  increasing  r  and  negative  for 
decreasing  r,  we  must  take 

[sin  0  )  =  -s in 0 ^  , 

as  in  Eq.  (17c),  if  r  is  given  by  (B6) . 
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APPENDIX  C 

The  Case  #•  =  0 


In  the  case  H  =  0,  we  do  not  obtain  correct  expressions 
by  setting  SI  =  0  in  (B4)  through  (B7).  This  is  because  the 
action  integral,  Eq .  (Bl),  is  discontinuous  in  &  at  &  =  0. 

The  integral  is,  however,  elementary  in  this  case,  and  we 
easily  find  that 


Proceeding  as  before,  it  is  now  straightforward  to  show 
that  the  canonical  transformation  to  action-angle  variables 
is  given  by  the  following  equations: 


r  -  /2ur  cos9r  <■  Pr  =  -  /2Jf  sin0r  . 

In  this  case,  the  N-th  Four ier -cos  me  coefficient  in  the 
expansion  of  Jg(pr)  is 


Therefore , 


C 


N 


(J 


r 


JQ  (p  /2Jr  cos  0^  )  cosN  O^d  6r  . 

in  the  notation  of  Eq.  (20), 

2n 

=  -Jn  y*  Jq  (P^ 2J r  cos0r  )cosN0rdOr 
0 


37 


if  i  =  0.  It  is  easy  to  see  that  CN  =  0  if  N  is  odd.  If 
7 

N  as  even, 

C2m(Jr)  =  (-l)mJm2  (p/j“/2)  ,  m  =  0,1,2,... 

Therefore,  in  action-angle  variables,  the  Hamiltonian  (8) 
1  s 


,,|er- WV  ■  5  Jz2  +  Jr 


-  t  C2m(Jr)  [  cos  { 2 m  0^  -  ic  0z  >  +  cos  ( 2m  Sr  +  <  ©z  )  j  . 

m=0 

The  resonant  tori,  analagous  to  Eqs,  (27a)  and  (27b) 
are  found  at 


j  ^ m  =  +2m/»c 


and 


but  now  these  tori  intersect  the  surface  of  section  in  chain 
of  2m  islands.  We  find  that  the  m-th  chain  will  overlap 


the  m+l-st  chain  if 
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2m+ 1  <  2mK'  [t  I  c2m  ( 3  r I  1 
+  2(ro+l)«c[e|C2(m+1)  (j 
which  is  expression  (34)  in 


1/2 


m+1 


r 

the 


text . 


9 


L 
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FIGURE  CAPTIONS 

FIG.  1.  The  cylindrical  coordinate  system  used  to  analyze 
the  ion  trajectories. 

FIG.  2.  The  toroidal  representation  of  the  ion  phase 
space.  (J  <  | Jz |  is  assumed.) 

FIG.  3.  Ion  trajectories  unaffected  by  nonlinear 
resonances.  (a) :  Intersections  of  the  surface  of  section 
by  ion  trajectories  that  are  (A)  bounded  in  z  and  (B)  un¬ 
bounded  in  z.  No  nonlinear  resonances  are  present.  E  =  0.6, 
C  =  0.1,  k  =  1.0,  o  =  0.02.  (b):  *z  as  a  function  of  the 
time  t  for  trajectories  (A)  and  (B)  of  Fig.  3(a) .  (c) :  r 

as  a  function  of  the  time  t  for  trajectories  (A)  and  (B)  of 
Fig.  3 (a) . 

FIG.  4.  Intersections  of  the  surface  of  section  by  ion 
trajectories  on  strongly  distorted,  resonant  tori.  (A)  is 
the  energy  curve,  (B)  is  a  chain  of  two  islands,  and  (C)  is 
a  chain  of  three  islands.  E  =  0.6,  i  =  0.1,  k  =  7.0, 

t  =  0.02,  f  ~  0.018. 

IXlaA 
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FIG.  5.  Ion  trajectories  strongly  affected  by  resonant 
island  overlap.  (a) :  Intersections  of  the  surface  of 
section  by  two  ion  trajectories.  One  trajectory  produced 
the  chain  of  three  islands;  another  trajectory  produced  the 
stippled  region.  E  =  0.6,  l  =  0.1,  <  =  7.0,  c  =  0.1, 

LmaX  3  0.018.  (b) ;  <z  as  a  function  of  the  time  t  for  the 

ion  trajectory  that  produced  the  stippled  region  in  Fig. 
5(a)  . 

FIG.  6.  Intersections  of  the  surface  of  section  by  several 

ion  trajectories,  in  the  case  l  =  0 ,  when  the  two-island 

chain  (B)  overlaps  the  energy  curve  (A) .  The  stippled 

region  was  produced  by  a  single  trajectory.  E  =  0.6, 

S.  =  0,  <  —  5.0,  t.  =  0.1,  0.032  4. 

max 


i  'G.  7.  Intersections  of  the  surface  of  section  by  several 
trajectories  when  the  one-island  chain  (B)  overlaps  the 
energy  curve  (A) .  The  stippled  region  was  produced  by  a 
single  trajectory.  E  =  0.65,  l  =  0.1,  k  =  5.0,  r.  =  0.1, 
e  *  0.0324. 
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FIG.  8.  Contours  in  the  complex  plane  used  to  find  the 
action,  Jr> 


FIGURE  2 


FIGURE  3 (c) 


FIGURE  5(a) 
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This  computer  simulation  differs  from  the  Type  III  driven 
problem  in  using  a  larger  amplitude  pump,  and  smaller  wave- 
number  pump: 

W  =  5xl0~4 

k  A  =  0 . 005  . 

0  e 

2  2 

This  is  a  new  parameter  regime  (W  >  10  kg  A^  )  for  which  wave- 
packets  are  expected  to  be  unstable  to  short  wavelength  per¬ 
turbations,  and  break-up  may  precede  collapse. 

We  are  motivated  by  Benford's  experiment,  for  which 

wpe  =  1.8xl0n  (nQ  =  10 1 3 ) 

0  =  0.  =  10  eV 

e  l 

Yh 

=  0.03  (W  -  1) 

^pe 

%  i_  i 

*0  10  '  *0  4 

u> 

~  =  0.01 

U) 

pe 

k  ^  A  =  0.005  . 
u  e 

Our  work  uses  a  broadband,  initial  value  pump  (no  beam  growth 
rate).  Eg  =  0.283  (W  -  5x10  ^ ) ;  64x64  grid  of  length 


and  maximum  growth  at  k  =  Eg,  or  kX^  =  0.006.  In  this 
problem,  wavepacket  dimension  is  2n/Ak  =  2 ti k q  =  5000  X^. 
The  instability  wavelength  is  2r/0.006  =  1000  X  . 

II.  Computer  simulation,  =  0  (Figures  2  through  8). 

Shows  modulational  instability  and  collapse. 


0.018  >  0.010 


L 


=  10,000  A  .  Pump  modes  consist  of  a  box  in  k-space  of 
six  modes,  Ak  -  2Ak  =  kn.  (Dimensionless  units  are  as 
in  Nicholson,  et  al . ,  1978.)  We  observe  moaulational 
breakup  and  collapse.  With  a  magnetic  field  of  Luce  =  .030 
,  collapse  is  enhanced,  not  inhibited. 

I.  The  behavior  of  parametric  instability  for  k^  =  0.000 
kQ  is  shown  in  Figure  1. 

2  ■’ 

As  W  becomes  large  with  respect  to  kQ  (W  >  10  k  ^  A  “  )  , 
the  wave  is  unstaole  to  a  modulational  (OTS)  instability. 
The  counter -streaming  waves  produced  by  these  instabilities 
will  break  up  wavepackets  into  smaller  packets. 

We  can  estimate  size  of  perturbation  from  dispersion 
relation  (Dwight  Nicholson,  Private  Communication,  January 
1981) 


assuming  I  ui  |  <  k  ,  Imv^l  <<  k  =  iy  (purely  growing).  The 

growth  rate  is  found  to  be 


Behavior  of  linear  pa  r  ainr  ■  t  i  i  <:  mGtalnl  ity  of  a  monochromatic 


wave 
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We  conclude  that  this  magnetic  field  will  not  strongly 


affect  collapse.  It  may  have  a  stronger  affect  on 
instabi 1 i ty . 

The  modulational  breakup  is  faster  with  a  magnetic 
field  (because  instability  has  smaller  bandwidth  transver 
to  the  field?),  and  collapse  is  enhanced,  for  example,  at 
T  =  72  (T  -  1  corresponds  to  1377  w  ^). 


i 
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FIGURE  7 

ELECTRIC  FIELD  IN  REAL  SPACE  AT  T-  120.00 
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FIGURE  13 


Electric  field  in  rerl  sprce  rt 
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